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AN INTEGRABLE HIERARCHY INCLUDING THE AKNS
HIERARCHY AND ITS STRICT VERSION

G. F. Helminck*

We present an integrable hierarchy that includes both the AKNS hierarchy and its strict version. We split
the loop space g of gls into Lie subalgebras g>o and g<o of all loops with respectively only positive and
only strictly negative powers of the loop parameter. We choose a commutative Lie subalgebra C in the
whole loop space s of sla and represent it as C = C>o @ C<o. We deform the Lie subalgebras C>o and C<g
by the respective groups corresponding to g<o and g>o. Further, we require that the evolution equations
of the deformed generators of C>o and C<o have a Lax form determined by the original splitting. We
prove that this system of Lax equations is compatible and that the equations are equivalent to a set of
zero-curvature relations for the projections of certain products of generators. We also define suitable loop
modules and a set of equations in these modules, called the linearization of the system, from which the
Lax equations of the hierarchy can be obtained. We give a useful characterization of special elements
occurring in the linearization, the so-called wave matrices. We propose a way to construct a rather wide

class of solutions of the combined AKNS hierarchy.
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1. Introduction

We recall that integrable hierarchies can often be described as the evolution equations of deformed
generators of a commutative subalgebra of a Lie algebra s, and many of them are named after the simplest
nontrivial equation in the system. For the central hierarchy of this paper, these simplest nontrivial equations
are the Ablowitz—Kaup—Newell-Segur (AKNS) equations, a system for two complex functions whose initial
value problem was solved using the inverse scattering transform (see, e.g., [1]). It was shown in [2] that
the AKNS equations are part of an integrable hierarchy. The AKNS hierarchy and its strict version are
examples of hierarchies admitting a deformation description. We recall [3] that the relevant Lie algebra is
the loop space sla(R)[z,271) with at most a pole at infinity. Namely, it comprises elements of the form

N
X= > Xz, Xiesly(R), (1)

i=—00
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where R is a complex commutative algebra. We later specify R as a suitable algebra of complex functions
depending on parameters. Let Qg be the matrix (*é ?) The commutative complex Lie subalgebra of

sla(R)[z,271) that is deformed at the AKNS hierarchy is

N
Co = { Z amQoz™ ‘ am € (C}.

m>0

Because all powers of z are central, it suffices to look inside sla(R)[z,271) at deformations @ of Qg of the
form

Q= (1d+Y<0)Qo(Id +Y<o) ' = > Q;277, Yeo € gla(R)[2,27 ") <, (2)
j=0

where gla(R)[z, 27 <o = {3, Yiz' | Yi € gla(R)}. It was shown in [3] that deformations of form (2)
belong to sla(R)[z,271). Further, let the algebra R be endowed with a set {9, | m > 0} of commuting
C-linear derivation operators d,,: R — R, where each 0,, is regarded as the derivation corresponding to the
flow generated by Qoz™. We assume that each derivation 9,, acts coefficient-wise on the matrices in gla(R),
which defines a derivation of this algebra. The same holds for the extension to gla(R)[z, 271) defined by

N .
Om(X) = Y Om(X;)7.

j=—00

We now seek deformations @ of form (2) such that the evolution with respect to {9,,} satisfies the condition
that for all m > 0,

Im(Q) = [(Q2")20, Q) = =[(Qz") <0, Q) (3)

N

where X denotes the projection SN | X;2% for any element X = "N X,z" and X_g is the projection

i;lfoo X;2'. The second identity in (3) follows because all {Qz™} commute. Equations (3) are called
the Lax equations of the AKNS hierarchy, and @ is called a solution of the AKNS hierarchy in the setting
(R,{0m | m > 0}). The trivial solution is @ = Q.

For the strict AKNS hierarchy, we consider deformations of the commutative complex Lie subalgebra

N
= { > bu@o=" | b e(C}

m>1

but by a bigger group than G.g = {Id+Y | Y € gla(R)[z,2 1 )<0}. As above, it suffices to consider
deformations Z of Qoz inside sla(R)[z,27!) of the form

Z = (Yo +Ye0)Qoz(Yo + Yo) 1 =) Z;2'
§=0 (4)

