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LIE SYMMETRY, NONLOCAL SYMMETRY ANALYSIS, AND
INTERACTION OF SOLUTIONS OF A (2+1)-DIMENSIONAL
KDV-MKDV EQUATION

Zhonglong Zhao* and Lingchao He'

We use the method of Lie symmetry analysis to investigate the properties of a (2+1)-dimensional KdV—
mKdV equation. Using the Ibragimov method, which relies only on the existence of the commutator table,
we construct an optimal system of one-dimensional subalgebras of the Lie algebra and study invariant
solutions and similarity reductions by considering representatives of the optimal system. To analyze
some nonlocal symmetry properties, we apply the truncated Painlevé expansion method and obtain two
Bécklund transformations that are not autotransformations and one auto-Bécklund transformation. To
localize the nonlocal symmetry and obtain a local Lie point symmetry, we introduce an expanded system.
Using solutions of the corresponding Cauchy problems for Lie point symmetries, we prove a theorem on a
finite symmetry transformation and find the nth Bécklund transformation in terms of determinants. Based
on one of the obtained Bécklund transformations that are not autotransformations, we derive lump-type
solutions. In addition, we prove the integrability of the equation by the consistent Riccati expansion
method. We present explicit soliton-cnoidal wave solutions and investigate the dynamical characteristics
of the obtained solutions using numerical analysis.

Keywords: (2+1)-dimensional KdV-mKdV equation, Lie point symmetry, nonlocal symmetry, Backlund
transformation
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1. Introduction

In the last few decades, studying symmetry theory has attracted the attention of many mathematical
physicists. A symmetry allows transforming any solution of a partial differential equation (PDE) into a
manifold of solutions of the same equation. Local symmetries are defined topologically, and their infinitesi-
mals depend on only the independent variable and finite-order derivatives of the dependent variables. The
well-known Lie point symmetries, contact symmetries, and higher-order symmetries are all local [1]-[3].
Because the infinitesimals of a local symmetry have the localization property, local symmetries are just a
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subset of all symmetries. A symmetry whose infinitesimals depend on integrals of dependent variables is
said to be nonlocal. Compared with a local symmetry, a nonlocal symmetry can reflect the global behavior
of dependent variables. Considering the absence of a unified approach for seeking nonlocal symmetries,
Bluman and Cheviakov proposed a systematic method for finding them using potential systems obtained
from conservation laws [4], [5]. Further, a method based on analyzing symmetries of the inverse potential
systems was proposed in [6]-[8] for studying nonlocal symmetries of a system of PDEs. It was shown
in several studies that in addition to potential systems, nonlocal symmetries can be constructed using a
Darboux transformation [9], a Bécklund transformation [10], a Lax pair [11], and so on.

Painlevé analysis is an effective method for investigating the integrability properties of PDEs [12]. It
is known that the residue from a truncated Painlevé expansion is a nonlocal symmetry. Based on this,
Lou et al. developed a concise method for constructing nonlocal symmetries of integrable systems[13], [14].
Subsequently, many nonlocal symmetries and interaction solutions of integrable systems such as the (241)-
dimensional modified Korteweg—de Vries (mKdV)—-Calogero-Bogoyavlenkskii—Schiff equation [15], the Gard-
ner equation [16], the (2+1)-dimensional Konopelchenko-Dubrovsky equation [17], the reduced Maxwell—
Bloch equations [18], and a (2+1)-dimensional nonlinear system [19] (which can be regarded as a generalized
sine-Gordon equation) were investigated using the truncated Painlevé expansion method. Similarly to the
truncated Painlevé expansion, we can substitute a consistent Riccati expansion (CRE) in an integrable
equation and use it to construct a Backlund transformation, which is useful in studying solutions describing
the interaction between a solitary wave and another nonlinear wave [20]. If the CRE method is applicable
to an integrable equation, then this equation is CRE integrable. It was shown that many integrable systems
have CRE integrability, for example, the (2+1)-dimensional KdV equation [21], the modified Kadomtsev—
Petviashvili equation [22], and the (2+41)-dimensional Boussinesq equation [23].

As is known, a solitary wave, described by the classical KdV equation

up + 6UUy + Upzer = 0,

was first observed in a narrow channel by John Scott Russell in 1834. Later, the bell-shaped solution of the
KdV equation was obtained, and the existence of solitary waves was thus proved mathematically. In recent
years, more and more studies have shown that the KdV equation plays an important role in analyzing
theoretical problems in many disciplines such as plasma physics, astrophysics, biology, ocean waves, and
other interdisciplinary subjects.

Here, we consider the (2+1)-dimensional KdV-mKdV equation

Up + Uggy + 4Uty — 4u2uy + 2uzv =0, Vg = Uy — 2Uly. (1)

It is a generalization of the KdV equation from the standpoint of dimension and nonlinear terms. Clearly,
if y = x, then Eq. (1) is reducible to the KdAV-mKdV equation

ur + 6uuy, — 6u2um + Ugppr = 0.

Analyses of the algebraic, geometric, and also integrability properties of the KdV-mKdV equation can be
found in many sources [24]-[27]. Equation (1) first appeared in studying a countable set of conservation
laws of a two-dimensional nonlinear equation [28]. The (2+1)-dimensional KdV-mKdV equation is closely
related to the (241)-dimensional Gardner equation [29]-[31]. A multisymplectic formulation was used in [32]
to investigate the generalized (2+1)-dimensional KdV-mKdV equation. In [33], the integrability of Eq. (1)
was investigated in the sense of Painlevé analysis, and some exact solutions were found using the Wronskian
technique. In [34], traveling wave solutions and conservation laws were obtained for Eq. (1). In solid state
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physics, the phenomenon of the propagation of a thermal pulse through a single crystal of sodium fluoride
can be explained using Eq. (1).

This paper is organized as follows. In Sec. 2, we use the Lie symmetry analysis method to obtain Lie
point symmetries of Eq. (1) and derive the group transformations of solutions. In Sec. 3, we construct
an optimal system of one-dimensional subalgebras of the Lie algebra using the Ibragimov method, which
relies on only the commutator table of the symmetry operators. In Sec. 4, based on the optimal system, we
consider similarity reductions and invariant solutions. In Sec. 5, we mainly focus on investigating nonlocal
symmetries and Bécklund transformations using the truncated Painlevé expansion method. In Sec. 6,
applying the Béacklund transformation obtained in Sec. 5, we construct lump-type solutions of Eq. (1). In
Sec. 7, we investigate the CRE integrability of Eq. (1). In Sec. 8, we obtain soliton-cnoidal wave solutions.
In Sec. 9, we present some conclusions.

