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INTEGRABLE SYSTEM OF GENERALIZED RELATIVISTIC
INTERACTING TOPS

I. A. Sechin*' and A. V. Zotov*

We describe a family of integrable GL(NM) models generalizing classical spin Ruijsenaars—Schneider
systems (the case N = 1) on one hand and relativistic integrable tops on the GL(N) Lie group (the case
M = 1) on the other hand. We obtain the described models using the Lax pair with a spectral parameter
and derive the equations of motion. To construct the Lax representation, we use the GL(N) R-matrix in

the fundamental representation of GL(N).
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1. Introduction

This paper continues a series of articles [1]-[3] extending known integrable systems and their related
structures using quantum R-matrices (in the fundamental representation of GL(N) Lie groups) interpreted
as matrix generalizations of the Kronecker function. At the very beginning, it is convenient to give its explicit
form in the rational, trigonometric, and elliptic cases because the identities that we use hold separately in
each of these cases:

1 1 1 1
z q 2’ 22’
#(z,q) = { cothz + cothg, Ei(z) = { coth(z), p(z) = sinilQ R (1)
V'(0)9(z + q) V'(2) CE() 4 19”(0)
Wz)(q) I(2) ! 3 9'(0)

All the variables and functions are complex valued. Therefore, the trigonometric and hyperbolic cases are
essentially the same. In (1) in all three cases, we give definitions of the first Eisenstein function F1(z) and
the Weierstrass p-function. They appear in the expansion of ¢(z,q) near its simple pole (with the residue

equal to unity) at z = 0:

(b(z’q) _ Z—l + El (q) + Z(Elz(q)2_ p(‘])) + O(ZZ) (2)
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The definitions and properties of elliptic functions can be found in [4] (also see the appendix in [3]).
In each of the three cases, the Kronecker function satisfies the summation formula, the genus-1 Fay
identity,
D(21,q1)P(22,q2) = (21 — 22, q1) (22, 1 + ¢2) + d(22 — 21, ¢2)P(21, @1 + G2), (3)

and also its degenerations corresponding to equal arguments,

oz, q1)P(2,q2) = ¢(z,q1 + q2)(E1(2) + E1(q1) + E1(q2) — E1(q1 + ¢2 + 2)), (4)

#(z,9)9(2, —q) = p(2) — p(q). (5)

Fay identity (3) can be regarded as a particular scalar case of the associative Yang—Baxter equation [5]:

Riy(q12)Ry3(q23) = Ri5(q13)Riy ' (q12) + Ras *(ge3) Riz(q13), Gab = Ga — Q- (6)

Here, we use R-matrix notation of the quantum inverse scattering method, for example,

N

12(q) = Z Rijr(2,9)Eij ® Ep ® 1y,
i kl=1

N
13(q) = Z Rijki(2,q)Eij ® 1y @ By,
i jkl=1

where E;; is the standard matrix basis in Mat(NV,C), 1y is the identity matrix, and R;j (2, ¢q) is a set

of functions of z and ¢. The normalization of the matrix operator R?

»(gap) is chosen such that with
N =1, it reduces to the scalar function ¢(z,q) given by (1). In this respect, Eq. (6) is a noncommutative
generalization of (3), and the operator R is a noncommutative generalization of the Kronecker function.

In addition to (6), we can require the properties of antisymmetry and unitarity (the latter is a matrix
analogue of (5)):

12(q) = —Ra'(—9); 12(@)R31 (=) = 1y @ In(p(2) — p(q)). (8)

Then such an R-operator satisfies the quantum Yang—Baxter equation
Riy(212) Ri5(213) Ry3(223) = Ri3(223) Ril3(213) iy (212). (9)