Yoo € gla(R)[z, 2~ ") <0, Yo € glo(R)™,

where gla(R)* is the group of matrices in gla(R) with an inverse in gla(R). It was proved in [3] that
deformations of form (4) also belong to sla(R)[z,27!). We again assume that the algebra R is endowed
with a set {0y, | m > 1} of commuting C-linear derivation operators d,,: R — R, where each 9y, is regarded
as the infinitesimal generator of the flow generated by Qoz™, m > 1. We also assume that these derivations
act analogously on elements of gla(R)[z,271).
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Among the deformations Z of form (4), we seek Z such that the evolution of Z with respect to the
{0m} satisfies the condition that for all m > 1,

Om(Z) = [(Zz" )50, 2] = =[(Z2" <0, Z), (5)

where the projections X~ and X<q of any X € gla(R)[z,27 ') are defined analogously to the projections
X>o considered above. The second identity in (5) is a direct consequence of the commutativity of all
{Zzm=1}. Because Egs. (5) correspond to a strict cutoff, they are called the Lax equations of the strict
AKNS hierarchy, and the deformation Z is called a solution of this hierarchy. In this case, there is at least
one solution, Z = Qpz. It is called the trivial solution of the hierarchy.

Our goal here is to discuss a natural merger of these two systems. Section 2 is devoted to describing
it. We show that the combined Lax equations form a compatible set, i.e., the projections of products of
generators that occur in the Lax equations satisfy a set of zero-curvature relations. Further, we prove
there that these zero-curvature relations also suffice for obtaining the Lax equations for both generators.
Section 3 is devoted to describing the linearization of the system and discussing its properties. In Sec. 4,
we present a construction yielding a large collection of solutions of the combined AKNS hierarchy.

2. The combined AKNS hierarchy

The commutative Lie subalgebra C' on which the combined hierarchy is based is a complex algebra
with the basis {Qoz™ | m € Z}. It is a Lie subalgebra of both slz(R)[z,271) and sl2(R)[271, 2), where the
latter Lie algebra comprises loops with at most a pole around zero:

slo(R)[z71,2) = { i X2

i=—N

X; € slz(R)}.

The algebra C' can be split as C' = C>¢ @ C<p, where C>¢ is spanned by {Qoz™ | m > 0} and C.q, by
{Qoz™ | m < 0}. We deform both Cso and Cg, the first inside slao(R)[z,271) and the second inside
sla(R)[z71,2). This might lead to the deformations of Co and C<y no longer commuting. Because the
powers of z are central, it suffices to consider the deformations of the elements Qo and Qoz~!. We deform
the element Qg as in the AKNS case with an element of the group

G<0 = {Id"‘ Y<0 | Y<0 S glz(R)[Z,Zﬁl)<()}

and obtain a deformation @ = Q(z) = 3773, Q 277 as in (2). In contrast, we deform the element Qoz~"
with an element from the group

GZO = {X = X() + XZl | X() S glz(R)*, le S glz(R)[Z_l,Z)>0}

and obtain

S =5(2):=XQoz X! = iszjfl € sly(R)[z71, 2). (6)
3=0

If we substitute 2 — 2~! in S(z), then we obtain a deformation Z(z) = S(1/z) as in (4) for the strict
AKNS hierarchy. Hence, deforming the basis of C, we obtain a basis in two parts {Qz™ | m > 0} and
{Sz™*1 | m < 0} that are each commutative but do not necessarily commute with each other.

Next, we discuss the Lax equations that the pair (@, S) should satisfy. For this, we assume that the
algebra R has a collection {0, | m € Z} of commuting C-linear derivation operators 9,,: R — R, where
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each 0,, can be regarded as an algebraic substitute for the derivation corresponding to the flow generated
by each Qoz™, m € Z. For X € glo(R)[z,27!) or X € gla(R)[z71, 2), we define the action of each 8y, by

O (X) := Z O (X;)7,

where the action on gla(R) is defined coefficient-wise. This defines a derivation of both algebras. Following
the terminology in [4] and [3], we call the data (R,{0,, | m € Z}) a setting for the combined AKNS
hierarchy:.

Example 1. Examples of settings are for the moment the algebras of complex polynomials Clt,,] in
the variables {t,, | m € Z} or the formal power series C[[t,,]] in the same variables; both algebras are
equipped with the derivations 0, = 9/0t,,, m € Z. More sophisticated choices for R appear later when we
construct solutions.