2. Lie point symmetries

Proposition 1. For (2+1)-dimensional KdV-mKdV equation (1), we have the six Lie point symme-

tries 5 5 5
Xl = 81‘:’ X2_ 833’ X3_ 8y7
0 N 0 0
Xi=20(t)y +00), . Xe=—ty -y v @

0 0 0
Xg=—2 -2 — (4t -2 2u—1 .
o= 2 2wy () 4 (u-1),

Proof. The Lie algebra of the (241)-dimensional KdV-mKdV equation is generated by the vector
field

X =&Y(x,y,t,u,0) 875 +§2(x,y7t7u,v)ai + & (z,y,t,u,v) g + 0t (x,y,t,u,v) g + 1% (2, y,t,u,v) J

0 Ay ou v’
The third prolongation of X for Eq. (1) has the form
0 0 0 0 0
x® — x 1(1) 1(1) 1(1) 2(1) 1(3)
t Ouy M Ouy iy duy L Oy + My Mgy’

n 1w 1(1)

where the functions ntl sy My 772(1) 1)

, and 7)zzy are determined recursively. The invariance condition
is

X(g) (A1)|A1:0 = Oa X(g) (A2)|A2 = 0;

=0

where

A = Up + Uggy + duny — 4u2uy + 2uzv, Ao = vy — uy + 2uuy,.

This invariance condition yields an overdetermined system of PDEs. Solving this system, we obtain
' = (=2 — 1)t + ¢, €2 = 20w + 20(t) + c4, € = (=4t + 2y)ca — c1y + ¢s,
nt = 2cou — ca, = civ + ¢ (t).

Therefore, the infinite-dimensional Lie algebra for Eq. (1) is spanned by the vector fields presented in the
proposition.
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To consider a finite-dimensional Lie algebra spanned by the operators in Proposition 1, we choose an
arbitrary function ¢(t) = t. We then obtain the usual vector fields (2) with Xy = 2t 9/dx 4+ 9/0v.

Operators (2) generate a six-dimensional Lie algebra Lg under the commutators. These commutators
are given in Table 1. We obtain the corresponding one-parameter Lie transformation group for X; (i =
1,...,6) by solving the Cauchy problem for the system of ordinary differential equations

a
- t*) *7 *7 *) ¥ b
e E (" 2"y ut,v)
dx* 9 dy*
_ t*,x*, *,u*,v* ’ _ 3 t*,x*, *,U*,’U* ,
ge =€ ( Yy ) ge =€ ( Yy )
du* dv*
;8 =n'(t*, 2%, y* ut, "), ;g =n?(t*, a*, ¥, u*, "),
t*e=0 =, om0 = @, Y=o =¥, u|e=o = u, v |e=0 = v.

As a result, we obtain six one-parameter groups of symmetries:

Gi:  (t5, 2%, y",u",0v*) — (t+e,2,y,u,v),
Go:  (t*, 2%, y",u",v*) — (t,x + €,y,u,v),
Gs:  (t,z%,y",u",v*) — (t,x,y + &,u,v),
Gy: (%, 2%, y",u",v*) — (t,2et + x,y,u,v + €),

G5: (t*v'x*)y*aU*vv*) - (t67€7x7y6765u7U6€)7

1 1
Ge: (t%,z%,y",u",v*) — <te2€,xe25,te25 + (=t +y)e, 5 + <u — )62€,U).

Table 1

(X5, X] X, X5 X3 X4 X5 X5

X, 0 0 2Xy,  —Xy —2X1 —4X;3

X5 0 0 0 0 —2X5

X3 0 0 0 0 —X3 2X3

X4 —2X5 0 0 0 Xy 0

X5 X1 0 X3 -Xy 0 0

X5 2X1 +4X3 22X, —2X3 0 0 0

Commutator table.

Theorem 1. If u = f(t,z,y), v = g(t,x,y) is a solution of the (2+1)-dimensional KdV-mKdV equa-
tion, then we can obtain corresponding new solutions of the groups of symmetries as

up = flt—exy), vi=g(t—cuay),
uy = f(t,x —ey), v2=gt,z—ey),
uz = f(t,z,y—¢e), vs=g(t,x,y—e),
ug = f(t,x — 2¢et,y), vy = g(t,x — 2et,y) + ¢, (3)
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us = f(et, x, ey), vs = e°g(e°t, z, ey),

1 1
us = + 2 | f(e*t, e*x, e®t + e (y — 1)) — ol

ve = g(e*t, e*x, e®t + e % (y — t)).

This theorem shows that we can obtain new solutions of Eq. (1) from a seed solution f(¢,z,y), g(t, z,y)
using formulas (3).

3. Optimal systems of subalgebras

The concept of optimal systems of subalgebras of a Lie algebra was first introduced by Ovsyannikov to
describe the group of invariant solutions of PDEs. The Ibragimov method for constructing optimal systems
of subalgebras is a simple method [35], [36] and relies on only the commutator table of symmetry operators.
We previously extended this method to the (2+1)-dimensional Boiti-Leon—Pempinelli system [37], the
Heisenberg equation [38], and the AKNS system [39] and studied the optimal systems of subalgebras of the
Lie algebra for these equations.

We can write an arbitrary operator of the Lie algebra Lg expanded in the symmetry operators X;
(i1=1,...,6) as

X=0I"X;+1PXo+ - +1°Xs. (4)

Obviously, because operator (4) depends on six arbitrary constants [,12,...,1°, there are infinitely many
one-dimensional subalgebras of the Lie algebra Lg. Two subalgebras are similar if they are related by a
transformation of the symmetry group. The corresponding invariant solutions in these subalgebras are
then related by the same transformation. In this section, we assign similar operators X € Lg to one
class and choose one representative from each class. The set of representatives comprises an optimal
system of one-dimensional subalgebras. The transformations of the symmetry group are equivalent to
linear transformations of the vector [ = (I',...,1°).

