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TRANSLATION INVARIANCE OF THE PERIODIC GIBBS
MEASURES FOR THE POTTS MODEL ON THE CAYLEY TREE
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We study the Potts model with a zero external field on the Cayley tree. For the antiferromagnetic Potts
model with q states on a second-order Cayley tree and for the ferromagnetic Potts model with q states
on a kth-order Cayley tree, we show that all periodic Gibbs measures are translation-invariant for all

parameter values.
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1. Introduction

Solutions of problems arising in studying the thermodynamic properties of physical and biological
systems primarily lead to problems in the theory of Gibbs measures. It is known that each limit Gibbs
measure is associated with one phase of the physical system. The Potts model is a generalization of the
Ising model and is well studied on the lattice Z¢ and on the Cayley tree. The concept of the Gibbs measure
for the Potts model on the Cayley tree is introduced in the conventional manner (see [1]-[4]).

The ferromagnetic Potts model with three states on a second-order Cayley tree was studied in [5], where
it was shown that a critical temperature T, exists such that three translation-invariant and uncountable
number of non-translation-invariant Gibbs measures exist for 7' < T,. The results in [5] were generalized
to the Potts model with a finite number of states on a Cayley tree of an arbitrary (finite) order in [6].

On a Cayley tree of an arbitrary order, the translation-invariant Gibbs measure of the antiferrimagnetic
Potts model with ¢ states and with an external field was shown to be unique (see [4]). The Potts model
with a countable number of states and with a nonzero external field was studied in [7], where it was proved
that the model has a unique translation-invariant Gibbs measure.

Periodic Gibbs measures were studied in [8], where it was proved that under certain conditions, all peri-
odic Gibbs measures are translation-invariant. In particular, under certain conditions, for the ferromagnetic
Potts model with three states on a Cayley tree of an arbitrary order and for the antiferromagnetic Potts
model with three states on a second-order Cayley tree, all periodic Gibbs measures are translation-invariant.
Moreover, the conditions were found under which the Potts model with a nonzero external field has periodic
Gibbs measures. The results in [8] were followed up in [9], where the existence of at least three periodic
Gibbs measures with the period two on a third- or fourth-order Cayley tree for the Potts model with three
states and a zero external field was proved. In [10], the Potts model with ¢ states on a Cayley tree of order
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k > 3 was studied, and on certain invariants, the existence of periodic (not translation-invariant) Gibbs
measures was shown under certain conditions on the model parameters. Moreover, the lower bound of the
number of the existing periodic Gibbs measures was shown. In [11], translation-invariant Gibbs measures
for the ferromagnetic Potts model with ¢ states were described in detail, and the number of them was
shown not to exceed 27 — 1, and the problem of extremes of these measures was studied in [12]. In [13],
the results reported in [10] were improved, and explicit equations were derived for the translation-invariant
Gibbs measures for the Potts model with three states on a Cayley tree of order k = 3.

Here, we generalize certain results in [8]. For the antiferromagnetic Potts model with ¢ states on
a second-order Cayley tree, we show that all periodic Gibbs measures are translation-invariant for any
parameter value. Moreover, for the ferromegnatic Potts model with ¢ states on a kth-order Cayley tree, we
show that all the periodic Gibbs measures are translation-invariant.

2. Definitions and known facts

The Cayley tree. We assume that &% = (V, L) is a Cayley tree of order k > 1, i.e., an infinite graph
without cycles and with exactly k41 edges at each vertex of the graph. Here, V is the set of all vertices
3%, and L is the set of all edges. Two vertices « and y are called nearest neighbors if there exists an edge
I € L that connects them. We then write I = (x,y).

For a fixed point 2° € V, we assume that W,, = {z € V | d(z,2°) = n}, Vi, = U},_o Wi, and
L, = {{z,y) € L | x,y € V,,}, where d(z,y) is the distance between the vertices x and y on the Cayley
tree, i.e., the number of edges of the minimum path connecting the vertices x and y. We write x < y if the
path from 20 to y passes through x. A vertex y is called the direct descendant of z if ¥y = z and z and
y are nearest neighbors. The set of the direct descendants of x is denoted by S(z), i.e., if x € W,,, then
S(x) ={y; € Wpy1 | d(z,y;) =1, i=1,2,...,k}.