We now require that the pair (@, S) satisfy the evolution equations

On(@) = [(Q=™)20.Q)  On(S) = [(Q=™)20,5].  m =0, (7)
() = [(S2™ )20, 5], On(@) = [(S) <0, Q). m < 0. ®)

We note that the first set of equations in (7) means that @ satisfies the Lax equations of the AKNS
hierarchy with respect to {9, | m > 0} and the first set of equations in (8) means that if S is translated
back to gla(R)[z,271) by Z(2) = S(1/z), then Z is a solution of the strict AKNS hierarchy with respect to
{O0m | m < 0}. We therefore call Egs. (7) and (8) the Lax equations of the combined AKNS hierarchy and
a pair (Q, S) satisfying these equations a solution of the combined AKNS hierarchy. We note that the pair
(Qo, Qoz~1) solves this system because all elements of the basis of C' in the unperturbed situation commute
and are moreover constants for all the derivations {9,,}. We call it the trivial solution.
System of Lax equations (7), (8) is also compatible because we have the following proposition.

Proposition 1. Let (Q,S) be a solution of the combined AKNS hierarchy. Then the projections
{B, == (Q2")>0 | m > 0} and {C,, := (Sz™T') .o | m < 0} in the Lax equations of this hierarchy satisfy
the zero-curvature relations

87711 (Bmz) - 87712 (le) - [levBmz] = Oa my < 07 mg 2> 0, (9)
8ml (Bmg) - 8m2 (Bml) - [Bm1aBmz] = 07 mi 2 07 ma 2 O; (10)
Omy (Crmy) — Omy (Crny ) = [Ciny, Crna] =0, myq <0, mg < 0. (11)

Proof. We prove only mixed relation (9); the proof of the other two relations is similar to the cor-
responding proof presented in [3]. The main idea of the proof is to show that the left-hand side of the
equation in (9) belongs to both sla(R)[z,271)>¢ and sla(R)[z, 27 1) <o and must therefore be equal to zero.

Because all powers of z are central and the second set of equations in (8) holds for @, the equality

Om, (Q2™) = [(S2™ ) <0, Q2™] = [Cimy, Q2™]

is satisfied for any mo > 0 and any m; < 0, whence using the substitution B,,, = Qz™* — (Qz™2) <o, we
obtain

87711 (Bmz) - [Cm1 ) Bmz] = _87711 ((sz2)<0) + [me (sz2)<0]7
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whose right-hand side obviously belongs to sla(R)[z,271)<o. Because dp,,(Cyp,) also belongs to this Lie
subalgebra, the whole left-hand side of (9) belongs to sla(R)[z,27 1) <o.

To obtain the other inclusion, we use the second set of Lax equations in (7) for S. For the same reason
as above, we then find that for any m; < 0 and any my > 0, we have

Oy (S2™ ) = [(Q2%) 50, S2™ ] = [By,,, S2™ ).
We combine this expression with the substitution C,,,, = Sz™1 — (§2™F1)-; and obtain

_8m2 (le) - [levBmz] = 8m2((SZm1+l)>0) + [(Szm1+l)207 Bmz]'

The right-hand side of the equation obviously belongs to the Lie subalgebra sla(R)[z,271)>0. The same

holds for the term Oy, (B, ), which proves the second inclusion. ]

The converse statement also holds.

Proposition 2. Let a deformation Q) of type (2) and a deformation S of form (6) be given. We assume
that the projections { B, := (Qz™)>¢ | m > 0} and the projections {C, = (Sz™T1) .o | m < 0} satisfy
zero-curvature relations (9)—(11). Then the pair (Q,S) is a solution of the combined AKNS hierarchy.

Proof. Following [3], we can prove that the first set of Lax equations in (7) follows from zero-curvature
relations (10). Also, the first set of Lax equations in (8) follows from zero-curvature relations (11). We
suppose that the first of the remaining Lax equations for @ does not hold. Then there exists ¢; < 0 such
that

96,(Q) = (92" )20, Q1 = 90, (Q) — [Cr,, Q) = Y ArzF, Ay, #0.

k<ko

It hence follows that for any ¢ > 0,

651 (QZ ) CZUQZ Z Akz (12)

k<ka

We let ¢ tend to infinity. Then nonzero terms with arbitrarily high powers of z appear in expression (12).
On the other hand, we can split the expression and substitute identity (9) with m; = ¢; and mg = ¢, which
yields

