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APPLICATION OF THE TRIGONAL CURVE TO THE
BLASZAK-MARCINIAK LATTICE HIERARCHY

Xianguo Geng* and Xin Zeng*

We develop a method for constructing algebro-geometric solutions of the Blaszak—Marciniak (BM) lattice
hierarchy based on the theory of trigonal curves. We first derive the BM lattice hierarchy associated
with a discrete (3x3)-matrix spectral problem using Lenard recurrence relations. Using the characteristic
polynomial of the Lax matrix for the BM lattice hierarchy, we introduce a trigonal curve with two infinite
points, which we use to establish the associated Dubrovin-type equations. We then study the asymptotic
properties of the algebraic function carrying the data of the divisor and the Baker—Akhiezer function near
the two infinite points on the trigonal curve. We finally obtain algebro-geometric solutions of the entire
BM lattice hierarchy in terms of the Riemann theta function.
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1. Introduction

It is well known that constructing explicit algebro-geometric solutions for both continuous and discrete
integrable systems is an important topic. In a wide literature on the subject [1]-[16], several systematic
methods have been proposed, such as the algebro-geometric method, the inverse scattering transform for
a periodic problem, and other methods based on the theory of hyperelliptic curves, using which algebro-
geometric solutions for many soliton equations associated with (2x2)-matrix spectral problems have been
obtained in recent decades. But in the case of the (3x3)-matrix spectral problems, the research becomes
more complicated because it involves the theory of trigonal curves [17]-[23] instead of the theory of hyperel-
liptic curves in the case of second-order problems. Only a few papers [3], [10], [24]-[28] using the reduction
theory of Riemann theta functions considered algebro-geometric solutions of the Boussinesq equation related
to a third-order differential operator. In [29], [30], a universal approach leading to all algebro-geometric
solutions of the entire Boussinesq hierarchy was proposed. In [31]—[33], a general method was developed for
introducing the trigonal curve using the characteristic polynomial of the Lax matrix associated with the
(3x3)-matrix spectral problem, from which the unified framework was successfully generalized to obtain
algebro-geometric solutions for the modified Boussinesq, the Kaup—Kupershmidt, and the coupled mKdV
hierarchies.

Here, we develop the method for generalizing the universal approach proposed in [29]-[33] to the discrete
case and use it to obtain algebro-geometric solutions of the Blaszak—Marciniak (BM) lattice hierarchy
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associated with the discrete (3x3)-matrix spectral problem. A typical representative of the hierarchy is the
BM lattice equation

u=w —w, ve=u W — uw, wy = w(v —ovt), (1.1)
which was first obtained by Blaszak and Marciniak [34] as an example of applying the r-matrix formalism
to the algebra of shift operators. Various mathematical structures related to BM lattice equation (1.1) were
found in [35]-[39]. For example, the bi-Hamiltonian structure, Bécklund transformation, nonlinear super-
position formula, master symmetries, infinitely many conservation laws, and many others were obtained.

The contents of this paper are as follows. In Sec. 2, using the Lenard recurrence relations and the zero-
curvature equation, we derive the BM lattice hierarchy associated with the discrete (3x3)-matrix spectral
problem. In Sec. 3, we introduce a trigonal curve /C,,_; using the characteristic polynomial of the Lax
matrix for the stationary BM lattice hierarchy, using which we find the stationary Baker—Akhiezer function
and the associated meromorphic function. We show that the trigonal curve has two infinite points, one of
which is a double branch point and the other is not a branch point. In Sec. 4, we present the explicit theta
function representations of the potentials u, v, and w for the entire stationary BM lattice hierarchy. In
Sec. 5, we then generalize the analyses in Secs. 3 and 4 to the time-dependent case. The analogues of the
Baker—Akhiezer function, the meromorphic function, and the theta function representations in Sec. 4 are
all extended to the time-dependent case.

2. The BM lattice hierarchy

We use the following assumption.
We assume that u, v, and w satisfy the conditions

u(-,t),v(-,t),w(-,t)€CEt, teR, u(n,-),vn, - )wh,  )ecCyR), necZ,

where C% denotes the set of all complex-valued sequences labeled by an index in Z.
For convenience, we let E* denote the shift operators acting on complex-valued sequences f =
{f(n)}nez according to

(B f)(n) = f(nx1), (E*f)(n)=f(n+k), nkeL
and define difference operators by A = E — 1. Moreover, we use the notation
ff=E*f, fecC

We assume that (E — 1) f(n)|
then define

=aand (E+1)7!f(n)| = [, where a and 3 are constants. We

n=ngo n=no

a+ Y0 f(), n>ng+1,
(E—1)""f(n) =% a, n = no,

a—=Y"" f!), n<ng—1,

(1) — St (1) f(), n>mo + 1,
(E+1)7'f(n) =4 3, n = n,

(1) 0B+ SN (— 1) f(n),  n<ng—1,
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whence we can define an inverse operator (E — E~1)~1 using (E - E~ ') '=EE -1)"YE+1)"L
In this section, we derive the BM lattice hierarchy associated with a discrete (3x3)-matrix spectral

problem
U1 0 10
Ey =Ur, =2 |, U=|v+X u 1], (2.1)
Y3 w 0 0

where u, v, and w are three potentials and A is a constant spectral parameter. For this, we introduce two

sets of Lenard recurrence relations
Kn.gj = Jn§j+17 gj = (djabjaé])Ta .7 2 07
3 (2.2)
Kngj = Jngjs1, G5 = (a5,b5,¢)T, >0,

with the conditions g; (w0,0)=0 = gj|(u )=0 = 0, 7 > 1, and the starting points

0 1
do=11],  Go= 0 : (2.3)
0 —~(E+ 1)~

where the initial conditions mean that the summation constants are set to zero, and we define two difference

operators K,, and J, as

uAuE + EvE —v EwE — E~tw ulANE
K, = |vAuE +wE? — E~'w E 'uww —uwwE v(E?-1) |,
wAEuE —wAv w(E3 —1)
1-E? 0 0
Jp=|—-AuE 0 1-E?