In other words, a solution of (6) satisfying conditions (8) is a quantum R-matrix. We note that even in the
scalar case, condition (6) or (3) is very restrictive. At the same time, Eq. (9) is not restrictive at all because
the quantum Yang—Baxter equation holds identically in the scalar case. The class of R-matrices with
the listed properties includes the elliptic Baxter—Belavin R-matrix and also its trigonometric and rational
degenerations, which are equal to the function ¢(z,q) in the scalar case. A more detailed description of
these R-matrices can be found in [6]-[8], where an application of this class of R-matrices to an integrable
system was given, a construction of integrable tops. The main idea goes back to Sklyanin’s paper [9], where
he suggested a Hamiltonian description of the classical Euler top using quadratic Poisson algebras obtained
in the classical limit of RLL relations. That is, the classical Euler top was described as the classical limit
of a spin chain with one site. This approach can be developed to obtain an explicit description of the Lax
pairs with spectral parameters constructed using the data of R-matrices satisfying (6) and (8). A detailed
derivation of the equations of motion together with the Hamiltonian description using the R-matrix data
was given in [6] and [7] in the respective nonrelativistic and relativistic cases.
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1.1. Relativistic integrable GL y-top. In the general case, the phase space of a GLy top is given
by the set of coordinate functions S;;, ¢,7 = 1,..., NV, on the Lie group GLy. They are unified into the
NxN matrix S =), ; SijEij. The equations of motion then become the Euler—Arnold equations

S =18,J(9)], (10)

where J(S) is a linear functional on S. It can be written as

N
J(S) = Z Ji k1 Eij S € Mat(N, C) (11)
ij k=1

or, using the standard notation S1 = S® 1y and So =1y ® S,

N
J(S) = tra(J1252), Ji2 = Z Ji i Bij @ By, (12)
i,k =1
where try is the trace over the second space in the tensor product. Below, we give the Lax pair of the
relativistic integrable top using the above notation (of course, Eq. (10) is not integrable in the general
case). For this, we consider the classical limit of the R-matrix

1 h
Ry (2) = B Iv ® 1y +12(2) + 9 (r12(2)* = 1@ 1 p(2)) + O(h?), (13)
where ri2(z) = —ra1(—2) is the classical r-matrix and the fi-order term follows from (8). Comparing this

expression with (2), we conclude that while the quantum R-matrix is a matrix analogue of the Kronecker
function, the classical r-matrix is a matrix analogue of the first Eisenstein function E;(z) given in (1).
We consider the expansions

1 = 1
Rip(a) = P+ Rip” +0(),  ma(z) = _Piatriy +0(),

N (14)
Py = Z E;; ® Eji,

i,j=1
where Py is the matrix permutation operator. Generally speaking, the existence of expansions of types (13)
and (14) is an additional nontrivial requirement for the R-matrix. Finally, we impose one more condition

on the R-matrix:
Ri5(q) = Ri5(2) Pra. (15)

In the scalar case, it leads to the obvious equality ¢(z, ¢) = ¢(q, z). Using (15) and comparing (13) and (14),
we easily obtain

7"12(25) = Rié(o)Plg (16)
We can now formulate the statement about the Lax pair of the relativistic top. Namely, for a pair of
matrices
L(z) = tr2(R]5(2)S2) = tra(R{3(n) P1252),
(17)
M(Z) = — t1"2(7‘12(2’)52) = — tI'Q(RTé(O)Plgsz),
the Lax equation
L(z) = [L(z), M (z)] (18)
is equivalent to the equation of motion of form (10), where
Dz = RO ). (19)



1.2. Spin generalization of the Ruijsenaars—Schneider model. In integrable many-body sys-
tems, relativistic generalizations are known as Ruijsenaars—Schneider models [10]. We are interested in
their spin extensions. The dynamical variables comprise a set of coordinates and velocities of M particles
and also classical spin variables described in the matrix S € Mat(M, C). The equations of motion have the
forms (for the diagonal and off-diagonal parts of S)

M
Sii=— > SiSki(Er(gix +n) + E1(gir — 1) — 2E1(gir)),

k: ki
(20)
. M M
Sii =Y SuSei(Erlars +n) — Erlarg) — Y SusSki (Br(gi +n) — Erlgin)
k: k#j k: k#i
and
G = Sii, (21)
where ¢ # j and ¢;; = ¢; — ¢;. The Lax pair with a spectral parameter
Lij(2) = Sijo(z.qij +m), 4,j=1,...,M,
RggL(z) =5 € Mat(M, C), (22)
M;j(z) = =65 (E1(2) + Ex(n))Sii — (1 = 6i)Si;0(2, ai5),
satisfies the Lax equation with an additional term (here p; = ¢; — Si;)
. M
L(z) = [L(2), M (2)] + Z Eij(pi — 15)8i5 f (2,05 + ), f(z,q) = 049(2, ), (23)
i,j=1
which vanishes with the on-shell constraints
,LLZ'ZO or S”:qz, i=1,...,M. (24)

More precisely, Eq. (23) is equivalent to (20), and under condition (24), Lax equations (23) with an addi-
tional term become the ordinary Lax equations (18), and (21) is satisfied. A detailed derivation of (23) can
be found in [3] in addition to the original paper [11]. This derivation is convenient below in considering a
more general system where the functions in (20)—(22) are replaced with their R-matrix analogues. Although
the Hamiltonian structure is not used in the description indicated above, we note that it is known for the
rational and trigonometric systems (see [12]-[15]).