9, (Qz") — [Cr,, Q2] = 84, (Be) — [Cy, Be] + 01, ((Q2") <0) — [Ciy, (Q2") 0] =
= 00(Cpy) + 0, (Q2%) — [Cr,, Q2%

and this last expression has only negative powers of z. This contradicts the unlimited growth of these
powers. Therefore, all the Lax equations for @) must be satisfied. We suppose that one of the remaining
Lax equations for S is violated. Let there be an s; > 0 such that

02, (S) — [(Q=)30,5] = 0,,(S) — [Bs,. 5] = . Duzk, Dy, £0.

k>k1

Similarly, we find that for any s < 0,

0, (Sz"t1) = [By,, ST = Y Dpahtett (13)
k>kq
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and we see that in the limit s — —oo, there is no lower bound for the powers of z in expression (13) with
nonzero coefficients. We split this expression and substitute relation (9) with m; = s and ma = 1. We
obtain

Os, (SZS+1) - [BSUSZSJrl] = 05,(Cs) — [Bs;, Cs] + 881((SZS+1)20) — [Bs;s (SZS+1)>0] =

= aS(le) + 851 ((st+l)20) - [le’ (st+l)20]7
where the last expression contains only positive powers of z. We thus again obtain a contradiction, and all
the Lax equations for S must therefore be satisfied. |

3. The linearization of the combined AKNS hierarchy

The zero-curvature form of the combined AKNS hierarchy suggest the possible existence of a linear
system for which the zero-curvature equations form the compatibility conditions. In [3], we proposed
linearizations for both the AKNS hierarchy and its strict version. We adapt these linearizations taking the
presence of the additional variables into account.

Let a pair (@, S) be a potential solution of the combined AKNS hierarchy, i.e., @ be an element of
sla(R)[z,271) of form (2) and S be an element of sly(R)[271, 2) of form (6). As in the preceding section,
we associate projections { B, := (Q2™)>¢ | m > 0} and {C,, := (S2z™"1) o | m < 0} with each such pair.
Then the linearization of the combined AKNS hierarchy is the system

Om () = Bpp for m > 0,

QY =YQo, (14)
Om () = Ctp - for m < 0,
Om(p) = Chrp for m <0,

SQO = @Qﬂz_lv (15)
Om(p) = B for m > 0.

Without specifying ¢ and ¢, we first show what is needed to pass from (14) and (15) to the Lax equations
for @ and S. We describe all the manipulations only for @; the procedure is similar for S. We first act with
Om, m > 0, on the first equation in (14) and use the first two equations:

On(QY — Qo) = Om(Q)Y + QOm(¢) — Om (1)Qo = 0 =

= 8m(Q)¢ +QBnY — BpyQo = {8m(Q) - [Bma Q]}"r/) =0. (16)
We do the same with 9,,, m < 0, and using the first and third equations in (14), we obtain
O Qv — Qo) = O (Q)Y + Q 9 (¥) — O (¥)Qo = 0 =
= 3m(Q)1/) +QCWY — CrpQo = {am(Q) - [Cma Q]}"r/) =0. (17)

If we can eliminate ¢ both from (16) and from (17), then we obtain the required Lax equations for Q.
Hence, we first need a left action of elements such as @, B,,, and C,, to be defined. Next, there should
be a right action of Qy and an appropriate left action of all the 0,,, m € Z, that satisfies the Leibniz rule
with respect to the action of the elements from sla(R)[z,271). Finally, it must be possible to eliminate 1
from the equations. This can all be realized using a choice of a suitable v in an appropriate gla(R)[z, 271)-
module. Similarly, we can derive the Lax equations for S from (15) if ¢ is a suitable vector in a certain
gla(R)[z71, 2)-module.
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To understand how to determine the abovementioned modules, we first consider the linearization for
the trivial solutions Q = Qo and S = Quz~'. In this case, the projections are B,, = Qoz™, m > 0, and
= Qoz"", m < 0, and the linearization equations are

Om (o) = Qoz"v  for m > 0,
Qoo = YoQo, (18)
Om (1) = Qoz™1po for m <0,

| L el =@ frm <0,
Qoz™ o = ooz, (19)
Om(p) = Qoz™p for m > 0.