0 wA 0

Hence, g; and g; are uniquely determined. For example, the first two members are

(1-E)"or —v+u? —2u(E+ 1))
—(E+1)"tu
(E+1) Hu(E-E Y vt —v+u?—2u(E+1)"1u) —w]

To generate a hierarchy of evolution equations associated with discrete spectral problem (2.1), we solve the

stationary zero-curvature equation
(2.5)

(EV)U —UV =0, V= (Vij)sxs,
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which is equivalent to the system
(v + Vb +wVig = Va1 =0,
Vit +uVih — Voo =0,
Vih = Vaz =0,
(v+X) (Vo — Vi1) + wVyy —uVay — Vay = 0,
Vor +u(Vah — Vaz) = (v + A)Viz = Va2 = 0,
Vb = Vaz — (v + A\)Vig — uVas = 0,
(v 4+ NVah +w(Vah —Vip) =0,
Vol +uVih —wVis =0,
Vah —wVis =0,

where each element V;; = Vj(a, b, ¢) is a Laurent expansion in A:

Vin =¢, Viz = a, Vig = b,

Vor = wb® + (v + A)a™, Vag = ¢t +uat, Vaz =a™,

Vsi=w a —u w b, Vo =w™ b, Vaz =™ + Aua™ — (v + )b,

a=Y a;)7, b= bAT, e=> A

Jj=0 Jj=0 Jj=0
A direct calculation shows that (2.6) and (2.7) imply the Lenard equation
K,G = \,G, G = (a,b, c)T.
Substituting (2.8) in (2.9) and collecting like powers of A, we obtain the recurrence relation
KoGj = JuGip1,  JuGo=0, j>0,
where G; = (a;,b;,c;)T. Because the equation J,Go = 0 has a solution
Go = aogo + Pogos

G; can be expressed as
Gj = aogj + Bogj + -+ ajgo + Bigo, J =0,

where a; and 3; are arbitrary constants.
Let 1) satisfy discrete spectral problem (2.1) and an auxiliary problem

Wy, = ‘7<T>1/)7 v — (V(‘T))3X37

)

with the elements ‘Zgr) =V;;(am, b, &) and

(2.11)

(2.12)

(2.13)

(2.14)
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Here, a;, b;, and ¢ are determined by G; = (a;, b;, &)™, and
Gj = aod; + Bod; + -+ + a0 + Bigo, >0, (2.15)

are also solutions of (2.10), where the constants {&;,3;} and {a;,;} in (2.12) are independent of each
other. The compatibility condition for (2.1) and (2.13) then yields the zero-curvature equation U =
(EVI)YU — UV which is equivalent to the BM lattice hierarchy

(ut'r?Ut'r’ th)T = XT; r > 0; (216)

where the vector fields

X, = X (u,0,w:69, 39 = K,G) = JuGiar, § 20, (2.17)

al) = (&o,...,q;), and B(j) = (Bo, o 7@). The first nontrivial member of hierarchy (2.16) is

wy, = ao(wt —w™) + BofvT — v+ u? — 2u(E + 1) ),
vy, = o(u"w™ — uw) + Fo(w — w™), (2.18)

wy, = dow(v — v + Bow[2(E 4+ 1) u — ).

For ap =1 and fy = 0, to = t, Eq. (2.18) is just BM lattice equation (1.1). For o = 0 and 8y = 1, to = t,
Eq. (2.18) reduces to
ug = vt —v+u? - 2u(E+ 1)y,

vE=w—w", (2.19)
wy = w[2(E + 1)y —ul.
3. The stationary meromorphic function

We first introduce the trigonal curve KC,,,—; and then define the stationary Baker—Akhiezer func-
tion and the associated meromorphic function. We consider the stationary BM lattice hierarchy, X, =
X(u,v,w; ald), 5(‘1)) =0, a9 = (ag,...,a,) and Bl = (Bos - - -, Bq), which is equivalent to the stationary
zero-curvature equation

(EVOYT —uv@ =0, V@O =QAW), = (Vs (3.1)

ij

with the elements Vig-q) =V (al? b c(a))

q q q
o@D = Z ajA pla) — Z ;NI @) — Z NI (3.2)
j=0 J=0 J=0

and aj, bj, and ¢; are determined by (2.12). A direct calculation shows that yI — V(@ also satisfies the
stationary zero-curvature equation. The characteristic polynomial F,,(\,y) = det(yl — V(@) of the Lax
matrix V(@ is then a constant independent of the variable n with the expansion

det(yI — VD) =4 — 42 Ry (N) + ySm(N) — T (M), (3.3)
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where Ry, (), Sm(A) and T, () are polynomials in A with constant coefficients,
Rn(A) =tr V@ = —qgAT+ — g AT — X971 4,

(q) (q)
VATV

Sm(A) =
1% q) V(Q)
Ji Ji

1<i<j<3

= =GN — 26081020 + .., (3.4)

Trn(A) = det VO = ag 820342 4 520081 + Boa)A3H 4. ..
Then F,,, (A, y) = 0 naturally defines the trigonal curve of degree m
Km-1: Fuhy) =y° = 4> Rin(N) + ySn(A) = T(A) = 0, (3.5)

where m = 3¢ + 2 for By # 0. Below, we assume that «gfy # 0. It follows from (3.4) and (3.5) that
the trigonal curve K,,,—1 is compactified by joining two different infinite points P, and Ps,, one of which
is a double branch point and the other is not a branch point. Without loss of generality, we let Py, be
the double branch point. The compactification of the curve C,,,_ is still denoted by the same symbol for
convenience. The discriminant of (3.5) is

A(N) =483 — R2.S2 +4R3 Ty, — 18R, S, Ty + 27TT2 = —4ad A5 4. (3.6)

The Riemann-Hurwitz formula shows that the arithmetic genus of K,,,—1 is 3¢ + 1 [40]. Therefore, K,,—1
becomes a three-sheeted Riemann surface of arithmetic genus m — 1 if it is nonsingular and irreducible.
Here, the meaning of nonsingular is that (9%, (X, y) /0N, 0Fm (X, y)/0y)| (0,0) at each point
Py = (Mo, %0) € Kin—1.

We now define the stationary Baker—Akhiezer function as a solution of the set of equations

(A y)=(Xo,¥0) 7

Ey(P,n,ng) = U(u(n),v(n),wn); \(P))Y(P,n,ng),
V(q) (u(n)vv(n)vw(n); )\(P))lﬁ(P,?’L, TL()) = y(P)¢(P7na Tl()), (37)
¢1(P, TLQ,TL()) = 1, P = (/\,y) S ICm_l \ {Poo1; POO2}, n,ng € 7.

The meromorphic function ¢(P,n) on K,,—1 defined by

¢f(P,Tl,7’L0)
Pon) = Pekm 1, A 3.8
¢(P;n) e(Ponumg)’ € 1, ne€ (3.8)
such that
Hzleno ¢(P7nl)7 n2n0+17
wl (P,’]’L, no) = 17 n = no, (39)
HZE):_i ¢(P7n/)717 nﬁno— 17

is closely related to (P, n,ng). From (3.7) after tedious calculations, we obtain

Ve 4O _ Fm-1
VD + A, 2V — y(Cr + VAP R, + Dy

_ PV — y(A + Vi Ren) + B

b : (3.10)
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where
Am = ViV = VPV
Bu = Vi WiVad) = Vi Vi1 + VP R Vad iV,
C,, = 1(??)‘/2(5) _ V(q)VQ( ’
Dy = Vo Ve Vi) = Vi Vi1 + Val ViV = Vi)
B = Vg)PVed + VSV () — i) — ()W,
F, = (‘/2(??))2‘/( V(q)V(q)(V( V(q)) (Vz(f))szg?)-
For later use, we introduce the polynomials
A, = qu)v(q) (q)V(

B = Vi WPVad = VPV + VP APV - VPP

(3.11)

(3.12)

(3.13)

It is easy see that there exist various relations between the polynomials A,,, B, Cny Dy Ay By Em—1,

F,._1, Ry, Sy, and T}, some of which we list:
Vi Bt = Vol Do = (Va))* S — G, = Con Vi) Ron,
AmFoot = (Vo) Ty + Con D,
V) Bt = Vi B = (Vi) S = A7, = A Vi) Ron,
Con Bt = (V)T + A B,
B =V A =V Ay, Fpoy = —wE/,_,

(3.14)

(3.15)

(3.16)

(3.17)

From (3.1), (3.2), (3.12), and (3.16), we know that E,,_; and F,,_; are polynomials in A of degree m — 1.