To find the linear transformations of the vector [, we use the generators

0

— A
Ei —Cijl‘jal}\

(i=1,...,6), (5)
where cf‘j is defined by [X;, X;] = c?jXA. Using Eq. (5) and Table 1, we can write E, ..., Eg as

0 d 0
_ _ (15 6 4 476
Ey=—( +2l)all+2l 12 4] o137

9] 9]
_ 976 _(_]5 6
Ey =21 g2’ Es = (—1"+2l )813’ o
9] 0 0 0 9]
_ ol 5 _ 3 4
Ey=-21 812+l B4 E; lall+l a1 1814,
0 9] 9]
— 971 2 1_ 973
Eg =21 all+2l 812+(41 21 )813'

To find the transformations given by these generators, we must solve the Lie equations

dit

d? 1 di® di* di® di®
dCLl

=—(I°+20° =2 = —4l° = = =
( + )’ dCLl ’ dCLl ’ da1 07 da1 07 da1 07
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dit di? - di? di* di° di®
=0, = 2[5, =0, =0, =0, =0,
dCLQ dCLQ dCLQ dag dag dag
dit di? di3 . di e di®
=0, =0, =" +205, =0, =0, =0,
dag dag dag da3 da3 da3
dit di? - di3 it - diP di®
=0, = -2 =0, =1, =0, =0,
day day day day day day
- di? B - di - diP di®
=1, =0, =03, = -4 =0, =0,
dCL5 dCL5 dCL5 da5 da5 da5
ar - da? . B - di die di®
=2t =22 =41t — 23 =0 =0 =0
dCLG ’ dCLG ’ dCLG ’ dag ’ dag ’ dag
with the initial condition [| la,;=0 =1 (¢ =1,...,6). Solving them, we obtain six one-parameter transforma-
tions
T: "= —al® 2008+ 1Y, 1?2 =2a0*+ 12, B = —4a1 +1°,
=1 P=r =16
Ty: I'=1 P=-2al°+1°, PP=0,
i4:l4 z5:l5 ZGZZG
Ty: 1M =11, 2 =12 = —asl® + 2a31% + 12,
=1 P=10, 1°=1,
Ty: 1M =11, 2= —2a4' +12, PP=1,
1" = ayl® + 1%, =10, 1°=1°,
Ts: 1M =™, =102 P =e®?
l4 €_a5l4, l5 _ 157 ZG — 167
Tg: l~1 — €2a611, l~2 — EQGGZQ, ZB — €2a6ll + 6_2a6(—ll 4 ZB),
=1 P=10, 1°=1.

These transformations map the vector X given by (4) to the vector
X = l~1X1 + l~2X2 + l~3X3 + l~4X4 + l~5X5 + zGXg.

Constructing the optimal system is equivalent to simplifying the vector [ = (I*,1?,...,1°) using the trans-
formations T; (i =1,...,6).

Theorem 2. An optimal system of one-dimensional subalgebras of the Lie algebra spanned by the
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operators X1, Xo, ..., X¢ of the (2+1)-dimensional KdV-mKdV equation is provided by the operators

X17 X27 X37 X47 X57 X67
X+ X5, Xy +Xs Xy 4 Xs+ X
X £ X, X+ X+ Xe  Xot X

Xi4+ X5,  Xs+Xo, Xs+Xs, | Xet X

Proof. We divide the construction of an optimal system of one-dimensional subalgebras of the Lie
algebra Lg into two cases.

Case 1. Let [! # 0.

We consider the vector [ = (I1,12,13,1%,1°,1%). Taking ay = [?/2l' in Ty, we reduce this vector to
1= (1*,0,03,1%15,1°).

We take ag = (1/4)log(1 —13/1') in T and reduce [ to [ = (I1,0,0,1%,15,15).

Case 1.1. Let [° # 0. Then we can use Ty with ay = —l4/l5 and obtain [4 = 0, and we reduce [ to
1= (1*,0,0,0,15,1%), which provides the operators X; + X5 and X; + X5 + Xg.

Case 1.2. Let [ = 0. We consider I = (I1,0,0,1%,0,1°), which yields the operators X, X; 4+ Xy,
Xl + Xﬁ, and Xl + X4 + Xﬁ.

Case 2. Let I' = 0. We must work with the vector I = (0,12,13,14,1°,15).

Case 2.1. Let I8 # 0. Taking as = [3/4I% and using T}, we obtain [ = (0,12,0,14,1°,15), If we take
as = 12/21% and use T, then we can further reduce [ to [ = (0,0,0,14,15,1°).

Case 2.1.1. Let [° # 0. Taking ay = —I*/I° in T}, we obtain [ = (0,0,0,0,1°,15), which provides the
operators X5 and X5 + Xg.

Case 2.1.2. Let [° = 0. Then we must work with I = (0,0,0,%,0,1%), which provides the operators
X6 and X6 + X4.

Case 2.2. Let [° = 0. We consider [ = (0,12,13,1%,1°,0).

Case 2.2.1. Let I° # 0. Taking as = —I*/I° in Ty, we obtain I* =0, and [ is mapped to | =
(0,12,13,0,1°,0). Similarly, taking az = —[3/2I% in T3 yields I = (0,12,0,0,1°,0), which provides the
operator X5 + Xo.

Case 2.2.2. Let [° = 0. Then we must work with [ = (0,12,13,1*,0,0). If I* # 0, then we take
a; = —1%/21* in T} and transform the vector into [ = (0,0, 13,1%,0,0), which provides the operators X, and
X4+ X3. If I* = 0, then we reduce [ to [ = (0,12,13,0,0,0), which provides the operators X, X» 4+ X3, and
X,

4. Similarity reductions and the invariant solutions

Based on the subalgebras of the optimal system in Theorem 2, we investigate the similarity reductions
of the (241)-dimensional KAV-mKdV equation. Invariant solutions can be obtained by solving the reduced
equations. We have the following theorem describing the optimal system of invariant solutions.
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Theorem 3. Some invariant solutions obtained from similarity reductions are described using repre-

sentatives of the optimal system in the following cases:

Case 1.

Case 2.

Case 3.

Case 4.

Case 5.

Case 6.

Case 7.

Case 8.

Case 9.

Case 10. X5+ Xg: u:;(1+2f(§,7l)), U:g(f,n)

Xiou=flz,y), v=g(zy),

where fopy +4ffy — 47 fy +2f29 =0, g — fy +2ff, =0.
Xt u= f(y,t), v=g(y,1),

where f, +4ff, —4f*f, =0, f,(2f —1)=0.

Xs: u= f(x,t), v=g(z1),

where fi +2f,g =0, ¢, =0.

xT
X4: u:f(yat)v U:g(y7t)+ 2t7

where f; +4f f, _4f2fy =0, 1-2tf, +4tff, =0.

X5: u:f(gan)v U:;g(fﬂl)a fZZE, T]:;,

where f,, — nfeen — Anffy +40f2fy +2feg =0,  ge+nfy—2nff, =0.
1 t
Xg: u=2+f(€,n), v=g(&n), £= . n=—tetay,

where fe + & feen — 260 fenn + 07 fomn + 26 feq — 4% fr — 26 feg + 2nfng — 2f9 =0,
—&9¢ + 19y +2f fn = 0.