Assuming that each derivation 0, is equal to 9/0t,, and using ¢ as a brief notation for all parameters
{tm | m € Z}, we obtain the solution (¢g, o) for (18) and (19)

o= v0(t,2) =exp( X Qo™ ) = ult ) = 0.

meEZ

In the general case, the functions 1 should be gla(R)[z, 2~ 1)-perturbations of 1y, i.e., they should belong

to
N

Mg = {{g(z)}%:{ ) gizi}wo\g@): 3 giziegzz(m[z,zl)}, (20)

and ¢ should be gla(R)[271, 2)-perturbations of g, i.e., they should belong to
Moo = {{h( )}(po = { Z hiz }(po ’ h Z hlzl c glg(R)[z_l,z)}, (21)
1=—N i=—N

where the products {g(z)}wo and {h(z)}po are understood formally and both factors must be separated
to avoid convergence issues. We can define the required actions on both Mx¢ and Mg: for ki(z) €
gla(R)[z,27 1) and ka(z) € gla(R)[z71, 2), we respectively set

ki(2) - {g(2)}o = {ki1(2)g(2)}o  and  ka(2) - {h(2)}po := {k2(2)n(2)}po.
We define the right action of Q¢ on M>g and of Qoz" ! on Mg as
{9(2)}v0Qo == {9(2)Qo}vo  and  {h(2)}eoQoz"" := {h(2)Qoz""}¢0,

and the action of each 9,, as

Im({9(2)} o) = { Z Om(9:)z +{ XN: giQOZi+m}}¢Oa

1=—00 1=—00

O ({2 p0) = { Z On {Z mQuz bl

Following the terminology used in the scalar case (see [5]), we call the elements of M oscillating matrices
at infinity and those of M oscillating matrices at zero. We note that Mxq is a free glo(R)[z,271)-
module and M is a free gla(R)[2 7}, z)-module with the respective generators 1y and ¢ because for each

k1(2) € gla(R)[z,27 ") and k1(2) € gl2(R)[z71, 2), we have

ki1(2)4bo = k1(2) - {1}ho = {k1(2)}o  and  ka(2) - @o = ka(2){1}1ho = {k2(2)} 0.
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Hence, to legitimately eliminate both ¥ = {k1(2)}o and ¢ = {ka(z)}¢o, it suffices to find oscillating
matrices such that ki(z) is invertible in gla(R)[z,271) and ko(2) is invertible in gla(R)[z71,2). We define
a set of such elements, which we need for constructing solutions of the hierarchy.

Let a matrix 6(m) € gla(R)[z,271) Ngla(R)[z71, 2) for m = (m1, m2) € Z? have the form

Then §(m) has 6(—m) € gla(R)[z,271) N gla(R)[271, 2) as its inverse, and the collection A = {§(m) | m €
Z?} forms a group. An element 1) € M is called an oscillating matrix at infinity of type 6(m) if it has
the form

¥ ={k1(2)d(m)}o, Fk1(2) € Go, (22)

and is an example of a generator of M>(. Similarly, an element ¢ € Mg is called an oscillating matrix at
zero of type 6(m) if it has the form

p = {ka(2)d(m)bpo,  ka(2) € Gxo, (23)

and such a ¢ generates M. Hence, eliminating ¢ and ¢ is possible for any pair (¢, ¢) € Mg X M
with ¢ of form (22) and ¢ of form (23).

We now assume that (Q,5) is a potential solution of the combined AKNS hierarchy and that (v, ¢)
is a pair in Mx>¢ x Mo with ¢ of form (22) and ¢ of form (23) for which the linearization equations
are (14) and (15). Then all actions needed for obtaining Lax equations (7) and (8) are meaningful. Hence,
(@, S) is a solution of the combined AKNS hierarchy, and we call the pair (¢, ¢) a set of wave matrices of
the combined AKNS hierarchy of type 6(m). In particular, the pair (¢, ) totally determines the solution
(Q, S) because the first equations in (14) and (15) respectively imply

Qk1(2)6(m) = k1(2)Qod(m) = Q= ki(2)Qok1(2) ",
Sko(2)6(m) = k2(2)Qoz " 6(m) = S =ka(2)Qoz ‘ka(2)" .

A weaker condition for pairs of oscillating matrices of a certain type to be a set of wave matrices of the
combined AKNS hierarchy is expressed in the following proposition.