We can hence write them in the form

m—1
Em-1=ajfo [] = ni(n)),

=1

Fr1 = —afow(n) H A— MJ

We define {ﬂj(n)}jzl,___,m_l C Kyp—1 and {ﬂj(n)}jzl,_”m_l C K1 by

0 (n) = (n 0 (n — (n _Am(:uj(n)an) n
i) = (g5 ) = (g ), v1<§><uj<n>,n>>’ ez,

Ch 4-'n,n
ﬂj()z(ujm),y(ﬂ;(n))):(u;m),— 5 () )), ne.

Vad (i} (n), )
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For convenience, we define three points P, P*, and P** on three different sheets of the same Riemann
surface Cp,—1. For a fixed A, let y;(A), ¢ =0, 1,2, denote the three roots of F,,,(\,y) =0, i.e.,

(v =90\ — 11 (M) (Y —v2(N) =y* = ¥*Ron + S — Ty = 0. (3.20)

The points (A, yo(A)), (A,y1(N)), and (A, y2(A)) are then on three different sheets of the Riemann surface
Km—1. Let P = (XA y;(N)), i =0,1,2, be an arbitrary one of the three points. Then the other two points
are denoted by P* and P**.

From (3.20), we easily obtain the system

Yo +y1 +y2 = Ry,

Yoy1 + Yoy2 + Y1y2 = Sm,

Yoy1y2 = T,
(3.21)
Yo +yi+yi = Ry, — 25y,
Youi +yoys +yiys = S — 2R T
The function ¢(P,n) then satisfies the system
Fm—l()\, Tl)
HPMG(P" mo(P™ m) = = "
_ o1/(@ .
6(P,n) + 6(P*n) + (P, n) = SPmA ) = 2Vig (A n)Sm(A) = Am (A1) Bm (A) (3.22)
Em_l(/\, TL)
1o, 113D~ 2V (A, 1) S () — Con (A1) R (A)
¢(P7 n) ¢(P*7n) ¢(P**7n) mel()\an)

4. Algebro-geometric solutions of the stationary BM lattice
hierarchy

In this section, we obtain explicit Riemann theta function representations for the meromorphic function
¢, the Baker—Akhiezer function 7, and the potentials u, v, and w of the entire stationary BM lattice
hierarchy.

A direct calculation shows that ¢(P,n) satisfies the Riccati-type equation

¢+ (Pa n)d)(Pv n)(b_ (Pv TL) - u(n)(b(Pv n)d)_ (Pv TL) - U(n)¢_ (Pa Tl) —w (Tl) = )‘(b_ (Pv TL) (41)

Introducing a local coordinate ¢ = 1/A near P, , substituting a power series ansatz in Riccati-type equa-
tion (4.1), and comparing like powers of ¢, we obtain

QS:ZQSjCj, P_>POO15 (42)
j=1
where
¢1 = —-w, ¢2 = ’U}U+, ¢3 = —’U}(U+’U}+ + (’U+)2)7

di= Y. 6Tl —ut DY dfos vt j24

i+l4s=j—1 l4+s=j—1
i,l,s>1 l,s>1
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Similarly introducing a local coordinate £ = 1/)\1/2 near P, substituting a power series ansatz in (4.1),

and comparing like powers of £, we obtain

(b = Z ’ijgjv P — Poozv (43)
j=—1
where
ko1=1, ko = (E+ 1) 1w, k1= (E+1)" v+ (ko)?],
ke = (E+ 1)*1[w* — koK1,
Kj = Z /4;2'+f<:l+/15 —ut Z /Q?_KJS — v+/£j_2, j>3.
i+l+s=5—2 l+s=j—2
i,l,s>—1 l,s>—1
We next let

ICm_l —>N0, NO ZNU{O},

Dpy,....Pmy: k if P occurs k times in {Py,..., Ppn_1},
Pw—Dp, . . p, ,(P)=
0if Pe K1 ¢ {Pl,...,Pm_l},

denote positive divisors of K,,,—1 of degree m — 1. In particular, we define the divisor (f) of a meromorphic
function f(P) on KCpp—1 by
(f):’cm,]_ﬁZ, P’_)Vf(P)a

oo

where v¢(P) is the order of f at P, i.e., if f(P) has the asymptotic expansion f(P) = 3", djg‘}; in terms
of a local coordinate (p for some mqg € Z, then v¢(P) = mg [30]. From (4.2), (4.3), and (3.10), we therefore
conclude that the divisor (¢(P,n)) of ¢(P,n) is given by

(p(P,n)) = Dpool,ﬂj(n),,,,ﬁ:_l(n)(P) - DPXQ,ﬂl(n),...,ﬂm_l(n)(P)' (4.4)

Hence, ¢(P,n) has m simple zeros at P, i (n),..., 4t | (n), and m simple poles at Ps,, fi1(n),...,
fim—1(n). Moreover, using (4.2), (4.3), and (3.9), we obtain

Gi(Png) = D)™ "1+ 0(Q), P Payy ¢ = . (15)
where
HZ’_:an (_w(nl))a n Z no + 17
F(n7n0) = 17 n =no,
[TWos(-w(m) ™ n<no—1,
and ]
¢1(P7n7n0) in §n07n(1+0(<))7 P — P<>027 é-: )\1/2' (46)
As a result, we conclude that the divisor (11 (P, n,ng)) of 11 (P, n,ng) has the form
(¥1(P,1,10)) = Dpy(n),...ofim—1(n) — Ppir(n0)s.eosfim -1 (no) T (0 —=10)(Dpy, —Dp,, ). (4.7)
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m—1

We equip the Riemann surface K,,—1 with a canonical basis {a;, b;} i whose components are inde-

pendent and have intersection numbers
ajOkaCSj)k, ajoak:0, bjOkaO, j,k=1,...,m—1.
For now, we choose the set

A1, 1<1<2¢+1,

w(P) = (4.8)

