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ALGEBRAIC AND GEOMETRIC STRUCTURES OF ANALYTIC
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We study the problem of the compatibility of nonlinear partial differential equations. We introduce the
algebra of convergent power series, the module of derivations of this algebra, and the module of Pfaffian
forms. Systems of differential equations are given by power series in the space of infinite jets. We develop
a technique for studying the compatibility of differential systems analogous to the Grébner bases. Using

certain assumptions, we prove that compatible systems generate infinite manifolds.
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1. Introduction

The compatibility question is one of the first to arise in the study of a system of equations. The
compatibility criterion for linear algebraic equations is given by the Kronecker—Capelli theorem. There is
no such simple criterion in the case of polynomial equations: the elimination theory is therefore used to
study compatibility, and Grébner bases are also used [1], [2]. It is much harder to obtain an answer for
systems of nonlinear partial differential equations, where both local and global problems arise. Moreover, it
is important to know the smoothness classes to which the equations belong. From the pioneering works of
Riquier and Janet [3], [4] to the modern works [5]—[9], concepts fundamental for compatibility—involutivity,
solvability—have been refined, and research methods have changed. The research focus has recently shifted
toward computational algorithms. For example, algorithms have been implemented in the computer algebra
system Maple [10] that should translate an original system of equations into some “standard” form. At the
same time, we can state that there is no established definition of an involutive (passive, standard) system
of partial differential equations. Here, we consider the passive systems introduced in [11], [12] and study
their properties.

This paper is structured as follows. In Sec. 2, we consider the infinite-dimensional space K7 of maps
of a countable set T to a field K that is complete under a nontrivial absolute value. The most important
examples of such fields are the fields of real and complex numbers. The topology of the direct product and
a Cartesian coordinate system is introduced in the space K7. With an arbitrary point a € K”', we associate
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an algebra F, of convergent power series. Each series in F, depends on a finite number of variables, but
the number of these variables can be arbitrarily large. Using the series in F,, we define analytic functions
on open sets of K7 and analytic maps of this space. This allows defining analytic manifolds in K”. At the
end of the section, we introduce the concept of a normalized system of generators of an ideal of the algebra
Fa. We show that the zeros of analytic functions corresponding to the normalized system define a manifold
in K7

In Sec. 3, we study derivations of the algebra F,, Pfaffian (differential) forms, and Lie derivatives of
these forms. We prove that derivations are uniquely defined by the action on the generators of F,. We
introduce invariant ideals and submodules and then consider the space of (infinite) jets J = K7, where
T=N,U(N,, xN"),N,, = {1,...,n}, and N is the set of integers. On the space J, we introduce operators
of total differentiation, canonical forms, contact differentiations, and symmetries of partial differential
equations. We note that the problems of calculating the symmetries and conservation laws of a system of
equation are closely related to the problem of testing whether an element of the algebra belongs to a given
differential ideal.

At the beginning of Sec. 4, we prove that if differential systems generate the same differential ideal,
then they give the same germs of zeros. We then define concepts such as the reduction of a series with
respect to a differential system, compatibility conditions, and passive systems. We show that if a system
S C F, is passive, then a series f € F, belongs to the differential ideal generated by S if and only if f
reduces to zero with respect to S. Our main result in the paper is a theorem stating that if a differential
system satisfies certain conditions of weak solvability and compatibility, then it is passive at some point
a € J and defines an analytic manifold in a neighborhood of that point. As an example, we consider the
Dubreil-Jacotin equation describing planar stationary flows of an inhomogeneous liquid and find an exact
noninvariant solution depending on two parameters.

2. The algebra of convergent power series and analytic functions

Let K be a field complete under a nontrivial absolute value.. We fix the notation: N is the set of
nonnegative integers, N,,, = {1,...,m}, Ry is the set of positive real numbers, T is a countable set, and
KT is the space of maps from T to K.

Definition. We call maps y; : K7 — K given by the formula

ye(z) = z(t), teT, (2.1)

Cartesian coordinate functions on K and call the values z(t) coordinates of the point z € K%

It is convenient to let z; denote the value z(t) by analogy with the finite-dimensional case.
On the space KT, we introduce the direct product topology by choosing points a € KT of the set

U(CLT,,O) = {Z € KT: |zti — Gy,

< pi, i € N, } (2.2)

as the fundamental system of neighborhoods; here, t; € T, p; € Ry, p = (p1,.--,0n), ar ={at;,...,a¢, }is
the set of n coordinates of the point a, and z,, ..., 2, are the coordinates of the point z. We call set (2.2)
a parallelepiped.