Proposition 3. Let v = {k1(2)0(m)}o be an oscillating matrix of type §(m) in M>o and ¢ =
{k2(2)6(m)}po be such a matrix in Mq. Let

(Q,5) = (k1(2)Qok1(2) ", k2(2)Qoz " ka(2) ™)

denote the corresponding potential solution of the combined AKNS hierarchy. If an element M,, €
gla(R)[z, 27 1)>0 exists for each m > 0 such that

8771(77[]) = My and 8m(50) = Mpyp

and if an element N, € gla(R)[27, 2) <0 exists for each m < 0 such that

Om () = Nptp and Om () = N,

then each M,, is equal to (Qz™)>0, each Ny, is equal to (Sz™"1) o, and the pair (1, ) is a set of wave
matrices for the combined AKNS hierarchy of type d(m).
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Proof. For m > 0, we use the fact that Mx>( is a free module with the generator 1)9. This property
allows translating the equation d,,(¢)) = M,,% into an equation in gla(R)[z,271),

O (k1(2)) + k1(2)Qoz™ = Mpki(2) = Om(k(2))k1(2) "' + Q2™ = My,

and projecting this onto gla(R)[z,271)>0, we obtain the formula M,, = (Qz™)>¢. For m < 0, we use the
fact that M ¢ is a free module with the generator ¢g. We translate the equation 9,,(¢) = Ny, into an
equation in gla(R)[271, 2):

Om(k2(2)) + k2(2)Q02™ = Nika(2) = Om(k2(2))ka(2) "t + S2™ ! = N,

Projecting the right-hand side on gla(R)[27}, 2) <0, we obtain the sought identity (Sz™*1) g = N,,. [ |

It can happen that different pairs of wave matrices of type d(m) yield the same solution of the combined
AKNS hierarchy. To see how this can occur, we consider a solution (@, S) that corresponds to both sets of
wave matrices of type 0., (¥1,p1) and (2, p2), i.e.,

Vi =uid(m)po  and ¢ =pid(m)po, i=1,2,
Q = uiQou; ', S =piQuz"'p;", i=12,
8J(¢Z) = j¢i and 8J(¢)1) = jd)i fOI‘j Z 0, and 83(1/)1) = j¢i and 83(@) = j(bi fOI‘j < 07 where

Bj = (Q2)>0 and C;j = (S27*1) o. First, we can see that the element 1, g = (1)~ 5(—m)u; uzd(m)by
commutes with Q¢ and the same then holds for ul_luz. Therefore, we obtain

. a(i) 0
uy tug = Id + diz' = 7 s, d; = .
Lo ; e 0 d(i)

Similarly, the element ] ‘g2 = (¢o)~'6(—m)p; 'p26(m)we commutes with Qpz~! and hence also with Q.
Consequently, the same holds for the element pl_lpg, and we therefore obtain

. a(@i) 0
pylpe = Z diz' = 7 ', d; = ( ‘ ) , a(0)d(0) € R*.
i>0 0 d(i)

Hence, the oscillating matrices are related by

o = Y (Id + Z dzzz) and Y2 = Y1 (Z dlzl) (24)

i<0 i>0

Regarding the t-dependence of the factors Id + 3, d;2’ and Y, diz’, we apply 9; for each j > 0 to
both equations in (24) and obtain

9;(1ha) = 0; (¢1 (Id +Y° dizi)> = Bji <Id +° dizi> + 11 (Z aj(di)zi) = Bjibs,

<0 <0 <0

d;(2) = 0, (gpl <Z dﬁ)) = Bj¢r (Z dizi> + ¢ (Z aj(di)zi) = Bja,

i>0 i>0 i>0
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whence it follows that

01 (X 050" = (X a5 om0,

1<0 1<0
o1 (Z 0 (a):') = (Z 0y(a)=* ) s(m)y =

ie., all d(i) are constant for {9; | 7 > 0}. The same can also be obtained for {9; | j < 0}: we replace B;
with Cj in the equations obtained above. Taking the above into account, we obtain the following statement.

Corollary 1. If (11, 1) and (12, p2) are two pairs of wave matrices of type 6(m) for the combined
AKNS hierarchy that lead to the same solution (@, S) of this hierarchy, then we have

thy =1 (Id + Z dizi) and @9 = @ (Z dizi),
i<0 i>0
where all d(i) are diagonal matrices in sla(R) that are constant for all {0; | j € Z}, i.e., 9;(d;) = 0.

This statement concludes the presentation of the algebraic framework of the linearization of the com-
bined AKNS hierarchy. In the next section, we present an analytic context from which we can construct
sets of wave matrices of this hierarchy in which the products are not formal but real.