Xi+ Xt u=f(&n), v=t+gl&n), &=y, n=1—uz,

where fegn +4ffe —4f*fe —2fu9 =0, —gy— fe +2ffe =0.

Xo+X3: u=f(n), v=t+g&n), &=t n=y—u=,

where fe + fyny +4f fo =412 fy = 2f39 =0, —gy — [y +2ff5 =0.

X

X
X4+X3: u:f(gan)a U=2t+9(f777)7 €:t7 n:y—%a

where 4€° fe + fony + 1662 f f, — 1662 f2 f,) — A€ frg = 0,

1~ gy — 26f, + 211, = 0.

X

Vo
— t J—
€_x3/27 n_\/my_\/mta
where — 38g¢ +ngy, —g+4ff, =0,
2fy + 4fe — 16 fr — 8fg + 9€ feen + 21E fey — 6Enfeey +

+ 772fm777 - 377fm7 - 12€f§g + 477fng = 0.

(10)

(11)

(16)
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Remark. In Theorem 3, we do not list all invariant solutions obtained using representatives of the
optimal system because some reduced systems are complicated PDEs with variable coefficients, which are
difficult to solve. All invariant solutions of Eq. (1) can be investigated if all 30 operators in Theorem 2
are used. In this section, we mainly presented 10 kinds of similarity reductions, which can be divided
into reduced systems with constant coefficients (Cases 1-3) and reduced systems with variable coefficients
(Cases 4-10).

In Case 1, system (7) admits the Lie point symmetries

0 0 0
Xp = o’ Xo = ¢(y)

where ¢(y) is an arbitrary function of y. In Cases 2 and 3, we can obtain the solutions u = ¢, v = g(y, t)
and u = m(—2n(t) + ), v = n'(t), where c is an arbitrary constant and m and n are arbitrary functions,
by solving the reduced systems directly.

It is difficult to directly obtain explicit solutions of the reduced systems with variable coefficients. We
can further reduce the dimensions of these systems (Cases 4-10) using symmetries to investigate the exact
power series solutions [40], [41].

5. Nonlocal symmetry and Backlund transformation

Taking into account that the residue from the truncated Painlevé expansion, as is known, is a nonlocal
symmetry, we devote this section to analyzing the nonlocal symmetry and the Béacklund transformation of
Eq. (1). Based on the Painlevé test and analyzing the truncated expansion, we write the expansion for
Eq. (1):

u:uo—i—ul, U:vo—i—vl b2

f e

where ug, u1, vo, v1, v, and f are functions of x, y, and ¢. Substituting these expansions in (1) and

(17)

equating the coefficients of like powers of 1/f to zero, we obtain the solutions for wug, u1, vo, v1, and v:

o — 1<1_ fm>7 w = fi,

2 fa
(18)
vy = fwwfwy_fwft2_2fwfy_fwfwwy’ 'Ulzfzy; U2:—fzfy,
Iz
where f satisfies the constraint relation
TTTY — f2 ) ( )
which is equivalent to the Schwarzian form
A, + By +C, =0, (20)
where

As a result, we have the following theorems on the Béacklund transformation, two of which are nonauto-
transformations and one is an autotransformation.
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Theorem 4 (Non-auto-Bécklund transformation 1). If a function f is a solution of Schwarzian equa-
tion (20), then
1 fmw fmwfwu_fwft_fwfu_fwfwwy
=,\1- = : ‘ ‘ 21
u=y(1-7) i 1)

is a solution of (2+1)-dimensional KdV-mKdV equation (1).

Theorem 5 (Non-auto-Bécklund transformation 2). If a function f is a solution of Schwarzian equa-
tion (20), then

u =

(=) e 22 rop 22

is a solution of (2+1)-dimensional KdV-mKdV equation (1).

Theorem 6 (Auto-Bécklund transformation). If a function (ug,vo) is a solution of (2+1)-dimensional
KdV-mKdV equation (1), then

fac7 v:v0+fwy_fwfy

/ ;P (23)

U = ug +

is also a solution of (2+1)-dimensional KdV-mKdV equation (1), where f satisfies Schwarzian equation (20).

By definition, the residual symmetry of Eq. (1) is written as
o' = fu, 0" = fay. (24)

It is nonlocal because ¢ and ¢V contain the new variable f, which cannot be expressed in terms of v and v
and their derivatives. It is known that the Schwarzian equation is invariant under the Mobius transformation

a+bf

U

(ad # be), (25)

and this means that f has the point symmetry of = — f2, which is easily derived from (25) if we set a = 0,
b=c=1, and d = . The transformation

1<1_ fmm)’ v = frrfmy_fmft_fmfy_fmfmry (26)

T fo 22

brings Eq. (1) to Schwarzian form (20). To find the residual symmetry group,
u—di(e) =u+eo", v—9() =v+ed’,

we must solve the Cauchy problem

du = _

d(é‘s) - 1(5), u(s)}a:O =%
dv 5 -

0 =l 0Ly

where ¢ is an infinitesimal parameter.
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To solve the Cauchy problem, we must introduce new variables to convert nonlocal symmetry (24) into

a local Lie point symmetry of an extended system. We introduce new variables by setting
h1 = fa, he = fy, hs = hiy, (27)

in which case Egs. (1), (20), (26), and (27) comprise the extended system. The Lie point symmetry of this
system has the form

o hl
av h3
of g
- ! 2
oh —2fhy
ohe —2fho
ohs —2hshy — 2fhs
By virtue of Lie’s first theorem, we obtain the corresponding Cauchy problem for the Lie point symmetry
di(e) = .
" =) i(0) = .
div(e) 5 o
" =) 50) =,
df(a) _ 2 £0) —
=P, fo) =1,
- (29)
dhq (e T ~
C}( ) 2@, hi(0) = ha,
3
dha(e . -
2~ af(e)hn(e), a(0) = o,
€
dhs(e ~ ~ L -
;E( ) —2hy(e)h1(e) — 2f(e)hs(e),  hs(0) = hs.

Solving this initial value problem, we derive a theorem on the symmetry transformation.