3y? = 2yRy, + S (y—im>x—2q—2d,\, 20 +2<1<m-—1,

of m—1 linearly independent homomorphic differentials on C;,—1 as our basis. Using the cycles a; and b,
we can construct the period matrices A and B from

Aij :/ LAJZ', Bij :/ ;. (49)
EN b;

J J

It can be shown that A and B are invertible [40], [41]. We now define the matrices C and 7 by C = A~}
and 7 = A7!'B. The matrix 7 can be shown to be symmetric, (7;; = 7;;), and it has a positive-definite
imaginary part (Im7 > 0). If we normalize &; in the new basis w;, then we obtain

m—1
wy = Zleah j:17"'7m_17 (410)
=1
and also
ax by

Let wy) o, be the normalized Abelian differential of the third kind holomorphic on K1\ {Q1,Q2}
with simple poles at Q, with the residues (—1)**!, s = 1,2. Then

®3) (3) @ .
/ w1, = / “YQ1,Q: T 27”/ wj, J=1,...,m—1 (4.12)
aj b Q2
: (3) .
In particular, for WP, Pouyr WE obtain
W' = (T w4 0(0)d¢ PP, =
Pooy ,Pocy =0 0 ) 1) 2\ ( )
4.13
5 = (=& Wi +0(9)d P—P _ !
wPool,PaQ2 5:0 _6 Wo 5 57 002 3 f— /\1/2
We then have ,
/Q W) by = 0BG (@) T LT HOE). P Py,
0
4.14
P (4.14)
/ WP Pacy S0 log & + e2(Qo) +wy*§ + O(£%), P — P.,,
0

where wg™, wy™?, e1(Qo), and e2(Qo) are constants with Qo an appropriately chosen base point on /Cp,—1 \
{Pocys Pocy }-
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Let 7,,—1 be the period lattice {z € C™"! | 2 = N+ Mr,N,M € Z™'}. The complex torus
JIm—1=Cm /T, 1 is called the Jacobian variety of K,,_1. The Abel map A: K,,_1 — Jm_1 is defined

by
P P
/ Wiy - - ,/ wm_l) (InOd Tm—l) (415)
Qo Qo

with the natural extension to the quotient group Div(K,,—1) by linearity

A(Z szk) = LA(P).

We consider the nonspecial divisor Dy, = S, fur(n) and define
m—1 m—1

—A(Y ) ) = X Al
k=1 k=1

Mk(n
/ (4.16)
where p(n) = (pl(n), . ,pm_l(n)) and w = (wl, . ,wm_l).
Let 6(z) denote the Riemann theta function associated with Cp,—1:

A(P) = (AL(P),..., A _1(P)) = (

m—1

k=1

0(z) = Z exp{2mi(N, z) + mi(N,NT1)},

Nezm—1
- _— (4.17)
z=(21,-..,2m-1) €C", (N,z) = ZNizi7 (N,NT) = Z Tig NiN;.
j ij=1
In what follows, it is convenient to use the abbreviation
0(z(P, (n))) = 6(A — A(P) + p(n)),
(4.18)
PeKmo1, fin)={mmn),. .. An1(n)}ec™ Ky,
where 0™ 1C,,,_1 denotes the (m—1)th symmetric power of K,,_1 and A = (A1,...,A,,_1) is the vector

of Riemann constants depending on the base point Qg as
1 m—1 P
Aj=2(1+Tjj)—Z/wi/ Wi, j=1...,m—1.
i=1 Y@ Qo
i#]

L‘e assume t 315 t e curve 1S H()HSlngU ar. — ,y (S — I 001 9 1 (%) 5
TheOI em 1 h h ’Cm 1 Let P A ’Cm 1 2
n, no D“ n IS HOHSpeCla orn c nen

o(P.n) = ! W@ L - e2<Qo>) (4.19)

0(2(Pxy, i(n))) 0(2(P, 1" (n))) exp(/” 3)
0(2(Pocy, i (n))) 0(=(P, 1i(n))) o el

and

0(2(Poc,, i(n0))) 0(z(P,(n)))
0(2(Poc,; (1)) 0(2(P,1i(no)))

X exp((n —ng) (/Qo 533) e 62(Q0)>> (4.20)

The Abel map linearizes this auxiliary divisor Dy (y,) in the sense that

¢1(P7n7 nO) =

p(n) = p(no) + (n — n0) (A(P,) — A(Pxc,))- (4.21)
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Proof. Applying Abel’s theorem to (4.7) yields (4.21). It follows from (4.14) that

exp (/Q wgoll7P002 - ez(Qo)) o Cexp(e1(Qo) — e2(Qo)) + O(C?), P — Pao,,
: (4.22)

exp (/Q wg’oll7poo2 — ez(Qo)) o e+ 00), P— P,.
0

We let ® denote the right-hand side of (4.19). From the expression for @, (4.22), and (4.4), we know that
® and ¢ share the same local zeros and poles and identical essential singularities at Ps,, s = 1,2. By
the Riemann—Roch theorem [29], [30], [41], we conclude that ®/¢ = -, where v is a constant. Using (4.3)
and (4.22), we compute

o (1+0@)ET+0M) _ .
(;5 5:0 571 + O(l) 5:0 I+ O(f)v P Poo2a (423)

which shows that v = 1. This proves (4.19). We obtain representation (4.20) using (3.9) and (4.19). |

Theorem 2. We assume that K,,, 1 is nonsingular and let n € Z. If Dg(,) is nonspecial for n € Z,
then

0(2(Pooy, i (1))
d'5?0., 1 , 4.24
i Z 8 Py ™ () 2y
0(2(Pocy, (1))
= —w 50,1 , 4.25
o * Z 8 e P i™ () 2
0(2(Poo,, i~ 0 POOI,AJr
) == e esplea(@0) ~ x(@) (426)
Proof. Applying Abel’s theorem to (4.4), we obtain
pt(n) + A(Px,) = p(n) + A(Pu, ), (4.27)
and we hence conclude that
Because y =V, + VP + ;9 (w= /¢~), we obtain
Y o (T a0 — il = P+ O(CP)], P — Py,
(4.29)
Yy fio 6_2(1_1[60 + 6162 =+ 0(64)]7 P — P002a

with the local coordinates ¢ = 1/A near Py, and & = 1/A\'/? near P,,. From (4.8) and (4.10), we obtain

m—1 2q+1 71d)\ 1—2q—2
- ~ y Rm/B)/\ =24\
wi=Y Cui =Y cﬂ R+ S0 + Z Cji R+ 5,y (4.30)
=1 1=2q+2
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where j = 1,...,m — 1. By a direct calculation, we obtain the asymptotic expansions

W = (dg,j’gl) +0(Q)d¢, P—Pwy, j=1,...,m—1,

wjéfo(dg-i?z)—i—O(f))df, P—Ps,, j=1,....m—1,

where
2 1 g2 1 1

(c01) _ _
d;o —-3aoc%nn—1—-a2CE2q+1a 0T T35, Cjim-1— aOﬁOCE2q+L
0

Expanding the ratios of the Riemann theta functions in (4.19), we obtain
O(A = A(P) + pT(n))