Our main result here is the following generalization of simultaneously both relativistic top (17)—(19)
and spin Ruijsenaars—Schneider model (20)—(22). We consider a Mat(/NM, C)-valued Lax pair subdivided
into M x M block-matrices £ (z) = £%(S%, z) each of size N x N:

M
L(z)= Y By ®L(z) € Mat(NM,C), LY(z) € Mat(N,C),
i,j=1
L£9(z2) = tra(Riy(q;; + 1) Pr2Sy), 8 = Res £9(2) € Mat(N, C),
M(z) = )" Ej; ® M(z) € Mat(NM,C), M (z) € Mat(N,C),
i,j=1
MU (2) = =6 tr (R " Pray) — (1= 6) tro (Ria(gi5) PraSY).
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The R-matrix in this definition satisfies associative Yang-Baxter equation (6) and also conditions (8)
and (15) and expansions (13) and (14). The Lax equation with an additional term

M
L(z) = [L(2), M(2)] + > (py — 1) Eij @ tra(Fo(gij + 1) PraSy), (26)
ij=1

where by analogy with (23)
Fiy(q) = 94 R5(q) (27)
and pf = ¢; — tr(S%), i = 1,..., M, is then equivalent to the equations of motion (we assume that i # j

in (26))
Siz _ [Siz’ Jn(Su)] + Z (SikJn,qM(Ski) _ Jmaik (Slk)Skz)’ (28)
k: k#i

ST = 8T &) — JIS)ST 4 Y S (SH) — N e (8H)SH, (29)

k: kj k: ki

With the on-shell constraints pu = 0 or ¢; = tr(S%), i = 1,..., M, Eqgs. (26) reduce to the Lax equations,
and we have the equations

M
G =tr(8") = Y tr(SEgmai (k) — g (SF)SH). (30)
k: k#i

The linear functionals J7 and J™74 in the equations of motion are given by
i 0), 0)y cii , ij 0), 0), ij
JNSE") = tra (R — r)SE),  J1(SY) = tro (R 1T — R ) SH). (31)

The presented Lax pairs and equations of motion reproduce the results in the elliptic case in our
previous paper [3]' and the results in the nonrelativistic limit in [1]. With N = 1, the used R-matrix
operators become the scalar functions in (1), thus reproducing spin Ruijsenaars-Schneider model (20)-
(24). With M = 1, the Lax matrices have a single block. We thus obtain relativistic top (17)—(19). In the
nonrelativistic elliptic case, models of the described type were first obtained in [16] and were later described
as Hitchin systems on bundles with nontrivial characteristic classes [17]. Explicit examples of the systems
can be easily obtained using R-matrices used in [1] in the same normalization as here.

2. Derivation of the equations of motion

2.1. R-matrix identities. To derive the equations of motion in the spin Ruijsenaars—Schneider
model, we should use identity (4). We rewrite it differently:

A(z,q1)9(2,q2) = (2, q1 + @2) (E1(q1) + E1(q2)) — 0:9(z, ¢1 + q2), (32)

where we use the fact that (1) implies that 9.¢(z,q) = é(z,q)(E1(2+q) — E1(2)). In this form, identity (4)
is generalized to the matrix case:

12(2)R33(y) = Riz(x + y)ria(z) + ras(y) Riz(z +y) — aazR‘fa(w +)- (33)

Hn [3], the elliptic case was described in a slightly different normalization. It differs from the one used here by q; — q;/N,
which leads to the additional factor 1/N in the equations of motion in [3].
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Applications of this identity can be found in [8]. We also write its corollary:
Ry (qin) Rz (qr; +n) — Riz(qie +n)Rz(an;) =
= Ri3(qij +n)(r12(gir) — r12(qix +n)) + (ras(qe; + 1) — ras(qr; ) Ris(qi +n)- (34)