Theorem 7. If (u,v, f,hi, ho, hs) is a solution of extended system (1), (20), (26), (27), then the

symmetry transformation maps it to

- - 6h1 - o Ehg 62h1h2 = o f
U(E)—u+1+€fa U(E)—U+(1+€f)2_(1+€f)2, f(s)_1+€fa 0
= - hl ~ o h2 ~ - hg _ 26h1h2
MEO=ayepr PO ahpe BOT ahge T A

and (u(e), 0(e), f(©),h1(e), hale), hs (¢)) is also a solution of the extended system.

Theorem 7 is useful for obtaining new solutions of Eq. (1) from a seed solution of Schwarzian form (20).
Starting from the form of Eq. (19), we easily obtain f = ef*T«¥+rt Using symmetry transformation (30),

we obtain a new solution of Eq. (1):

1 Epeperwarnt
u=y(l=p)+ 4 ceprtwytit’ (81)
pr+wy+rt 2 pr+wy+rt)2
v:_,‘$+w epwe _ epw(e ) (32)

2p 1 4 gepztwytrt (1 + Eepr+wy+rct)2’

152



10 —10
a b

Fig. 1. Kink-type solitary wave (31) and bright soliton (32) with p =1, w =2, kK =3, and € = 0.1:
three-dimensional plots of (a) u(z,y,0) and (b) v(z,y,0).

where p, w, and k are arbitrary constants. We show this solution with a particular choice of the parameters
and t = 0 in Fig. 1.

Because of the symmetry, all Eqs. (24) are linear in f, and Schwarzian equation (20) has infinitely
many solutions. We obtain infinitely many nonlocal symmetries

op = Vifien  on=3 Vifiny (33)
i=1 i=1
where n is an arbitrary constant and f; (i = 1,...,n) are solutions of the Schwarzian equation
A, + B, +C, =0, (34)
where )
A: fi,t, EZ fi,www _3fz,2mm, 6,: fi,y'
fi,m fi,m 2 fi@ fi,:r

Similarly to the n=1 case, we introduce new variables to augment Eq. (1) and obtain an extended system
such that nonlocal symmetry (33) can be localized and converted into a Lie point symmetry. The new
variables are given by

hi; = fiz hai = fiy, h3i = hiy. (35)

As a result, nonlocal symmetry (33) becomes the Lie point symmetry

A= 0 oR=D . of = —ﬁiff_éﬁjfifj,
i=1 i=1 J#i

ol = 29, fihy; — Zﬁj(fihu + fih1i),
J#i

ol = =20, fihg,; — Zﬁj(fith + fih2,i),
J#i

o3t = —29;(hajh1i + fihs) — Zﬁj(hzg‘hl,j + hajhii + fihs; + fih3).
J#i
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We write the corresponding Cauchy problem for the point symmetry as

:éﬁiﬁl,i(s)

ziﬁihg,i(s)
d{;y__ﬂfl ;ﬁ i Fi(e)fj(e
dﬁzé(s):_wiﬂ Viri(e ;0 Fi(©)hi () + fi(©)hiile)),
dﬁil,;(é) 20 () ha(e ;19 fi(@)ha i (&) + f3(2)ha,i(e)),
dﬁzz(‘g) = —20; (ha,i(e)h1,:(e) + fi(e)ha,i(e)) —

- Z U (ﬁz,i(f)ﬁl,j(a) + haj(e)h1i(e) + fi(e)hsj(e) + fi(e)hs,i())
J#i

with the initial conditions

w(0) = u, 9(0) = v, fi(0) = fi, h1i(0) = hy g, hai(0) = ha, h3,i(0) = ha ;.

Solving this problem, we establish a theorem on the nth Béacklund transformation.
Theorem 8. If (u,v, f;, h1,, ha,;, hs ;) is a solution of extended system (1), (34), (35) and

_ 1 1 — fi,mw v = fi@wfi@y - fi@f@t - fi,mf@y - fi,wfi,wwy
fiw )’ a 217, ’
then (i(e), (e, fi(€), h1,i(€), hai(€), hs.i(¢)), where

i(e) = u+ (log V)a, o(e) = v+ (log I)ay,

file)= &, hii(e) = fiw(e),  h2ie) = fiy(e),  haue) = fiuy(e),
is also a solution of the extended system. Here, < is the determinant
Yefi+1 V161 e 91601,

1926921 192<€f2 +1

&
|

, 0:; = /fifi»

ﬁnflgenfl,n

197169171 e ﬁné‘an)n,1 19n8fn + 1

and ; is the determinant of the matrix obtained by replacing the ith row in &; with

bri - biio1 fi biipr o O
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6. Obtaining lump-type solutions using a non-auto-Backlund
transformation

Lumps, being one kind of rogue wave, arise in many branches of science, for example, in describing
waves in shallow water, optical media, and the Bose-Einstein condensate [42]-[44]. It was proved that
bilinear functions can be used to construct lump solutions of integrable systems [45]-[49]. The function f
in Theorem 5 satisfies trilinear equation (19), and this suggests the idea to construct a solution in the form
of a quadratic function. In [49], a solution of the Kadomtsev—Petviashvili equation was constructed using
bilinear forms. Inspired by this work, we use non-auto-Béacklund transformation 2 can be used to construct
lump solitons and similar lump solutions of Eq. (1).

To find a quadratic solution of Eq. (19), we choose

f=(a1x + asy + ast + a4)2 + (asx + agy + a7t + ag)2 + ag, (37)

where a; (i =1,...,9) are real parameters to be determined. Substituting (37) in (19) and using symbolic
computation, we obtain equations relating the a;:

_ 2 2
a5 — — ayasar + CZLza5 + azay ’ g = — alaz. (38)
ag as
Substituting (37) with (38) in (22) gives the solutions

u = 1- + 7, 39
2 ( n) Ty (39)

f;zj%y —-fgjﬁ<—-fgjb _'fzfgzy fgy f@f@

= — 4

! 212 A (40)

where

2

2 2
a1ag
t+a4> +(a5a:— a y+a7t+ag) + ag
5

. <ala: +agy — —ajazay + CQLQag + asgai
as

and the a; are arbitrary constants. Solutions (39) and (40) can be used to describe nonlinear wave phe-
nomena in oceanography and nonlinear optics.

In Fig. 2, we show the spatial localization of solutions (39) and (40) with certain values of the parameters
a;. In Figs. 2a and 2b, we see a wave falling off on both sides according to the law of inverse proportionality.
This is a wave of the lump type because the function u given by (39) tends to zero as f — oco. Compared
with the solution u given by (39), the lump soliton v given by (40) is a spatially localized wave with a large
energy accumulation, which can be seen in Figs. 2c and 2d. The condition afay/a5 + ayas # 0 ensures the
localization of lump solution (40) in all spatial directions, i.e., v(x,y,t) — 0 as 2% + y*> — oo for any t € R;
the inequality ag > 0 makes the lump solution positive.