Let {X;}ier be a set of symbols,

T={t1,...,tp} C T, p=(p1,...,pn) €RY, ar ={ag,...,a;, } CK
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We let A(a,, p) denote the set of power series of the form
=" calXi, —a)™ - (X, —ar,)", (2.3)
acN™
where ¢, € K, o = (a1,...,a,) € N, for which the quantity
1o =D lealpf™ - (2.4)
acN™

is finite. As follows from [13], A(a-,p) is a Banach algebra with norm (2.4).
We introduce a relation < on R’. Let p = (p1,...,pn) and p* = (p},...,p;,). We assume that p < p*
if the difference p} — p; is positive for all 7 € N,,.

Statement 2.1. Let
T={t,...,tn} CT ={t1,...,tm} CT, n<m,

p:(pl,,pn)_<p*:(py{7,p:;)’ p/:(pl,...,pn,l,...,l)eRT.

Then the algebra A(a.,p*) is embedded in the algebra A(a.,p), the algebra A(a,,p) is embedded in the
algebra A(a,,p'), and the inclusions

0

0, Alar, p*) C Alar, p) (2.5)

hold for all i € N,,.

Proof. The embeddings are obvious, and formula (2.5) follows from a similar formula in [13].

Definition. A power series f of type (2.3) is said to be convergent (in a neighborhood of a € KT) if

f € A(as, p) for some p € RY and a,; = {a,,...,a¢, } C K, where a¢,,...,a, are the coordinates of the
point a € KT
For each point a € KT with a part of the coordinates a, = {ay,,...,as, }, we consider the union (not

disjoint) of the algebras
'7:!1 = U A(a"l'a p)a

peR’LnGNm
arCK

where Ng = N\ {0}. The set F, is K-algebra of convergent power series.

Using the convergent power series JF,, we introduce analytic functions on open sets of the space K.
Each series f € A(ar,p) of type (2.3) generates a function f as follows. Let 7 = {ti,...,t,} C T,
p=(p1,-..,pn) € R}, and a; = {as,,...,a,} C K. According to the definition of A(a,,p), the series f
converges in the polycylinder

H(a‘rap) = {(Ztu o 7ztn) e K™: |Zt‘ — G,

i

< pi, 1 € N1 (2.6)

This polycylinder uniquely corresponds to a parallelepiped U (a, p) of type (2.2). For any point z € U(a-, p),
the function f can then be given by the formula

f~(2) = f(ZT) = Z Ca('zm - CLt1)a1 T (Ztn - atn)an7 (27)

aeNn?

where z; = (24,,...,2,) € l(ar, p). The function f thus depends on a finite number of variables. We say
that the constructed function f is locally analytic. By analogy with the finite-dimensional case [14], this
allows introducing analytic functions on open sets.
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Definition. Let U be an open set in K”. A function h : U — K is said to be analytic in U if for each
point z € U, there exist a parallelepiped U(a,,p) and a locally analytic function f in this parallelepiped

such that h(z) = f(z) for all z € U(a,, p).
Remark. In what follows, for £ C F,

E={f:feE)} (2.8)

denotes the set of locally analytic functions f corresponding to a series f € F,. It can be shown following [15]
that a function locally analytic in a parallelepiped U(a,, p) is analytic in U(a, p).

Definition. Let U be an open set in KT. A map ¢ : U — K7 with the components ¢;, t € T, is
said to be analytic in U if each function ¢; is analytic in U. A map ¢ is said to be bianalytic if it has an
analytic inverse map ¢~ 1.

Definition. The set
Cs={zeKT:2(t)=0forallte ScT}

is called a coordinate subspace in K.

The following definition of a manifold is a direct generalization of a finite structure.

Definition. A set M C K7 is called a manifold in K7 if for any point z € M there exist open sets U
and U’ in KT and 2z € U and a bianalytic map ¢ : U — U’ such that

dUNM)=U"nCg,

where Cg is a coordinate subspace of K”. This restriction ¢ = ¢|yny of ¢ to U N M is called a local
coordinate system on U N M, and the set of variables (Cartesian coordinate functions on Cg) on which the
inverse map ¢~ ! depends is called the parameter set of the manifold.