O(=(P,i* (n) _ 6( B
0(z(P, fi(n))) O(A — A(P) + p(n))

O(A — A(Pocy) +pT(n) + [p1w)
O(A — A(Poo,) + p(n +fP°°1 ) <=0

OGNy = Ay (P ) (n) —dS3VC+O(C2),...) _
(=0 9<...,Aj — A (Ps,) + pi(n) — di5VC+0(2),...) =0

of — I dSEY 2 0 ¢+ 0(¢?)
0 g~y 1d(°°1 8 0 010+ 0(¢2) 0

m—1
§ : (o01) 2
1 P POO)
C—’O 91( = 1d0 Og@ <+O(< ))a e 1

where 0; = 0(2(Px,, i1(n))) and 6 = 0(2(Pu,, i (n))). Similarly, we obtain

0(z(P,pt(n) 0 (. "= ey O, OF 2
0(=(P,(n))) €0 02 <1‘ 0" gz, 108 g, $ T OK ))’ P oo

Jj=1

where 0y = 0(2(Pao,, i(n))) and 05 = 6(2(Ps,, i (n))). Therefore,

o(P.n) = " exp(en(Qo) — ea(Q0) %
9 ¢S50 93_01 1 0 2 0
m—1
x [<+ (wé"” -2 d§i§°”£ log ! )<2+0<<3>], P = P,
j=1

s 05
o(Pn) = &+ - Zd ) log 2 1+ 0(¢), P = Px,.

62
On the other hand, from (4.2) and (4.3), we have

o(Pin) = —w((—v"¢*+0(¢%), P— P,

#(P,n) o ETH(E+1D) '+ 0Q), P — P,

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

Comparing (4.34) and (4.35) and using (4.28), we obtain representations (4.26) for w(n), (4.25) for v(n),

and (4.24) for u(n).
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The b-period of the differential wg}lp P, 18 denoted by
@ — (u® (3) @ _ 1 (3) L _
U™ = Uy, ..., U 1), U = _/b WP Py J=1em— 1 (4.36)

Combining (4.12), (4.21), (4.36), and (4.24)—(4.26) shows the remarkable linearity of the theta function
representations for u(n), v(n), and w(n) with respect to n € Z. In fact, we can rewrite (4.24)—(4.26) as

m—1 (3) (3)
002 (c02) 0 9(K -U -U TL)
uln) = 2w — d lo 5 4.37
() = 25 ; 2002 B gk + U — ) 0
m—1 (3)
v(n) = —wy™t + E 1 d; o o2, log 6K + UG — Uy (4.38)
j=

(K +U® —U®n)g(xk —Uv® —u®
wtr) = =" 0(K f)U(<3>n)2 ") expler (@) — e2(Q0), (4.39)

where K = A — A(Px,) + p(no) + U(?’)no.
5. Algebro-geometric solutions of the BM lattice hierarchy

In this section, we extend the results in Secs. 3 and 4 for the stationary BM lattice hierarchy to the
time-dependent case. By analogy with (3.7), we introduce the time-dependent Baker—Akhiezer function

¢(P7 n, no, t?“a tO,T’) = U(U(TL, tT)v ’U(Tl, tT’)v ’LU(TL, tT’)a /\(P)W’(P, n,no, t?”a tO,T’)v
¢tr (P7 n,no, tTa tO,T’) - ‘7(7,) (u(n, t?”)a U(TL, tT)v UJ(TL, t?”)7 A(P))¢(P7 n,no, tTa tO,T’)a

(5.1)
V(q) (U(TL, t’l‘)a ’U(TL, t’l‘)a ’U}(TL, t’l‘)v )\(P))w(P7 n,no, t’m tO,’r) = y(P)w(Pa n,no, tTa tO,’r)a

1 (P,ng,no, tor tor) =1, P €Ki\ {Pooy, Py}, (n,tr), (R0, t0,r) € Z X R.

The trigonal curve C,,—1 used here is defined below. The compatibility conditions for the first three
expressions in (5.1) yield

U, — (EVIYU +UV™) =0, (5.2)
(EVOYU — UV =, (5.3)
VO v y@] = o. (5.4)

A direct calculation shows that yI — V(@) satisfies (5.3) and (5.4). The characteristic polynomial of Lax
matrix V(@ for the BM lattice hierarchy is then a constant independent of variables n and ¢, with the
expansion

det(yl — VD) =4® — 2Ry (A) + ySim(N) — Trn(N),

where R, (A), Sm(A), and Ty, (\) are defined as in (3.4). The time-dependent BM lattice curve K1 is
then determined by

Kmfl: FM()‘a y) = y3 - y2Rm()‘) + ysm()‘) - Tm()‘) = 0
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The meromorphic function ¢(P,n,t,) on K,,—1 defined by

¢T(P7 n,no, t'r; t07r)

Panat’r = )
¢( ) wl (Pa n,no, tTa tO,T’)

PeKm_1, (nt)€ZxR, (5.5)

is closely related to ¥ (P, n, ng,tr,to,r). By (5.1), Eq. (5.5) implies that

(@)
d)(P 7’L t ) y‘/QB ()\anvtr) +jm(A7nat'r) —
tr

yV1(3q)(/\7na )+ Am (A n, L)

Fm—l(Avnatr) o
g2Vl ) = (O (N1 t2) + Vil (01, 10) B (V)] - Do (A, 1, 1)
_ PV O te) = y[Am(N 1) + Vig (1 1) R (V)] 4 B (A, ) (56)
Emfl()\a n, tr) ’ '
where P = (\,y) € Kpn—1, (n,t,) € Z x R, and where A, (A, n,t,), Bm(A,n,t.), Cou(\,n,t.), Dpp(X, 0, t,),
Epn—1(A\n,t;), and Fp,_1(\,n,t,) are defined as in (3.11) and (3.12) and A,,(\, n,t,) and By, (A, n,t,.) are
introduced as in (3.13). Hence, Egs. (3.14)—(3.17) also hold in the present context. Similarly, we write

m—1
Em—l(/\vna tr) = 04360 H ()\ - ,uj(na tr))v (57)
j=1
m—1
Fro1(\n,t,) = —adBow(n, t,.) H )\ MJ n,t,) ) (5.8)

j=1
and define {ﬂj(natr)}j:17...,m71 C K:mfl and {ﬂ;_(’r%tT)}j:L.wmfl C K:mfl by

ﬂj(’l’b,tr) = (:uj(natT)ay(ﬂj(n’tT))) =

= i(n Am (,Uj(n,tr),n,tr) n
- <uj( ), — V(”(uj(n,tr),n,tr))’ (n,t,) € Z x R, (5.9)
() (n,t0), y(if (n,t,))) =

Cm(,uj_ (Tl, tT’)v n, tT)

. (n,t,) €EZ xR. (5.10)
Vo (it (n, t,), n,m)

= <Mj (TL, t’l‘)7 -
It follows from (5.6) that the divisor (¢(P,n,t,)) of (P, n,t,) has the form
((b(P,n,tr)) = DPaol,ﬂf(n,tr),__”ﬂjnil(n,tr)(P) - ,DPOO27ﬂ(n;tr)y~~~7ﬂmfl(n;tr)(P)7 (5-11)
ie., Pooy, ff (n,t),... 15 _(n,t.) are the m simple zeros of ¢(P,n,t.) and Ps, and ji(n,t.),...,
fim—1(n,t,) are its m simple poles.