The Potts model. We assume that ® = {1,2,...,q},¢>2,and 0 € Q = ®V is a configuration, i.e.,
o ={o(x) € ®: x € V}. For the subset A C V, we define Q4 as the set of all configurations defined on A
and taking values in ®.

We consider the Hamiltonian of the Potts model

H(o)=—J Z Oo(z)a(y) — O Z d1o(a)> (1)

(z,y)€L eV

where J € R, o € R is the external field, (x,y) are nearest neighbors, and d;; is the Kronecker symbol.
The Gibbs measure. For each n, the measure u, on vy, is defined as

un(an):Z;lexp{—an(an)Jr > ﬁg(z),z}, (2)

zeW,

where {ﬁz = (iNzl,z, .. .,Bq,m) € RY, x € V} is the set of vectors, 5 = 1/T (T is the temperature, T' > 0),
on = {o(x), © € V,} € Qu,, Z,;! is the normalizing factor, and H,(o,) = —J Xy, So(@)oly) —

o ZzEVn 51‘7(1)'
The consistency condition for the measures p, (0, ), n > 1, and 0,,_1 € oVn-1 ig

Z pn(Tn—1V wn) = pin—1(0n_1)- (2/)

wWp EOWn

Here, 0,,_1 V w, is the union of configurations, i.e., 0,1 V w, € ®"» such that (0,1 V wy,)

and (op—1 Vwy, = wy,.

M,
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We assume that p,,, n > 1, is the sequence of the measures on Qy,, satisfying consistency condition (2').
In this case, there exists a unique measure p on ®¥ such that u({o|yv, = 0,}) = pn(o,) for all n and
o, € ®V». This measure is called the splitting Gibbs measure corresponding to Hamiltonian (1) and the
vector-valued function hy, z € V.

According to [14], measures (2) satisfy consistency condition (2') if and only if the equation

hy = Z F(hy,H,Oé) (3)
yeS(x)
is satisfied for any € V, where F: h = (hy,...,h4—1) € RT! — F(h,0,a) = (F1,...,F,;—1) € R is
defined as , -
0—1)ehi 39 " ehi 11
F; = af31; + log ( ) qz_:i_z ;
0+ G- et
0 = e’P, S(x) is the set of direct descendants of z, and h, = (P12 ..., hg—1) under the condition that
hi :Bi,m —qu@, i=1,...,q—1.

It is known that there exists a one-to-one correspondence between the set of V' vertices of the Cayley
tree of order k > 1 and the group Gy, that is the free product of k+1 cyclic groups of second order with the
corresponding generators aj, ag, ..., Qg41-

We assume that Gy, is the normal divisor of the finite index of the group Gy.

Definition 1. A set of vectors h = {h;, x € G} is said to be ék-periodic if hye = h, for any o € G,
and y € Gy.
A Gj-periodic set is said to be translation-invariant.

Definition 2. A measure p is said to be CAv'k—periodic if it corresponds to a @k-periodic set of vectors h.

The following theorem was proved in [8].

Theorem 1 [8]. Let H be the normal divisor of the finite index in Gy. Then for the Potts model,
all H-periodic Gibbs measures are either G,(f)—periodic or translation-invariant, where Ggf) is the subgroup
comprising words of even length.

3. Antiferromagnetic case

We consider the case ¢ > 3, a =0,1.e.,0: V — & ={1,2,...,¢q}. By Theorem 1, the only G,(f)—periodic
Gibbs measures correspond to the set of vectors h = {h, € RI~1: x € G} } of the form

h  for even |z,
hy =
I for odd |x|.

Here, h = (h1,he,...,hg—1) and | = (1,12, ...,lq—1). By virtue of Eq. (3), we then have

6—1)eli + 57 el +1 0 —1)ehi 4591 ehi 41
hi:klog( ) 21 , li:klog( ) 712%1 . i=1,q—1.
ijl eli +6 D et +0

h

We introduce the notation e = z; and e’* = y;. We can then rewrite the last system of equations for

t=1,q—1 as

v (( —1);1 ji] Lyt )’“ - ((0—1);:Z 1% Lz + )’f. ”
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We consider the map W: R9™! x RI™! — RI~! x R97! defined by the equations

,:(( — Dyi + ZJ 1yJ >k ygz((a_l)xl quxJJrl). (5)

i
Zy 1yJ Z] 133J

We note that system (4) is the equation z = W (z). To solve system of equations (4), we must find the
fixed points of (5): 2z’ = W(z), where z = (z1,...,Tg—1,Y1,-- - Yg—1)-

Lemma 1. The following sets are invariant with respect to the map W:

L={zeR*:ipy == =g 1=0y1=y2=""=Yg1},
IQ:{ZERQq_QI331:332:"':%—17 Y1 =Y2 =" =Yg-1},
L={zeR"?: a0, =y, i=12,...,¢—1},
Li={zeR*" 2 qg;=y,;, i=12,...,g— 1},

L={zeR" o=y =1}, I={zeR" zi=y1=1}
The lemma is proved similarly to Lemma 2 in [8].