Moreover, we need degenerations of (33). We expand both its sides in a neighborhood of = = 0:

( P+ R 4+ .)Rég(y)=(Rig(y)+fog(y) )( P+ 19 + >+

+723(y) (Ris(y) + 2Fa(y) + ) — aaz (Ris(y) +aFy) +...), (35)

where F7 (y) is defined as in (27). In the zeroth order in =, we obtain

2 z ¥4 ¥4 a z
RS Riy(y) = Fis(y) P + Ris)riy) + raa)Ris(y) — 5 Ris(v). (36)

Expanding (33) with small y, we similarly obtain

‘fg(x)( P23+RO)Z >:( ‘f3(x)+ny3(x)+---)r12(x)+

( o104 -)(ng<x>+nyg<x>+---)—
B 0
0z

(Ria(@) +yFiy(@) +-..). (37)
()RS = Rig(@)ria(e) + vy Ria(e) + PosFa(e) — ) Ria(a). (38)

It follows from (36) and (38) that
RY)* Ris(qij + 1) — Ria(n)R3s(qi;) = Fia(aij +n)Pia + Ris(ai +n)(ry) —r12(n)) +
+ (123(qij +n) — r23(qij)) Riz(qij +n). (39)

2.2. Lax equation. We write Lax equation (26) with an additional term explicitly in terms of N x N
blocks. For the diagonal blocks, we obtain

L”(Z) _ ,C”(Z)M”(Z) _ Mu Lu + Z Ezk Mkz MZk(Z)EkZ(Z)) (40)
k#i

Similarly, for the off-diagonal part, we have
Lij(z) = L (2)M7 (2) = M (2) L (2) + LY (2)MP () = M (2) L7 (2) +

+ ) (L (MM (2) = M (2) LM (2)) +

k#i,j
+ (ph — 1d) tra(Fio(gis +n)PraSy). (41)

The problem is to show that (40) and (41) are equivalent to the respective equations of motion (28) and (29).
We note that
R_eg L(z)=85=— R_eg/\/l(z) € Mat(NM, C), (42)

i.e., the second-order pole in z cancels in the commutator [£(z), M(2)].
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2.2.1. Off-diagonal part. In the left-hand side of (41), we have
L9 (2)1 = tra(Fiy(aij + 1) Pr2Sy dij) + tra(Ria(4ij + 0)Pr2Sy). (43)

The subscript 1 in the left-hand side means that the Lax equation is in the first tensor component. We
consider expression in the right-hand side of (41):

(L™ (2) M (2) = M™(2) L% (2))
= tra3 (— Ry (qir + 1) Pr2S5 Rig(qi;) PisSy’ +

+ Rﬁ(qik)Pl?SékaB (qrj + U)Plgsgj) =

z z z z 7 i (34)
= trog ((Rlz(Qik)Rzg(ij +1) — Ria(qir + U)R23(ij))P1252kP138§J) =

- (Ris(qij + n)(ria(qix) — r12(gin + ) PraSiF PsSy”) +

+ trog ((res(arj + ) — r23(qry)) Ris(gij + 1) PraSy P13 Sh7). (44)

We transform the two obtained terms using (15) and (16) and the respective permutation operator properties
P15U1o = Uy P15 and PioUsz = U3 Pra. We transform the first term in the right—hand side of (44)

tros (Ris(ij + 1) (r12(qix) — mi2(gin + 1)) P28 P38y ) =
= — tr3(Ris(qij +m)PiaPrg tro((RY ™ — RIY)SP) PaSyY) =
= — tr3 (Ri3(qij + ) Pus tra((Ryy ™" — RE)"4)s3)837) =
= —tra(Riy(gi + 1) Pro trs((R ™17 — RG) )57, (45)
Using definition (31), we obtain
tros (Ria(qij + 1) (ri2(qin) — m12(gin + 1) PraS¥ PisSy”) = — tra (R, (i + n) PraJ ™4+ (8™), S57). (46)
We similarly transform the second term in the right-hand side of (44):
trs ((r2s (i +n) — 123 (i) ) Ris(qi; + 1) PraSy P1sSy” ) =
= tro3 (Ris(qij + 1) PraSy PrsSy” (ras(ai; + 1) — r23(an))) =