Similarly, ¢(P,n,t,) satisfies the Riccati-type equation

¢+ (Pa n, tT)QS(Pa n, tr)¢_ (Pa n, tf’) - U(Tl, tT’)d)(Pv n, t"“)d)_ (Pa n, tf’) -

—v(n, tr)d~ (Pyn,t.) —w™ (n,t,) = Ao~ (Pyn, t,) (5.12)
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and also
¢(Panvtr)¢(P*7natT)¢(P**7natT) = -

¢(P7n7tr) + ¢(P*7natr) + ¢(P**7n7tr) =

3Bm (A, tr) — 2V (N n 1) Sm (M) — A (A, n, ) R (N)
N Em—l(Avnat’r) ’ (513)
Lo 1 N 1 B
QS(PanvtT’) QS(P*vnatT) d)(P**vnatT) B
3D, (A nty) — 2VAD (A1, 1) S (A) = Con (A, m £) Ry (N)
mel()\anatr) .

Differentiating (5.5) with respect to ¢, and using (5.1), we obtain

o = <¢T> _ ¢itr‘/’l — Py, o (d’itr _ wl,tr) _
t,

¥ 1/’% a U1 1/’f_ Y1
=g =g (‘71({) +V5 e+ V) > (5.14)
Y1 é
Hence,
¢(P7 n, t'r)tr o = (r) =(r) ~(r) w™ (n, tr)
o(Pnty) AV (A tr) + Vig (A n, tr)d + Vi ()\7n’tr)¢—(P,n, ) (5.15)

We can describe the dynamics of the zeros {p;(n,t,)}j=1,...m—1 of Epm_1(A,n,t,) by Dubrovin-type
equations.

Lemma 1. If the zeros {yj(n,tr)}j=1,... .m—1 of Ep_1(\, n, t,) remain distinct for (n,t,) € Z xR, then

{1;(n,tr)}j=1,....,m—1 satisty the system of differential equations

.....

Wi, (nst0) = V3 (i (), m, )V (g () my ) —
— V5 (g (ny )y m, t )V (g (s ), s )]

By? (i (n,tr)) = 2y (1 (n, ) R (1 (0 1)) 4 S (11 (2, £1))]

X
m—1

agBo HQ? (pj(ntr) — p(n, t)
J

, 1<j<m-—1. (5.16)

Proof. Using (3.11)—(3.13) and (5.4), we obtain

Bt (\nity) = (VE)Ve + VP (VS — Vi) — (Vi) =
= BV = R Ep1 — (Vi3 A = Vi) Am) R +

+3(Viy) By — Vi Br) —2(VV - VPV S, =
= BV = RO)Ey 1 + 3V, (Vi A — VIP A —

+ 3‘71(5) (Vg,(QQ)Am _ 3(§)Am) + 2(‘71(5)Am _ 171(§)Am)Rm +

+ (‘71(;)‘/1(??) - ‘71(?,T)V1(2q))5ma (5.17)
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where R = V) 4+ VI + V). By virtue of (5.7), (5.9), and (3.16), we obtain

Am Am

VO ety VO by —y(fi;(n,t,)).
Then
VS (Vo A = Vo Ao ey = W2 s (st VSV
VDV A =V Ay oy = VPt DTSV [
(171<§>Am — vl(g)Am)h:M(n)tr) = —y(/}j(mtr))ﬁl(;)vl(g) B ‘Z(g)Vl(f)\A:#j(n’tr),
Hence,

En-vt,\nt) |y ) = VOV _ v1<§>v1<§>)|A:M(W) X

X [3y2(ﬂj(natr)) - 2y(ﬂj(n7tr))Rm(Mj(natT)) + Sm(”j(”?“))]

On the other hand, from (5.7), we obtain

—1
Em—l,tr (Av n, tr) |)\:,U«j (n,tr) = _agﬁOﬂj,tT (n7 t?”) (,u’] (na t’r‘) — Uk (na t’r‘)))

3

I
uyl
S

which together with (5.20) leads to (5.16).

From the first two expression in (5.1), we obtain
te
wl(PvnanO;tTatO,T) = exp (/ |:V1({) (Avln’Ovtl) +
to,r

FTE 0, )0(Pmo, ) + T oo t) 00 )
12 ’ I I I 13 ’ I ¢7 (P, n07t,)

n—1
H &P ty), n>mng+1,
n’=ng
x <1, n = no,
no—1
H &P/ t,)"t, n<ng—1.
n’'=n

We note that
1/)1(P, n,no, trvtO,r) = ¢1(Pan; no, tr, tr)wl(P7 n07n07tr7t0,r)7

where P = (\,y) € K1 \ {Pooys Poos}s (0, 1), (n0,t0,) € Z X R.
Analyzing the integrand in (5.22), we introduce a function I.(P,n,t,) by

w™(n,t,)

L(Pn,ty) = VDO n,t) + V& (A nat)d(Pons ) + Vi3 (A, tr)¢_ (Pont)

34

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)



whose homogeneous cases are denoted by

= (r,s) =(ms)

IPnt)=V,, Ant)+Vi, (Ant)o(Pon,t,)+

Q(Tas)
— V13 O‘ﬂnvtT)
1, . os=1,2, 5.25
b)) (5:25)
and
Q(T>l) N(T’)
Vij =Wy &o=1,00=0,G1="-=Gp=P1="=Fr=0"
j=1,23.
= (r2) ~(r)
Vi =V }do:mo:l@l:»»»:dr:él:---:@:0’
Hence,
L(Pnt) =Y @V (Ponty) + > Bl (Pon,ty). (5.26)
1=0 1=0

Lemma 2. Let (n,t,) € Z x R, and let ( = 1/X and ¢ = 1/A\Y/? be the respective local coordinates
near Py, and Py,. Then

jr(l)(Pﬂ n,tr) CZO _C_T_l + Z;TJrl(nﬂtT) + O(C), P — POOl’

(5.27)

fﬁl) (Pa nvtf’) 0(6)5 P - POO2;