Remark 1. The map W can have invariant sets that differ from the sets I1,..., I, i.e., the sets
Iy,...,1Is do not fully describe all invariant sets of W.

Lemma 2. The Gibbs measures for the Potts model on the invariant sets I; and I3 are translation-

invariant.

The proof is obvious because we have h, = const on the invariant sets I; and I3.

Remark 2. 1. For ¢ = 2, the Potts model coincides with the Ising model. The Ising case was first
rigorously analyzed in [15].

2. In the case k =2, ¢ =3, J <0, and o = 0, it was proved that all G,(f)—periodic Gibbs measures on
the invariant sets Iy, ..., I are translation-invariant (see [8]).

We have the following theorem.

Theorem 2. Let k=2,q>2,J <0, and « = 0. Then the G,(f)—periodic Gibbs measure for the Potts
model is unique. Moreover, this measure coincides with the unique translation-invariant Gibbs measure.

Proof. We note that z; =y; =1,i=1,2,...,¢ — 1, is a solution of system of equations (4), which is
composed of 2¢—2 equations. We show that system (4) has no other solutions. For this, we substitute the
expressions for y; in the right-hand sides of the first g—1 equations in (4). We then obtain the equalities

01+ 2o+ +Tg-1+7 0T+ Ty 4+ Ty

xr1 = . ~ ~ ) T = . ~ ~ )
VIS bttt 0y VT R b B+ Oy

0T3 + 21+ T2+ +Tg-1+7
i+ Ty + -+ Tg—1 + 0y

\/{E3: N ey (6)

\/33 :qu_1+51+3~32+"'+53q_2+’y
ot Ty + T+ -+ Tgo1 + Oy

)
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where
F1= (0 + 2o+ + g1 +1)%,  Fo= (0ot a1+ + 21 + 1)
F3= (03 +x1+ 22+ + 391+ 1)%, R
Fgo1 = (0mg 1+ 21+ T2+ 30 9+1)2
v=(z1+ x4+ 141 +0)°

We subtract unity from both sides of all equalities in (6):

o1l =@ =)
T14+Ta+ -+ Tgo1 + 607
o1l 6D -)
T+ To+ -+ Tgo1 + 07
Je1o (@-DE=1)
T1+Ta+ -+ Tgo1 + 07 Y
P (PR
“— =

Ti+To+ -+ Tgo1+ 0y
We introduce the notation L = (6 —1)/(&1 + &2 + - - - + Z4—1 + 07) and rewrite the last system of equations

as
Ve, —1=Lx;—7), i=1,2,...,q—1. (7)

We calculate the differences z; — v, 1 =1,2,...,q — 1,

Bi—y = (9—1)($i—1)[(9+1)(3}¢+1)+2<§$1‘—$i)]a

=1

and substitute them in (7). After some transformation, we then have

(Vs — 1) |1 = L(0 — 1)(Vai + 1)((9+ 1)(z; + 1) +2(§xi —x))] —0.

i=1
Hence, fort =1,2,...,q— 1, we have z; =1 or
qg—1
1-LO—-1)(zi+1) {(0 + )2+ 1)+ Z(sz — xzﬂ =0. (8)
i=1
We note that the solution z; = 1,7 =1,2,...,¢ — 1, corresponds to a translation-invariant Gibbs measure.

Therefore, we consider the case where x; # 1. We rewrite system of equations (8) as

1 o
I :(0—1)(\/331'—I—1)[(0—}—1)($i+1)+2(2xi—x¢>}, i=1,2,...,q— 1.
i=1
Fori#j,i,7=1,2,...,q— 1, we then have

qg—1
0+ 1) (Vi + 1)(x; +1) +2(/a; + 1) (le - xz‘) =

i=1

qg—1
=0 +1)(Vrj+1)(x; +1)+2(/x; + 1) (le — xj).

i=1
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After some transformation, we have the equality

qg—1
(Vi — 2 ) [0+ 1) (2 + 25 + 1) + (0 — 1) (Vg + /x +¢xixj)+2<2xi —x —w)] =0.