4. A construction of solutions of the hierarchy

In this section, we show how to construct a wide class of solutions of the combined AKNS hierarchy.
For this, we follow the technique in [6]. We first define the loop group in which we work. For each 0 < r < 1,

1
{z‘zEC,TSMS }
”

Following [7], we let L,yGL2(C) denote the collection of holomorphic maps from some annulus A, into

let A, be the annulus

GLo(C). Tt is a group under pointwise multiplication and naturally contains the subgroup GL2(C) as the
collection of constant maps into GLy(C). Other examples of elements in L,,GL2(C) are the elements of A.
But L.,GL2(C) is more than just a group: it is an infinite-dimensional Lie group. Its manifold structure is
determined by its Lie algebra L,,glo(C), comprising all holomorphic maps v: U — gla(C), where U is an
open neighborhood of some annulus A,, 0 < r < 1. Because gl3(C) is a Lie algebra, the space La,gla(C)
becomes a Lie algebra under the pointwise commutator. Topologically, the space La,gla(C) is the direct
limit of all the spaces Lan rgl2(C), where this last space consists of all v corresponding to the fixed annulus
A,. We endow each Ly, gla(C) with the topology of uniform convergence, and with that topology, it
becomes a Banach space. Thus, La,gla(C) becomes a Fréchet space. The point-wise exponential map
defines a local diffeomorphism around zero in Langla(C) (see, e.g., [8]).
Each v € Langla(C) can be expanded in a Fourier series

v= Y wz* € gl(C), (25)

k=—o0

which converges absolutely on the annulus where it is defined,

o0

Y Ihellr ™ < o

k=—o0
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We use the Fourier expansion to obtain the corresponding decomposition of the Lie algebra La,gla(C).
Namely, we consider the subspaces

Langla(C)>o {’y ’ v € Langla(C Z’ykz }

-1
LanQZZ(C)<0 = {’Y } AS LanQZQ((C)a Y= Z ’ykzk}

k=—o0

Both are Lie subalgebras of La,gl2(C), and their direct sum coincides with the whole Lie algebra. The
first Lie algebra comprises the elements in L,,gl2(C) that extend to holomorphic maps defined on a disk
{z€ C||z] <1/r}, 0 <r < 1. The second Lie algebra corresponds to the maps in La,gl2(C) that have a
holomorphic extension to a disk around infinity {z € P}(C) | |z| > 7}, 0 < r < 1, and are zero at infinity.
A subgroup of L,,GLy(C) belongs to each of these two Lie subalgebras. The pointwise exponential map
applied to elements of La,gla(C)<o yields elements of

U- {V’VELangh( =1d+ Z x4 }

k=—o00
and the exponential map applied to elements of Langla(C)> maps them into
Py = {’y ‘ v € Langl2(C), v =70+ >_ y2*, where 7 € GLz(C)}~
k=1

It is easy to verify that U_ and Py are subgroups of L,,GLy(C), and because the direct sum of their Lie
algebras is Langla(C), their product
Q=U_P; (26)

is open in L,,GL2(C) and, as in the finite-dimensional case, is called the big cell with respect to U_ and
Py.

The next subgroup of L,,SL2(C) corresponds to the exponential factor in the linearization of the
combined AKNS hierarchy. The commuting group relevant for this hierarchy is

= {'y(t) = exp <Z tiQozi> ‘ v E LanSLg((C)}.
i€z
The group A commutes with I" and contains two subgroups of interest: the subgroup
Ac={s"15=6((1,1)), k € Z},
which is central in L,,GL2(C), and the subgroup

Ay = AN LwSLa(C) = {6% | 6, =6((1, 1)), k € Z}.

According to the Birkhoff theorem (see [7]), the product AT forms the centralizer of I in La, S Lo(C).
We now have all ingredients for describing the construction of solutions of the combined AKNS hier-
archy. In the product L.,GL2(C) x A, we take a collection S of pairs (g, d(m)) such that there exists v(¢),
~v € T, satisfying
§(m)y(t)gy(t)"'6(—m) € Q = U_Py. (27)
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For each pair (g,d(m)) in S, we find the set I'(g, d(m)) of all y(¢) satisfying condition (27). It is a nonempty
open subset of T'. Let R(g,d(m)) be the algebra of analytic functions I'(g,d(m)) — C. This is the algebra
of functions R that we associate with the point (g,d(m)) € S. As the commuting derivations of R(g, d(m)),
we choose

0 .
0; = 8ti, 1€ 7.