Analytic functions and manifolds in the coordinate subspaces are introduced similarly.
We let iv(f) denote the set of symbols on which the series f € F, depends. If E C F,, then

iw(E) = {iv(f): f € E}. (2.9)

Definition. Let R be a subalgebra of F, and I be an ideal in R. A system of generators B of the
ideal I is said to be normalized if

1. any element f € B has the form f = X + g, the elements X form a subset L C {X;}er, and
2. if fi =Xy + g1 € Band fo = X; + g2 € B, then g1 = go.
In this case, L is called the set of principal variables of the system B.
Let T/ C T. Then the set
O(T')={zcK": 2(t)=0forallt € T\ T'} (2.10)

is a coordinate subspace of K. The topology in C(7”) is induced by the topology in K. Analytic functions
on open sets of the subspace C'(7”) are determined by the power series and formula (2.7). The set of series

FulT') = {f € Far wv(f) € {Xeher} (211)
forms a subalgebra of F,.
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Statement 2.2. Let T' C T, B be a normalized system of generators of an ideal of the subalgebra
F.(T") given by (2.11), B be the corresponding set of analytic functions in some open set V. of coordinate
subspace (2.10), L be the set of principal variables of the system B, S = {s € T': Xs € L}, andT" =T'\S.
Then the set

Z(B)={z€V: f(z)=0 for all f € B}

is a manifold in the subspace C(T"), and the set of Cartesian coordinate functions {y; }tcr» forms a set of
manifold parameters.

Proof. The map ¢ is given by the formulas y; = y: + ¢+ and y., = y,, where y; corresponds to the
symbol X; € L and iv(g:),ys € {yq}tqer. Therefore, the inverse map ¢! has the form y; = y; —g¢, ys = v..

Obviously, the restriction of ¢ to Z(B) is a projection Z(B) on V N C(T"). Therefore, the set Z(B) is a
manifold.

Remark. It is important that in Statement 2.2, all the functions in B must be given on the same open
set V.

3. Derivations and local systems

We recall that a K-linear map D : A — A for which D(ab) = aD(b) + bD(a) is called a derivation of a
commutative algebra A over the field K.

Lemma 3.1. An arbitrary derivation D of an algebra F, is uniquely determined by the values on the
coordinate functions y; and is given for any f € F, by the formula

of
D(f) = D), -
teT Oyt
Proof. Without loss of generality, we can assume that a = 0 € KT. We let y* denote the monomial
Y, - ypr. Let the polynomial p = >, cay®, where ¢, € K, and A be finite subset of N*. By the
definition of a derivation, we have the formulas
@ E a1 a;—1 Qp - 8yo¢
D(y®) =Y aiD(ye )y -y~ - yp =ZD(yn)ayt ,
i=1 i

=1
(3.1)

D) = 3 D) = e D)L =3 D)
a€cA acA  i=1 LU Yt
We prove that the derivation D extends uniquely from the algebra of polynomials to the algebra Fy. We
suppose that there is a different derivation Dy of Fy coinciding with D on the polynomials. Then the
derivation D* = D — Dy vanishes on any polynomial.

We suppose that there exists a series f € Fy such that D*(f) # 0. We recall [16] that the smallest
positive integer ¢ such that the homogeneous part of f to the power ¢ is nonzero is called the order of the
series f # 0 (denoted by ord(f)).

For any polynomial p € Fy, we have the equality D*(f) = D*(f — p), and therefore

ord(D* (f)) = ord(D*(f — p)). (3.2)

Moreover, because of formulas (3.1), the inequality ord(D*(f)) > ord(f) — 1 holds. Hence, choosing a
polynomial p that “annihilates the smallest terms” of the series f, we can make ord(D*(f — p)) be an
arbitrarily large number. But this contradicts (3.2) because the order of the series D*(f) is a finite number.
The lemma is proved.
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Obviously, the set of derivations of an algebra F, forms a module over F,. We let Der, denote it. It
is well known [16] that the set of all derivations of a commutative algebra over a field forms a Lie algebra
with the commutator

[Dy, D3] = DDy — DD

Hence, Der, is a Lie algebra over the field K. According to Lemma 3.1, derivations of F, can be also called
local vector fields in a neighborhood of a € K.
Following [16], we call the linear map df : Der, — F,, acting by the formula

the differential of the series f € F,. Obviously, the set of differentials of f € F, generates a module over
Fo. This module is denoted by Der, and is called a module of Pfaffian forms. The elements of this module
are finite sums of the form > g; dft, where g¢, fi € F,.