Hence, z; = z; or

0+ 1) (2 + x5+ 1) + (0 — 1) (Vi + ) + \/ximj)+2<23:i — —xj) =0. (9)

i=1

In the case x; = x;, we have the solution x; = x; = 1, which corresponds to the translation-invariant Gibbs
measure. Let z; # x;. Then it follows from (9) that

H(xi—i—xj—i—l—i-\/xi—f—\/xj+\/xixj)+2(x1+x2+---+xq,1—xi—xj)—i—

+xi+xj+1—(\/xi+\/xj+\/xixj):0. (10)

We prove that Eq. (10) has no solutions. For this, it suffices to prove that the inequality z; + z; +1 >
VZi+\/xj+/rixj holds. Introducing notation \/z; = s and ,/z; = t, we obtain a quadratic inequality in s,
52— (t+1)s+t2—t+1 > 0, and its discriminant D = —3(t—1)? < 0 is negative for t # 1. Therefore, system of
equations (4) has solutions only of a form z; = z;, i.e.,, 2 = (z1,...,Tg—1, Y1, .- -, Yq—1) € I1. Therefore, all

(2)

G,(C )—peI‘IOdIC Gibbs measures are translation-invariant, and uniqueness of the G} ’-periodic Gibbs measure

follows from the uniqueness of the translation-invariant Gibbs measure for the antiferromagnetic Potts
model (see [4]). The theorem is proved.

Remark 3. For the antiferromagnetic Potts model, the unique translation-invariant Gibbs measure is
associated with a solution of system of equations (4) like z; =y; =1,i=1,2,...,¢— 1.

4. Ferromagnetic case

The following theorem was proved in [8].

Theorem 3 [8]. For the Potts model with a zero external field for k > 1, ¢ = 3, and J > 0, all
G,(f)—periodic Gibbs measures are translation-invariant.

The following theorem generalizes the statement of Theorem 3.

Theorem 4. Let k> 2,¢q>3,J >0, and o« = 0. Then all G,(f)—periodjc Gibbs measures for the Potts
model are translation-invariant.

Proof. We consider the differences x; — y;, i = 1,2,...,¢ — 1, in system of equations (4):

B (G 7 g B R VTR S T o I
xl_yz_[ Sy 40 S a6 ]Al_
o) o-n(Ea- )]

=1 j=1 j=1
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where

(0_1)914'2] 1%"’1 (0 —

( u ZE )kl

qg—1 qg—1
X:ij+9, Y:Zyj+9,
j=1 j=1

After some transformations, we obtain the expression

A;

i

i=1,q—1.

Ai(6—1) =
Y=y (9(%—%)4-%;( — ;)

As a result, we have the system of equations

1)$Z+Eq 1%—0—1
Zq 1%"‘9

)

q—
$j) .
j=1

q— q—1
Z Zyj -
= =

an (v —y1) +ar2(r2 —y2) + - +ag-1(rg-1 — Yg-1) =0,
az1(r1 —y1) + ag2(r2 —y2) + - +azg-1(x4-1 — Yg-1) =0,
(11)
ag—11(z1 — Y1) + ag—12(v2 — y2) + - + ag-19-1(Tg-1 — Yg-1) =0,
where
A0 =10 +1+ 7y —ui) (0 —1)(1 — y;)A;
i =1 = il = YT £l dl=1,q—1.
a + XY , a; XY NN q
This system is known to have a zero solution if the determinant
1+A1(9—1)(1+Y—y1) (0 =11 —y1)A (0 -1 —y1)As
XY XY XY
(0 —1)(1—y2)A2 1+A2(9—1)(1+Y—y2)
det A = XY XY .
) . (0 —1)(1—yg—1)Aq-1
XY
(0 —1)(1— yq—l)Aq—l @—-1)1 - yq—l)Aq—l 14+ Aq—l(o -HA+Y — yq—l)
XY XY XY

is nonzero where A is the matrix of the given system. We rewrite the determinant of A:

1+ 5B 1 1
1 1+ By
det A=C ,
1
1 1 14+ Bg
where
o A=) =) A0 - D1 =) Ag (6 1)1~y 1)
N XY XY XY ’
B, — XY +A;,(06-1)Y

A0 =) —y)

We show that det A # 0. For this, we use the following lemma.
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Lemma 3 [16]. The determinant

I+ a 1 1
1 l14a - ; 11 1
=aaz--ap|l+  + 4+ .
ar  az an
: 1
1 1 1+4an

Using Lemma 3, we calculate the determinant of A:

L XY+ A (0= DY)(XY + As(6— 1)) x -+ x

det A = Xa-1ya-1

A0 D(1=y2) | A(O- 1) —yq1>)
XY + As(6 — 1)Y XY +Ag1(0-1)Y )

Expanding, we obtain the equality det A = P/X971Y 971 where

P= (XY +A(0—-1)Y)XY 4+ A0 —1)Y)--- (XY + A, 1(0 —1)Y) +
+ (XY + A0 —1)Y)(XY + A3(0 —1)Y)--- (XY + 4, 1(0 —1)Y) x
x A1(0 —1)(1—y1) + (XY + A0 = 1)Y)(XY + A3(0 —1)Y) x --- x

X (XY + Ag1(0 — DY) Ag(0 — 1)(1 — o) + -+ + (XY + A1 (0 — 1)Y) x

X (XY +A420-1)Y) - (XY + 4,200 —1)Y)Ag—1(6 — 1)(1 — yg—1)-
We then group the expression for P into powers of (XY'):
P=(XY)" '+ (XY)7 %0 — 1) x

X [Yqz_: Aj+ (1T —y)A + (1T —y2)Ao + -+ (1 — yn)An} +(XY)93(0 — 1)2Y x

j=1
X[Y(A1A2+ A, 2Aq1+Z<ZA A) 1—y1)} ot

H (XY O - )Y Y (A Ay A+ Ay Ay A1) +

+ (AgAs .. A+ - + At -'-Aqfl)Al(l —y1) +
+ (A1A3...Ai+"'+Aq7i+l "'Aqfl)A2(1 _y2)+“'+
+(ArAg - A+ A A Ag2)Ag o (1 —yg)] 4+

+ (9 _ 1)‘1—1Y‘1—2[Y(A1A2 .. .Aq_l) 4+ A1 Ay - 'Aq—1(1 — yl) + -+

+ AlAQ . 'Aq_l(l — yq—l)]-
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We show that P > 0. With the relations § > 1, X > 0, Y > 0, and A; > 0 taken into account, it
suffices to show that the expressions in square brackets are positive. Indeed, after some transformations,
the expression in the first square brackets is

q—1 q—1
YZAj +(1—y)Ai+ (1 —y)As+--+(1—y)A,=(0+1) A; +ZyjAk >0,
i=1 =1 #k
the expression in the second square brackets is
q—1 q—1
Y(AjAs+ -+ Ag2A,1) + <ZAj - A1>A1(1 —y1)+--+ (ZAj - Aql)Aql(l —Yg-1) =
j=1 j=1

=(O+1)(AAs+-+ Ag2Ag 1)ty Y AjApt-tygr Y AjA >0,
JFERAL jFEk#G—1

and the expression in the ith square bracket is

V(A Ay Ay 4 Ag Ay i1 Ag 1) +
+ (AAs- - A+ -+ Ag—ip1 - Ag—) AL — 1) +
+(A1As- A+ Agmipr A1) AL —yo) + -+
(A Ay Ayt AgiAgiin - Aga) A1 (1 — yg_1)) =
=0+ 1)( AL A+ Agi A1) Ay (Ag - Appr 4+ Agi o Agy) + o +
b gt (AL At Agig e Ags) > 0.

Finally, the expression in the last square brackets is

YA1A2-~~Aq_1+A1A2~-~Aq_1(1—y1)+~-~+A1A2-~~Aq_1(1—yq—1)=

= AyAy- A1 (0+1) > 0.

Hence, P > 0. Therefore, system of equations (11) has solutions only of the form z; = y;, ie., z =
(X1, s Tg—1,Y1,---,Yq—1) € I3. According to Lemma 2, we have thus obtained the sought result. The
theorem is proved.

Remark 4. For the ferromagnetic Potts model, not more than 2?9—1 translation-invariant Gibbs mea-
sures exist (see [11]).
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