£

and R )
11'(’2) (Pv n, t?“) C:O br+l(n7 tr) + O(C), P — Poou

R (5.28)
IO(Pnt) = € 1+06E), P P,

Proof. We use induction to prove (5.27). For convenience, we introduce the notation

A — g0

‘aD:LBD:om:»»»:5@:31:...:@7,:0’
where a(") is defined in (2.14). From (5.1), (5.24) and (5.25), we easily obtain

- =(r1) =(r1) =(r1) w™(n,t,)
IT(, )(P,’I’L,tr) = Vll ()\;n,tr) +V12 ()\;natr)¢(P7natT) +V13 ()\7n7t7‘)¢_(P n.t ) =

w™(n,t,)

— alm) () B(r)
c (Aanvtf’)_Fa (AvnatT)¢(P7natT)+b (AvnatT)qS,(P’n’tr)'

(5.29)

Using (4.2) and (4.3), we obtain

w™(n,t) ¢l— v(n,t.) +0() =

7(1) — - _
IO (Pﬂ%tr)— gb_(P,n,tr) C:O =0

(iO —C_l + 61 (Tl, tr) + O(C)v P — P, (530)

wnt) o, P P,

7(1) _
IO (Pﬂ%tr) - gb_(P,n,tr) 5:0
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Therefore, (5.27) holds for r = 0. We suppose that (5.27) has the expansions

IV(Pongte) = =" 4 ) 0y(n 1), P — Pa,,
j=0
(5.31)

o0

I Pnt Zdjnt P — P,

for some coefficients {o;(n,t,)};en, and {0;(n,t,)}jen to be determined. From (5.15), (5.24), and (5.25),
we obtain

O(P,n,tr)e, = d(P,n, t,)AID (P, t,). (5.32)

Using (4.2) and comparing like powers of ¢ in (5.32), we obtain
Git. = Q1001+ p2loj_o+ -+ ¢ Nog, j> 1. (5.33)

Explicitly, it follows from (2.16) that

1 1 A
Nog= | ¢14, = ot = Abygq,

P
1 (5.34)
Noy = " P24, — ij Aoy = —vf = A(uba ) + 655 +éh).
Similarly, using (4.3) and comparing like powers of £ in (5.32), we obtain
Kjt, = I$,1A5j+1 + Koﬂéj + -+ ﬁj,lAdl, 7 >0. (535)
Explicitly, it follows from (2.16) that
A(Sl = Ro,t, = (E + 1)_1utT = A(_ELT-i-l);
A(Sg = /€17t7, — I<60A51 =
(5.36)
=(E+ 1) o, +2(E+ D) u)(E+ 1)y, | -
—(E+D) ") (B4 1) wy, = A(=¢rg1 — arg (B + 1) ).
Hence, from (5.34) and (5.36), we obtain
] (TL, tT) = 67’4‘1(”7 tT’)v
o1(ntr) = u" (n,t,)a (n t0) + 55 (n ) + &8 (0, t),
(5.37)

61 (Tl, tr) - _ar-i-l(nv t?”)v

62(n7tr) = _érJrl(natr) - CAl'rJrl(natr)(-E + 1)_1U(7’L,tr),

where the summation constants are set equal to zero if we take into account that there are no arbitrary
constants in the expansions of ¢(P, n,t,) near Py, s = 1,2 nor in the homogeneous coefficients @, 41, IST+1,
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and ¢é,,1 under the condition that AA™! = A~'A = 1. Therefore,

A1) ~(r+1,1) ~(r+1,1)
Ir+1(Pa n,tr) =V ()\a nvtf’) + Vi ()\a n,tr)qb(P,n, tr) +

=(r+1,1) w™ (n,t)
1% A\ n,ty T =
Vs )b ) S

- C 1I (P,?’L, tT) + éf’+1(n7t7’) =+ flr+1(n,tr)¢(P,7’L, tr) +

=0
- w™(n,t,)
by sty = 5.38
FOra ) o (p i) o (539
C:0 _<7r72 —+ ZA)T+2(TL, tr) =+ O(C), P — P001;
Irqr)l (Pyn,t.) gio 5_2jr(1)(P7 n,te) + Crp1(n, tr) + arg1(n, tr)d(Pon,t,) +
. w™(n,t,)
br 7tr = 5 P Poo .
+ 0r 41 (n )¢_ (P, n, tr) €50 0(5) - 2
The proof of (5.27) is complete. Relation (5.28) can be proved similarly. |
Using Lemma 2 and (5.26), we obtain
IT(P,TL, tr) (iO B Z&T_lc_l_l - d’r—i-l =+ BT+1(7’L’ t’F) =+ O(C)a P — POOU
(5.39)

I(P,n,t,) Zﬁr 721109, P — Po,.

Let wg; 4> J = 2, be the normalized differential of the second kind holomorphic on Kp,—1 \ {Ps, }
with a pole of order j at Py,, s =1,2,

2) _1
wPoolij O(C +O( ))dC7 P_>Poo17 C_A7
. (5.40)
(2) _
(")POGZJ5 0(5 +O( ))dé, P_>Poo2a 5_)\1/2’
with vanishing a-periods: / "‘jg@ls =0,s=1,2,k=1,...,m — 1. Moreover, we define
Ak 7
QP = =3 a(l+ 1) l+2+Zﬁr 12+ D) s (5.41)
1=0 1=0
Integrating (5.41) yields
P T
0 = 3@ (T +EP(Q0) +0), P Pa,
Qo 05
(5.42)
P r
[0 = =3 Bt Q0 +0E), P P
0 1=0

where &} el (QO) and éé (Qo) are constants.
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Using these preparatory results, we write the representations of ¢(P,n,t,) and 1 (P, n,ng,tr, o) in
terms of theta functions in the following forms.

Theorem 3. We assume that the curve K,,_1 is nonsingular and let P = (A, y) € Ky—1\ {Psoys Poos }»
(n,no,tr,to,r) € Z* X R%. If Dy(y,s, is nonspecial for (n,t,) € Z x R, then

0(2(Pocy, fi(n, 1)) O(2(P. 1" (n,tr))) "

B H
)= Py 1 1, 10)) 0P R, ))

P
X exp </Q wﬁippooz - 62(Q0)) (5.43)
0

and

0(2(Pooy, 1i(no, to.r)))  0(2(P, i(n,tr)))
0(2(Pooy, i, tr)))  0(2(P, 1i(no, to.r)))

P
X exp<(n — n0)</ wS’ll’Pm — eg(Q0)> +

=t (@0 - | P o) ) (5.44)

wl (Pa n,no, tra t07r) =

Proof. Asin Theorem 1, we conclude that ¢(P,n,t,) has form (5.43) and that 1 (P, n, ng, ¢, to,r) for
to,r = t, has the form

0(2(Pocy, fi(no, tr))) 0(2(P,fin, 1))

Y1 (P, n,ng, tr, t,) = 0(2(Pooy, (1, 1)) 0(2(P, li(no, tr)))