7. The CRE integrability

Theorem 9. If w(z,y,t) is a solution of the Schwarzian form

A, + By, + C), — dwywyy = 0, (41)
where )
Al:wt’ BI:wwww_3wwx$’ Cvlzwy7
w, w, 2 w? w,
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Fig. 2. Lump-type wave (39) and lump soliton (40) with a1 = a4 = a5 = 1, a2 = -2, ay = 1/2,
as = 3, and ag = 4: (a) three-dimensional plot of u(z,y,0) and (b) plot of u(z,y,0) along the x axis
with y = 0 (solid), y = 2 (dashed), and y = 4 (dotted); (¢) three-dimensional plot of v(z,y,0) and
(d) plot of v(z,y,0) along the z axis with y = 0 (solid), y = —2 (dashed), and y = —5 (dotted).

then
A1 Wyy

1
U= <1+wm—|—

. ) + w,R(w),

x

3 2
_ wzwy + WyWy — wwywzz + 2a’Oa27“U:l;1'Uw + wzwwwy + alwzyww o (42)

v =
2
2wz

- (a2wzy + alazwzwy)R(w) — a%wzwyRQ(w)

is a solution of system (1), where R(w) is a solution of the Riccati equation
R(w)w = ag + a1 R(w) + az R*(w), ap, ai, as = const. (43)
Proof. In accordance with the CRE method, we write the solutions of Eq. (1) in the form

u = ug + ur R(w), v = + v R(w) + v2a R?(w), (44)
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where R(w) is a solution of Riccati equation (43). Substituting the given expressions for « and v in (1)
with (43) taken into account and equating the coefficients of like powers of R(w) to zero, we obtain the

relations

1 1 Wry
u = _ | 1+ws+ ) Ul = Wg,

2 «

3 2
o WrWy + WeWt — WyyWey + 2a0a2wywz T W W+ A Wy W (45)
[ 2 )
2wz
— _ 2

V) = =AWy, — Q1AW Wy, Vg = =AW, W,,

and the function w(z,y,t) satisfies the equation

1
wzzzy - w2 (3wzzwzwrry - (wz)2wry - (wr)2wtr + wzwrywzzz - 3wzy (wrr)2 +
x

where § = a? — 4agas, which is equivalent to (41). The theorem is proved.
8. Soliton-cnoidal wave solutions of Eq. (1)

In this section, we investigate solutions of Eq. (1) with a cnoidal wave form using Theorem 9. For the
Riccati equation, we choose

w = k1$+lly+h1t+w(§), & = kox + loy + hot, (47)

where ¢ = di(§)/d¢ is a solution of the elliptic equation

¢§g =cot+ e + C2¢§ + 03¢§' + C4¢g, (48)

where the ¢; (i =0,...,4) are constants. Substituting (47) and (48) in (46), we obtain a set of constraint
equations for the coefficients c¢;:

1 Ky ((—6k3 4+ (14 cok3) k1 — 2¢1k3)lo + hoky — ko(hy +1,))

©=73 I,k ’

(49)
1481k + (2k3acy — hy — Ly)ky — ky(lyeyk2 — hy — 1)

=4
3 Lk2ky @

C3
Theorem 9 allows constructing explicit solutions describing the interaction between solutions of Schwar-
zian equation (41) and solutions of Riccati equation (43). As is known, a solution of the Riccati equation
is expressed in terms of the hyperbolic tangent. Based on the analysis presented above, we can conclude
that Eq. (41) has a solution written in terms of Jacobi elliptic functions. As a result, we obtain solutions
of Eq. (1) of the type of interacting soliton-cnoidal waves.
A simple solution of Eq. (48) is written in terms of the Jacobi elliptic function as

Ve = po + pasn(mé, n).

We substitute this expression together with (49) in (48) and take the identities cn?(-) = 1 —sn?(-) and
dn®(-) =1 —n?sn?(-) for the Jacobi elliptic function into account. We then equate the coefficients of like
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powers of sn to zero. We obtain

¢, = 16pdasag — 4ugat + 2ugm*n® + 2uym?,

co = —24pdazag + 6piai —m*n? —m?,
Lo (e (2n2 — 2)m2k3)ly + ho)\/4m28 + 8(hopg + 1y + lojio) (50)
11— )
0
2 2
Ho@] — 4gasay + /om? )k 1
klz_(01 0250 \/ )2, le\/émn-

Using formula (42), we derive a soliton-cnoidal wave solution of Eq. (1):

yo b 1ymCDEZ + ky + (o + 11 S)ka + ay (ky + (1o + 1115)ky)?

+
2 ki + (,LL0+,LL15)/€2

1
+ 2(/€1 + (1o + p1.5)k2)0, (51)

1
v = (l1 4 (o + pw1S)2) (k1 + (o + p1S)ke) +

_ 2[
+ (ky 4 (o + 105)ks) (hy + (g + p1S)hy) — pim*C*D21yk3 +
+2(k1 + (no + 11S)k2)* (L + (po + p1.S)l2)agas +

+ (ky + (g + p18)ky) (—pym* DS — pym?C?*n29)l,k3 +

+ (k1 + (o + p1S)ka)? paimlakaar CD] (ky + (po + paS)k2) ™2 —

_ 1 (—agpu1mlokaCD — araa(ky + (o + p1.5)k2) (11 + (1o + p15)12))
2 a

O —

- i(kl + (po + p1.S)ka) (I + (1o + p1.S)l2) 02, (52)

where

3
O=a + \/5tanh(;\/5 (kla: +hy + hit+ / (,uo + prsn(mY, n))dY)),
o

the constants ag, a1, as, o, ko, l1, la, ho, and &y are arbitrary, the parameters hy, k1, and pu; are given
by (50), and

S =sn(m(kex + Loy + hat),n), C = cn(m(kex + lay + hot),n),
D = dn(m(kez + lay + hat), n).

As can be seen in Fig. 3, the solution u given by (51) describes an interaction between a kink and a cnoidal
wave. We also present a plot of the solution v given by (52) (see Fig. 4), which describes a soliton traveling
along with a cnoidal wave. The solutions w and v play an important role in investigating atmospheric
dynamics and other physical fields modeled by the (2+1)-dimensional KdAV-mKdV equation.