Statement 3.1. The module of Pfaffian forms Der] is generated by differentials of the Cartesian
coordinate functions, i.e., by the elements {dy; }icr.

Proof. It suffices to show that the differential df can be given by the classical formula

df => gi dy,. (3.3)

teT

The summation in the right-hand side here is finite because f depends on a finite number of variables. We
take an arbitrary derivation D € Der, and compare the values of the left- and right-hand sides of (3.3) on
D:
of of of
df (D) =D(f) = D , dy (D) = D(yy).
if (D) (f) Zt: (yt)ayt Zt: A (D) zt: Oy (y¢)

We see that these values coincide.

Definition. A Lie derivative generated by differentiating D € Der, is a K-linear map Lp : Der) —
Der} satisfying
Lp(gdf) =D(g)df +gdD(f), f.g9€ Fa. (34)

Statement 3.2. The set of Lie derivatives forms a Lie algebra over the field K, and the equalities

k1Lp, + k2Lp, = Ly Dy koo (3.5)

[‘CD17£D2] = AC[D1,D2] (36)
hold for all ky, ke € K and any D1, D2 € Der,,.

Proof. To prove the statement, it suffices to verify formulas (3.5) and (3.6) on an arbitrary Pfaffian
form w = >, fidy;, where 7 is a finite subset of 7. The equality of the left- and right-hand sides of
formula (3.5) can be elementarily verified by acting on the form w.

We show that

‘CDl ‘CDz (w) - ‘CDz ‘CDl (w) = ‘C[D1,D2] (w)
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For this, we calculate Lp, Lp,(w) and Lp,Lp, (w). We obtain

Lp, Lp,(w) = Lp,Lp, <Z fe dyt) =Lp, (Z Da(fi) dyr + Y fe dDZ(yt)) =
=Y DiDy(fi)dys + > Da(fs)dDi(ye) + Y Di(fe) dDa(ys) + > fr dD1Da(ye),

Lp,Lp, (w 29291 fo) dys + Zbl fo) dDa(ye) + ZDQ fo) dDy(ye) + th dDy D1 (yy).

Therefore, the equalities

(Lp, Lp, — Lp,Lp, ) (W Z DiDy(fi) — DaDi(f1)) dyr + > fr d(D1Da(yr) — DoDi(wr)) =

= [D1, Da(fr) dy: + Z fed([D1, Ds)(yr)) = Lip, pa)(w)

hold.

Definition. An ideal I of the algebra F, is said to be invariant under the derivation D € Der,
it D(I) C I. A submodule M of the module Der} of Pfaffian forms is said to be invariant under the
derivation D € Der,, if Lp(M) C M.

Statement 3.3. The set of derivations leaving the ideal I C F, or the submodule M C Der}, invariant
forms a Lie algebra over the field K.

Proof. Let Dy,D;y € Der, and D;(I) C I. Then we have D1D2(I) C I and DyD1(I) C I. Therefore,
[D1, D3] C I. Similar arguments apply to the submodule M.

In what follows, we assume that 7' = N,, U (N,,, x N”). In this case, the space KT is called a jet space
and is denoted by J. Cartesian coordinate functions on J are denoted by z; and u?,, where i € N,,, j € N,,,,
and a € N™. The set Y of Cartesian coordinate functions is partitioned into two subsets

X =A{x1,...,2n}, U= {ui}igi{z (3.7)
We introduce n maps Dq,...,D, from Y to Y:

Dy(zx) =1, Dy(z;) =0 fori #k, Dy (ul) = u?

ateg?

where k € N,, and e; = (1,0,...,0), ..., e, = (0,...,0,1) are elements of N". According to Lemma 3.1,
these maps then uniquely continue to derivations of the algebra F, and are given by
0 .
nn) =gt + 3 f. Wi, (3.8)
JEN,
aEN"

for arbitrary f € F,. The derivations Dy are often called total differentiation operators [17] because
formula (3.8) is the chain rule.