_ tr23 R13 qu + 7,] P13P238 kS:];J (Rég)ﬂlkj+77 _ Rég)kaj)PQB)

_ (P23R13 i + ’I])P13P23S£k8 ( (0 yQkj 1 Rég)7qk])) —

3 (Ria(qij + 1) PSSy (RS ™" — RE) ™)) =

= tr2 (R (g +m)PraS3 tra (S (Ry ™™ — RYF™))) =
= tro (RiZQ (qij + T])Plgsgik J ki (Skj)z) (47)
From (46) and (47), for the initial expression (44), we finally obtain

(L*()MH (2) = M (2) L8 (2)) | = tra (R (qij + 1) Pra(S™ T (SH) — Jman (S*)SH)y). (48)



We next consider the expression from (41)
(L ()M (2) = M ()L (2)), =
= tros (— R%,(n) Pr2Sy Ri5 (i) PiaSy + R\ ProSi Ris(qiy +1)PisSy) =
= tras ((RY3"*Raais + 1) — Ria ()R (0:7)) PraSy PisSy).
We apply relation (39),
(L7 (2) MY (2) = MP(2) L7 (2)), = tras(Fis(qij + n)PraPraSy PisSy ) +

+tros (Ris(gij + n)(rly) — r12(n)) PraSY P13SY) +

+ tra3 ((ros (g + 1) — r23(0i;)) Ris(aij + 1) PraS3 PisSy).

We simplify all three terms in the right-hand side of (50). We transform the first term,
tras (Fi3(gij + 1) Pra P1aSy P18y ) = tra(85') trs(Fi(qiy +n)PisSy’) =
= trS” . tI‘2 (F1z2 (qij + U)Plgséj)

The third term is already known:

tras ((r2s(gij + ) — r23(¢i5)) Ris(qij + 1) PraSy Pi3Sy ) = tra(Ry(qij + 1) PraSy J7%4 (S7)3).

For the second term in the right-hand side of (50), we obtain
tra3 (Ris (@i + 1) (Y — r12(n)) PraSy PiaSy) =
= tras (Rig (a5 + 77)P13(7"§g) —132(n)) P32SY Sy ) =
= tra(Ria(gy + ) Pro tr3((7"§g) — 123(1)) Pos S5 SY ) =
= —tro(Riy(qij + n) PraJ"(S")285).
Expression (50) thus becomes
(L7 (2) MU (2) — M7 ()L (2)) | = tra(RE,(qij + ) Pra(STT755 (1) — J1(S™)ST)5) +

+ 087 - tra (Fy(gij + 1) Pr2Sy ).

(49)

(54)

We transform one more expression in (41), £ (2) M7 (z) — M%¥(z)L£77(z), similarly to (50). This yields

(L9 ()MP () = MY (2)£5(2)), = tea (Rinlas + m) Pra( SV 7 (87) — I ($9)877))
— St (Fip (g + 0)PaSY).
Collecting terms (48), (54), and (55), we obtain the ijth block of the commutator:
(I£(2), M(2)]7), = (608" — tr S7) tra (Fip(ais +1)Pr2Sy’) + tra(Ria(aij + 1) PraAz),
A= 8" JrE(ST) — JUSM)SY 4 8T JNST) — J19 (8T8 4

+ Z (SikJn)ij (Skj) _Jn,qik(sik)gkj)_
k: ki,j
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Also taking the last term (with p?) in the right-hand side of (41) into account, we obtain the second
equation in (20) in the form

S — SU Jn:dis (Sij) _ Jn(sii)gij + SijJn(Sjj) — JM4i (Sij)Sjj +
M
+ Y (S (ShT) — (S Sk, (57)
k: k#i,j

Here, we must clarify the transition from (56) to (57). Strictly speaking, we proved that the Lax
equations hold on the equations of motion, but we did not prove the converse. To prove the converse, we
must verify that all components of matrix equation (57) are independently contained in (56) taking into
account that Rio is a linear operator that somehow mixes these components in linear combinations. In
other words, we must show that it follows from tra (R4 (¢i; +71)Pi12C2) = 0 that C' = 0. For this, we consider
the Lax equation near z = 0. It follows from (13)—(15) that Rf,(gi; +n)Pi2 has a simple pole at z = 0 with
the residue equal to Pjo. The needed statement then follows from the fact that tro(PiaAs) = A.