9. Conclusions

We have focused our attention on investigating the properties of local and nonlocal symmetries of a
(2+1)-dimensional KdV-mKdV equation, which describes the propagation of a thermal pulse. We applied
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Fig. 3. Soliton-cnoidal wave u(z,y,t) given by (51) with m =1/4, n =1/3, ho =3, k2 =2, [ = 1,
lo =2,a0 =1, a1 = 3, a2 = 2, and & = 0: (a) three-dimensional plot of u(z,y,0), (b) the wave
u(x,0,0) along the x axis, (c) the wave u(0,y,0) along the y axis, and (d) the wave u(0,0,t) along

the ¢ axis.
v

v

1 v v
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Fig. 4. The same plots with the same parameters as in Fig. 3 for the soliton-cnoidal wave v(zx,y,t)

given by (52).

the method of Lie symmetry analysis to obtain Lie point symmetries, the group transformation of solu-
tions, and an optimal system of one-dimensional subalgebras of the Lie algebra spanned by the Lie point
symmetries. This optimal system contains 30 operators. Using some of these operators, we considered
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similarity reductions of solutions and invariant solutions. We proved that we can expand Eq. (1) using
the truncated Painlevé expansion. Moreover, a nonlocal symmetry is obtained from the term correspond-
ing to the residue. Based on these results, we derived two non-auto-Backlund transformations and one
auto-Bécklund transformation. In addition, we wrote the nth Backlund transformation in terms of the
determinant. Interestingly, the non-auto-Backlund transformation in Theorem 5 can be used to construct
the lump and lump-type solutions. The lump-type wave falling off on both sides of the wave maximum
describes an inverse proportional dependence. The considered (2+1)-dimensional KdAV-mKdV equation is
integrable using the CRE method, and this allows obtaining solutions of the type of soliton-cnoidal waves.
Using numerical analysis, we investigated the dynamical characteristics of the interaction solutions.

Conflicts of interest. The authors declare no conflicts of interest.

REFERENCES

1. G. W. Bluman and S. C. Anco, Symmetry and Itegration Methods for Differential Equations (Appl.Math. Sci.,
Vol. 154), Springer, New York (2002).

2. G. W. Bluman, A. F. Cheviakov, and S. C. Anco, Applications of Symmetry Methods to Partial Differential
Equations (Appl. Math. Sci., Vol. 168), Springer, New York (2010).

3. A. Paliathanasis and M. Tsamparlis, “Lie symmetries for systems of evolution equations,” J. Geom. Phys., 124,
165-169 (2018); arXiv:1710.08824v1 [math.AP] (2017).

4. G. W. Bluman and A. F. Cheviakov, “Nonlocally related systems, linearization and nonlocal symmetries for the
nonlinear wave equation,” J. Math. Anal. Appl., 333, 93—-111 (2007).

5. G. W. Bluman and A. F. Cheviakov, “Framework for potential systems and nonlocal symmetries: Algorithmic
approach,” J. Math. Phys., 46, 123506 (2005).

6. G. W. Bluman and Z. Yang, “A symmetry-based method for constructing nonlocally related partial differential
equation systems,” J. Math. Phys., 54, 093504 (2013); arXiv:1211.0100 (2012).

7. P. Satapathy and T. Raja Sekhar, “Nonlocal symmetries classifications and exact solution of Chaplygin gas
equations,” J. Math. Phys., 59, 081512 (2018).

8. Z. Zhao, “Conservation laws and nonlocally related systems of the Hunter—Saxton equation for liquid crystal,”
Anal. Math. Phys., 9, 2311-2327 (2019).

9. X.-R. Hu, S.-Y. Lou, and Y. Chen, “Explicit solutions from eigenfunction symmetry of the Korteweg—de Vries
equation,” Phys. Rev. E, 85, 056607 (2012).

10. S. Y. Lou, X. Hu, and Y. Chen, “Nonlocal symmetries related to Backlund transformation and their applica-
tions,” J. Phys. A: Math. Theor., 45, 155209 (2012).

11. J. Chen, Z. Ma, and Y. Hu, “Nonlocal symmetry, Darboux transformation and soliton-cnoidal wave interaction
solution for the shallow water wave equation,” J. Math. Anal. Appl., 460, 987-1003 (2018).

12. N. A. Kudryashov, “Painlevé analysis and exact solutions of the fourth-order equation for description of nonlinear
waves,” Commun. Nonlinear Sci. Numer. Simul., 28, 1-9 (2015).

13. S. Y. Lou, “Residual symmetries and Bécklund transformations,” arXiv:1308.1140 (2013).

14. S.-J. Liu, X.-Y. Tang, and S.-Y. Lou, “Multiple Darboux—Bécklund transformations via truncated Painlevé
expansion and Lie point symmetry approach,” Chin. Phys. B, 27, 060201 (2018).

15. Y.-H. Wang and H. Wang, “Nonlocal symmetry, CRE solvability and soliton—cnoidal solutions of the (2+1)-
dimensional modified KdV—-Calogero-Bogoyavlenkskii-Schiff equation,” Nonlinear Dynam., 89, 235-241 (2017).

16. B. Ren, “Symmetry reduction related with nonlocal symmetry for Gardner equation,” Commun. Nonlinear Sci.
Numer. Simul., 42, 456-463 (2017).

17. B. Ren, X.-P. Cheng, and J. Lin, “The (2+1)-dimensional Konopelchenko-Dubrovsky equation: nonlocal sym-
metries and interaction solutions,” Nonlinear Dynam., 86, 1855-1862 (2016).

18. L. Huang and Y. Chen, “Localized excitations and interactional solutions for the reduced Maxwell-Bloch equa-
tions,” Commun. Nonlinear Sci. Numer. Simul., 67, 237-252 (2019).

160



19

20.
21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

. Z. Zhao and B. Han, “Residual symmetry, Béacklund transformation, and CRE solvability of a (2+1)-dimensional
nonlinear system,” Nonlinear Dynam., 94, 461-474 (2018).

S. Y. Lou, “Consistent Riccati expansion for integrable systems,” Stud. Appl. Math., 134, 372-402 (2015).

J. Chen and Z. Ma, “Consistent Riccati expansion solvability and soliton-cnoidal wave interaction solution of a
(2+1)-dimensional Korteweg—de Vries equation,” Appl. Math. Lett., 64, 87-93 (2017).

7. Zhao, “Béacklund transformations, rational solutions, and soliton-cnoidal wave solutions of the modified
Kadomtsev—Petviashvili equation,” Appl. Math. Lett., 89, 103-110 (2019).