P
X exp((n —no) </ w§;17poo2 — 62(Q0)>) . (5.45)
Qo
It remains to use (5.22) to investigate
tr
wl(P, no,no,tr,to)r) = exp(/ IT(P, no,tl)dt/>. (546)
tO,’V‘

Letting ¥4 (P, ng, no, tr, to,r) denote the right-hand side of (5.44) for n = ny, i.e.,

0(2(Poos, 1i(no, to,r))) 0(2(P, ii(no, t)))

\IJ P T r) — -~ -
tBamo - tetor) =g p Gine, 1)) 0GP, filno,to,)))

P
x exp<<tr —to,) (é‘?(Qo) - / ﬂ,@)), (5.47)
Qo
we must prove that
Y1 (P, ng, no, tr, to,r) = Y1(P,no, no, tr, to,r)- (5.48)
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Using (3.17), (5.6), (5.24), and Lemma 1, we obtain

(r (7 ~(r w’(n,tr)
L(P.nty) = VOO n,t) + VS (A nt)o(Pon, t) + Via) (A, m, tr)¢7 Pt =
_ 0 g0V =y A+ Vig Rn) 4+ B
11 12 Em—l

50 VPV — (A + VP Ry) + B
13 En_1 -

1 1 1~
— E,,_ RWE,,
B, {3 1,t. T 3 1+

(r i (r 2
OV oy <y2 g, Sm) _

I CYIRAQ) 1 _
,uj}tr(nvtf’)

CA— wi(n, tr) o) I

A—pj(n,ty)

O, log(A — pj(n,t,)) + O(1).

Aty (n k)

Then

tr
1/)1 (P, Nno, No, tr, tO,r) = exp </ 815/ log(/\ — My (TLQ, t/))dt/> =
to,r
A= Hj (n07 tT)
= 0(1) =
A — pj(nostor) v

(A = 1 (no, £-))O(1),
=14 00),
(A = 5 (no, t0.)) 1 O(1),

P near fij(no,tr) # (o, tor),
P near fij(no,tr) = ftj(no, to,r),

P near f1;(no, to,r) # ftj(no,tr),

(5.49)

where O(1) # 0. Hence, all zeros and poles of ¢ (P, no, no, tr,to,r) and U1 (P, ng, no, tr, to,r) on Ky_1 \
{Psoy, P, } are simple and coincident. Moreover, using (5.39) and (5.42), we can easily see that the
essential singularities of ¢ (P, no, no, tr,to,r) and 1 (P, ng, no,tr,to,r) at Ps, and Ps, are identical. We
can therefore apply the uniqueness result for Baker—Akhiezer functions to conclude that (5.48) holds because
Dji(n,t,) is nonspecial for all (n,t.) € Z x R. We hence obtain (5.44). [ |

The b period of the differential 52&2) is denoted by

- ~ - 1 -
0, =(@2,...02_), 02=_" / 0D, k=1,...,m-1 (5.50)
? ’ ’ 21 by
Theorem 4 (Straightening the flow). We have the relation
~(2
p(nstr) = plno, tor) — UD (n = no) + T (b — to,)  (mod Trn_1)- (5.51)
Proof. We introduce a meromorphic differential
0
Q(?’L,no,tr,to)r) = 10g(¢1 (P,Tl,no,tr,to,r))éw\. (552)

oA
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From representation (5.44), we obtain

m—1
_ (3) o2 (3)
Qn,no,tr,to,) = (0= no)wp, p = (b =10 )P + D WM oy T
j=1
where w denotes a holomorphic differential on K,,,_1, i.e., w = ZT:_ll ejwj forsomee; € C,j=1,..., m—1.

Because 91 (P, n, ng, t,, to,) is single-valued on /C,,,_1, all a and b periods of  are integer multiples of 2,
and hence

2m'Mk:/ Q(n,no,tr,toyr):/ w=ey, k=1,....m—1, (5.53)
ak

ak

for some M), € Z. Similarly, for some Nj € Z,

2miNy, = / Q(n,no, tr, tor) = (n — no)/ wg) p = (tr — tO,r)/ ﬁ@ +
b b e b

m—1
(3) =
+ Z/b Y (nte). i (no,to,r) +/b w=
j=17bx i

= 2mi(n — no)ULY — 2mi(t, — to,) UG +

m—1 fj(n.tr) m—1
voriy [ o+ 211 3 M; [ ;=
j=1 7 fj(nosto,r) j=1 by

= 2mi(n — no)ULY — 2mi(t, — to,) U +

m—1 h;(nty) m=l rfij(nosto.r)
e[S [0S o] +
j=1 j=1 7 Qo

Qo Q
m—1
+omi Y Mymik, k=1,...,m—1. (5.54)
j=1

Therefore, we have

~(2) m—1 ﬂj(n>tr) m—1 ﬂj(n();to,r)
N =(n-n)U® — (t, —to,)U, + Y / w— Y / w4 Mr, (5.55)
—1 JQo —1 /Qo

where N = (Ny,...,Np—1) and M = (M, ..., My,—1) € Z™ 1. Hence, (5.55) is equivalent to (5.51). W

Theorem 5. We assume that the curve K, is nonsingular and let (n,t,) € Z x R. If Dy, 4, Is
nonspecial for (n,t,) € Z x R, then

m—1 ~t
002 (c02) 9 0(2(Pooys 17 (7))
ty) =2 — E d 1

—~
~+
3
~—
~
~

j=1
m—1 ~
_ _, 001 (o01) 0 G(Z(Poowu(nﬂt’f)))
V) = L 5 Y b () )
z 001)/\_ n7 T z 0017A+ n7 T
w(n,tr)=—9( (Pooys 1 (n,10)))0(2(Posy , i (1, 1)) exp(e1(Qo) — e2(Q0)).

0(2(Pooy, fi(n, tr)))?
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Proof. The proof is similar to the proof of Theorem 2 in the stationary case. |

Combining (5.51) and (5.56) shows the remarkable linearity of the theta function representations for
u(n, t.), v(n,t.), and w(n,t,) with respect to (n,t,.) € Z x R. In fact, we can rewrite (5.56) as

m-l % 3) _ 3, o 7P
-~ soy) O . OK —U® —Uu®n4+ U7t
u(n, t;) = 2wg™? — Z d§’02)8z' log s . ~(2)
=1 i AE+U® U Ut
m—1 oyt 3 ~(2)
’U(n;tr) = —wg? + ;?51)88 ].Og ~9(K - U( )n+ UT fr(g) )
=1 G K +U® —UBn U, (5.57)

OE + U — U+ 07 )0(K —U® —UBn+T71,)
~ ~(2) x
0K —UPn+U, t,)?

x exp(e1(Qo) — e2(Qo)),

w(n,t,) = —

where K = A — A(Ps, ) + p(no,tor) + UPng — [75,2)t0,r.
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