2.2.2. Diagonal part. We now consider equation (40), whose left-hand side has the form
AC.“‘ (2)1 = tI‘g (Rf2 (n)PlgSéz) (58)
Using (34), we transform the expression in the summation in the right-hand side of (40):

(Lik(z)./\/lki(z) — Mik(z)ﬁki(z))l =
= trog [ Ria(qik + 1) Pr2S5" Riz(qri) PiaSs" + Ria(qin) PraS5* Ris(qri + 1) PisSs'] =
z z z ik ki (34)
= tros [(Riy(qik) Ras(qri + 1) — Rig(qir + 1) R33(qri)) P12S5" PisSy"| =

D e [Ris(n)(r12(qir) — r12(qix + 1)) Pr2S5 PisS5'| +
+ trag[(ra3(qri +n) — ras(qri)) Ris(n) PraS3 i3Sy | =
= tr [Rfy(n) Prz (S T4 (SKT) — Jman (§)SH), . (59)
Using (39), we simplify the rest of the right-hand side of (40):
= tra3 [~ Riy (1) PraSy R ™ PiaSy + R\Y* PiaSy Rig(n) PisSy | =
= tras[ (R Ris(n) — Riy(n)RSY") PraSh Pis Sy ®
2 tray [Ris(n) (') — ria(n)) PraSy PisSi] +
+tras [ (raa(n) — r83)) Ris(n) PraSy PrsSy] +
+ trog [Fi5(n) Pia P1aSy PisS5y'| — tras[Pas Fis(n) P28y Pi3Sy]. (60)

We note that the two last terms are equal and therefore cancel:

tl“23 (Flzg (n)PlgPlgSgiPmS;f) = tI’23 (P23F1z3 (n)PmS%leng) =1tr Sii tI’g (Fle (n)PmS%’) (61)



The first and the second terms in (60) have the form

tras [ Ri3(n) (1Y - r12(n)) P12Sy' P1sSy'] + tras [ (ras(n) — Tég))Rﬁ(??)PleéiPlaS%i} =

= tra[Riy(n) Pr2 (J(S™)S™ — 87 J"(8")),]. (62)

From (59) and (62), we finally obtain

([L(2), M(2)]ir), = tr2(Riz(n)Pr2Bs), (63)
where
B =J1(8")S" = S"JNS") + > (SE I (SF) — g (SH)Sk. (64)
ki

Here, we should also use the argument given after (57). We have thus verified the equations of motion for
the diagonal blocks.

2.3. Interacting tops. As explained in [3], in the particular case rk(S) = 1, we can write the
equations of motion in terms of only the diagonal blocks. We recall the main idea. The additional property
rk(S) =1 yields

Sk PSPk = Stiskk, (65)

Further, for an arbitrary J(S) = tra(J1252) of form (12) and Jio = Ji2 P12, we have

J(S) = tI‘g(Jlgsg) = trg(jlgplgsg) = tl"2(52j12P12) = tI‘g(SgPlgjgl) = tI‘g(PmSljgl). (66)

Therefore,
SZkJ(S]”) = tl“g(Si.kPmS{Cijgl) =S¥ trg(jngfk), (67)

where Jo; = PiaJo1 P12 = PiaJio. Similarly,
J(Sik)ski = trz(jlzsfkplzsfi) = tr2(j1285k)8ii' (68)

We finally write Egs. (28) and (30) in the forms

M
Su _ [S”, Jn(Su)] + Z (Siijn,qki (Skk) o jn#lik (Skk)sii),
k: ki
(69)
... M L.~ 9] ..
G =tr(8") = D tr (ST (SR — Jran (SFF) G,
k: k#i
where ~ 5
TP (SMF) = try (S SEY) = tra(Pra T S5,
(70)

J ik (SFRY — gy (JL9* SERY = tro (J]57F ProSEF).

Written in form (69), the equations of motion are interpreted as the dynamical equations for M particles
with additional “spin” degrees of freedom, i.e., the particles can be identified with tops that also have
coordinates and velocities in addition to their own internal degrees of freedom. The interaction between
the tops depends on both the distance and the spin dynamical variables.
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