X.-Z. Liu, J. Yu, and Z.-M. Lou, “New interaction solutions from residual symmetry reduction and consistent
Riccati expansion of the (2+1)-dimensional Boussinesq equation,” Nonlinear Dynam., 92, 1469-1479 (2018).
M. N. B. Mohamad, “Exact solutions to the combined KdV and mKdV equation,” Math. Meth. Appl. Sci., 15,
73-78 (1992).

D. Kaya and I. E. Inan, “A numerical application of the decomposition method for the combined KdV-mKdV
equation,” Appl. Math. Comp., 168, 915-926 (2005).

E. V. Krishnan and Y.-Z. Peng, “Exact solutions to the combined KdV-mKdV equation by the extended
mapping method,” Phys. Scr., 73, 405-409 (2006).

A. Bekir, “On traveling wave solutions to combined KdV-mKdV equation and modified Burgers-KdV equation,”
Commun. Nonlinear Sci. Numer. Simul., 14, 1038-1042 (2009).

O. L. Bogoyavlenskii, “Breaking solitons: I111,” Math. USSR-Izv., 36, 129-137 (1991).

B. G. Konopelchenko, “Inverse spectral transform for the (2+1)-dimensional Gardner equation,” Inverse Prob-
lems, 7, 739-754 (1991).

X. Geng and C. Cao, “Decomposition of the (2+1)-dimensional Gardner equation and its quasi-periodic solu-
tions,” Nonlinearity, 14, 1433-1452 (2001).

Y. Chen and Z. Yan, “New exact solutions of (2+1)-dimensional Gardner equation via the new sine-Gordon
equation expansion method,” Chaos Solitons Fractals, 26, 399—406 (2005).

W.-P. Hu, Z.-C. Deng, Y.-Y. Qin, and W.-R. Zhang, “Multi-symplectic method for the generalized (241)-
dimensional KdV-mKdV equation,” Acta Mech. Sin., 28, 793-800 (2012).

Y. Liu, F. Duan, and C. Hu, “Painlevé property and exact solutions to a (2+1) dimensional KdV-mKdV
equation,” J. Appl. Math. Phys., 3, 697-706 (2015).

T. Motsepa and C. M. Khalique, “On the conservation laws and solutions of a (24+1) dimensional KdAV-mKdV
equation of mathematical physics,” Open Phys., 16, 211-214 (2018).

N. H. Ibragimov, “Optimal system of invariant solutions for the Burgers equation,” Presented at 2nd Conf.
on Non-linear Science and Complexity, MOGRAN-12: Symposium on Lie Group Analysis and Applications in
Nonlinear Sciences, Session Tu-SA /1, Porto, Portugal, 28-31 July 2008 (2008).

J. F. Ganghoffer and I. Mladenov, eds., Similarity and Symmetry Methods: Applications in FElasticity and
Mechanics of Materials (Lect. Notes Appl. Comput. Mech., Vol. 73), Springer, Cham (2014).

Z. Zhao and B. Han, “Lie symmetry analysis, Béacklund transformations, and exact solutions of a (2+1)-
dimensional Boiti-Leon—Pempinelli system,” J. Math. Phys., 58, 101514 (2017).

Z. Zhao and B. Han, “Lie symmetry analysis of the Heisenberg equation,” Commun. Nonlinear Sci. Numer.
Simul., 45, 220-234 (2017).

Z. Zhao and B. Han, “On symmetry analysis and conservation laws of the AKNS system,” Z. Naturforsch. A,
71, 741-750 (2016).

H. Liu and Y. Geng, “Symmetry reductions and exact solutions to the systems of carbon nanotubes conveying
fluid,” J. Differ. Equ., 254, 2289-2303 (2013).

H. Liu, B. Sang, X. Xin, and X. Liu, “CK transformations, symmetries, exact solutions, and conservation laws
of the generalized variable-coefficient KdV types of equations,” J. Comput. Appl. Math., 345, 127-134 (2019).
X. Lii and W.-X. Ma, “Study of lump dynamics based on a dimensionally reduced Hirota bilinear equation,”
Nonlinear Dynam., 85, 1217-1222 (2016).

Y.-F. Hua, B.-L. Guo, W.-X. Ma, and X. Lii, “Interaction behavior associated with a generalized (241)-
dimensional Hirota bilinear equation for nonlinear waves,” Appl. Math. Model., 74, 184-198 (2019).

161



44.

45.

46.

47.

48.

49.

162

G.-Q. Xu and A.-M. Wazwaz, “Integrability aspects and localized wave solutions for a new (4+1)-dimensional
Boiti-Leon—-Manna—Pempinelli equation,” Nonlinear Dynam., 98, 1379-1390 (2019).

W.-X. Ma, “Abundant lumps and their interaction solutions of (341)-dimensional linear PDEs,” J. Geom. Phys.,
133, 10-16 (2018).

W.-X. Ma and Y. Zhou, “Lump solutions to nonlinear partial differential equations via Hirota bilinear forms,”
J. Differ. Equ., 264, 2633-2659 (2018).

Z. Zhao, Y. Chen, and B. Han, “Lump soliton, mixed lump stripe, and periodic lump solutions of a (2+1)-
dimensional asymmetrical Nizhnik—Novikov—Veselov equation,” Modern Phys. Lett. B, 31, 1750157 (2017).

Z. Zhao and L. He, “Multiple lump solutions of the (3+1)-dimensional potential Yu—Toda—Sasa—Fukuyama equa-
tion,” Appl. Math. Lett., 95, 114-121 (2019); “M-lump and hybrid solutions of a generalized (241)-dimensional
Hirota—Satsuma-Ito equation,” Appl. Math. Lett., 111, 106612 (2021); “M-lump, high-order breather solutions,
and interaction dynamics of a generalized (2+1)-dimensional nonlinear wave equation,” Nonlinear Dynam., 100,
2753-2765 (2020).

W.-X. Ma, “Lump solutions to the Kadomtsev—Petviashvili equation,” Phys. Lett. A, 379, 1975-1978 (2015).



	Lie symmetry, nonlocal symmetry analysis, and interaction of solutions of a (2+1)-dimensional KdV–mKdV equation
	Abstract
	1. Introduction
	2. Lie point symmetries
	3. Optimal systems of subalgebras
	4. Similarity reductions and the invariant solutions
	5. Nonlocal symmetry and Bäcklund transformation
	6. Obtaining lump-type solutions using a non-auto-Bäcklund transformation
	6. The CRE integrability
	8. Soliton-cnoidal wave solutions of Eq. (1)
	9. Conclusions
	References