By property (27), we find that for all y(¢) € I'(g, (m)),

8(m)y(t)gy(t) "' (=m) = u_(g,8(m))(t) "' p+(g,8(m))(2), (28)

where u_(g,0(m))(t) € U_ and p1(g,d(m))(t) € Py. All the matrix coefficients in the Fourier expansions
of the elements u_(g,d(m)) and py(g,0(m)) then belong to the algebra R(g,d(m)). From (28), we can
S

obtain two oscillating matrices of type §(m), one ¥, 5.,y € Mo and the other @ 5.,y € M<o. Namely,

we set
W g.50m) (t) = u—(g,3(m))(t)d(m)y(t), (29)
Dy, 5(m) (t) := p+ (g, 6(m)) ()3 (m)y(2). (30)

We note that all the products between the different factors are well defined. By virtue of relation (28),
these two oscillating matrices of type d(m) are related by

Uy 5m) () = @y s50m) (H)g " (31)

It follows directly from relation (28) that if (g,(m)) € S, then also (g, (m)d*) € S for any k € Z, and the
sets of oscillating matrices are related by

Ugsmor = Yosm0®s  Pgsmisk = Pyo(m)0”-

Further, using Proposition 3, we show that each pair (Vg s5(m), g 5(m)) is a set of wave matrices of the
combined AKNS hierarchy. For this, we compute 0;(¥ 5(m)), j > 0, in two different ways, using first (29)
and then (30) and (31). On one hand, we obtain

0j(¥g,5(m)) = {9;(u—(g,8(m))) +u—(g,8(m))Qoz"}6(m)y =
= {9;(u—(g,8(m)))u—(g,8(m)) ™" + u_(g,8(m))Qoz"u—(g,(m)) ™ } ¥y 5(m)
and, on the other hand,
9;(¥y.5(m)) = {9j(p+(9,8(m))) + p+(g,6(m)) Qo' }o(m)yg~" =
= {0;(p+(9,0(m)))p+(9,0(m)) ™" + p1(9,6(m))Qoz"p1(g,5(m)) ™ } W g 5(m)-
Comparing the coefficients of ® 5(,,) in these expressions, we can see that
M; = 9 (u—(g,8(m)))u—(g,8(m)) ™" +u—(g,8(m))Qoz"u—(g,8(m)) ™"
belongs to gla(R)[z, 27 )>0. Because of relation (31), for ® 5(,,), we have the equality

9(Pg,5(m)) = M;jPg 5(m)
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for all j > 0. We similarly compute 0;(® s(m)) for all j < 0. We obtain the relations

95 (®g5(m)) = {0 (p+(g.0(m))) + p4(g,5(m))Qoz" }6(m)vg~" =
= {8;(p+(g,6(m))p+(g,5(m)) " + p4(g,6(m))Qoz"p+ (g, 6(m)) " } Dy 5(m)

and

0j(®y,50m)) = {05(u—(g,8(m))) +u—(g,8(m))Qoz’}d(m)vg =
= {0;(u—(g,8(m)))u—(g,6(m))~" + u—(g,0(m))Qoz"u—(g,8(m)) ™"} Py 5(m).

Comparing coefficients of @, 5(,,) in these expressions, we see that

N; = 0;(p+(g,0(m)))p+(g,6(m)) ™" + p4(g,6(m))Qoz"p4 (g,6(m)) "

belongs to gla(R)[z", z)<o. Because of relation (31), for ¥, s5(,,), we also have the equality

9; (\Ijg,é(m)) = NJ’\I’g,é(M)

for all j < 0. We have thus shown that all the conditions in Proposition 3 are satisfied, which means that
we have the following theorem.

Theorem 1. We consider the product space Il := L,nGL2(C) x A and its subset S defined by (27).
For each point (g,0(m)) € S, we define a pair of oscillating matrices (¥ s5(m), ®g.5(m)) in M>o X M<o by
relations (29) and (30). This pair is a set of wave matrices for the combined AKNS hierarchy. In particular,
the pair of deformations (Q g 5(m), Sg,5(m)) defined by

Qg,sm) = u—(g,6(m))Qou—(g,8(m))~",
Sg,&(m) =P+ (ga 5(m))Q0271p+ (ga 6(m))71

is a solution of the combined AKNS hierarchy. This solution does not change if §(m) is replaced with
§(m)é*, k € Z.
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