Therefore, the algebra F, of convergent power series with n total differentiation operators is a differ-
ential algebra. The product of the operators D" --- D@ is denoted by D%, where a = (a,...,qy). The
differential ideal of F, generated by S C F, is denoted by ().
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We recall that a triple of sets (K,Y,.S), where S is a finite subset of F, was called a local analytic
system of partial differential equations in [11]. For brevity, we call a finite set S C F, a local differential
system.

1€N,,

acnw of canonical Pfaffian forms

We consider a countable set Q = {w¢ }
n
i g i _
wg, = dug, — E Ugye, dT;.
=1

We let P, denote the submodule of Der} generated by these canonical forms. We recall that Lp denotes
the Lie derivative generated by differentiating D.

Definition. A derivation D € Der, is called a contact derivation if the condition Lp(P,) C P, is
satisfied.

Obviously, the total differentiation operators Dy, ..., D, given by (3.8) are contact derivations. If D
is a contact derivation then the operators

n

D - D(z;)D;

J=1

are also contact derivations. Therefore, without loss of generality, we can consider contact derivations of

the form P
D= D) . . .
PR CAPY (39)
€N,
aeN™

Such derivations are often said to be vertical [18].

In fact, repeating well-known arguments [17], [18], we can show that derivation (3.9) is a contact
derivation if and only if [D, D;] = 0 for all i € N,,. This means that the coefficients D(u,) in (3.9) are given
by the formula D(uf) = D*D(u?).

Definition. A contact derivation D € Der, is called an (infinitesimal) symmetry of the local differen-
tial system
S:{fl,...,fk}cj:a

if the differential ideal I = ((S)) is invariant under D, i.e., D(I) C I.

We note that it suffices to verify the invariance of the ideal (S)) for any differential system of generators.
More precisely, the following statement holds.

Statement 3.4. Let S be a local differential system and D be a contact derivation such that D(S) C
{(SY). Then D is a symmetry of the system S.

Proof. Let f € ((S)). Then
f: Z aiaDafia

1E€ENy,
acA

where a!, € F,, A is a finite subset in N”, and f; € S. We must prove that D(f) € (S)). By the definition
of a derivation, we have

D(f) =Y _D(a\)D"f;+ > a.,DDf;.
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Without loss of generality, we can assume that the derivation is vertical, and this equality can hence be
rewritten in the form

D(f) = _D(al,)D"fi + Y _ al,D*D(f;).

Each term in the right-hand side of this equality is in the ideal {(S)). Consequently, the left-hand side
belongs to the ideal.

Remark. The definition of symmetry presented above can be found formulated from other positions
in [18].

The concepts in which differential ideals are used are applicable to conservation laws and various
defining equations [19]. We can introduce a conservation law as follows.

Definition. A conservation law of a differential system S C F, is a tuple (g1,...,g,) € F2 such that
Digi + -+ Dngn € ((S).

A question about verifying that an element belongs to an ideal arises. In the algebra of polynomials,
it is helpful to use the Grébuner basis of the ideal [1] for this. In our case, the analogue of a Grébner basis
is a passive system. This concept and its application are considered in the next section.

4. Manifolds generated by systems

In this section, we prove the main results in the paper, but we first use notation (2.8) to formulate a
statement that turns out to be very useful in what follows.

Statement 4.1. Let S = {f1,..., fx} C F. be a local differential system. Then there exists a par-
allelepiped U(a, p) of type (2.2) such that the functions D f; are analytic in this parallelepiped for all
i € Ny and any a € N”.

Proof. Obviously, there exists a polycylinder II(a,, p*) of type (2.6) in which the series f1,..., fk,
converge i.e., S C A(a-, p*). According to derivation formula (3.8), we have

Ofs afs
D;(fs) = + ul ., s €N,
)= g+ 3 gt SEM0
aEN™

where the sum in the right-hand side contains a finite number of terms. Moreover, by virtue of Statement 2.1,
the partial derivatives dfs/dz; and dfs/Ou’ belong to the algebra A(a.,p) for any p < p*. Therefore, the
corresponding functions G%i and 8?57_8/1& are analytic in the parallelepiped U(a,, p). Because p is an
arbitrary tuple satisfying p < p*, repeating the arguments presented above, we see that 1/33‘71 is an analytic
function in Ul(a,, p) for all ¢ € N and any « € N™. The statement is proved.

Let S ={f1,..., fr} C Fa be alocal differential system and W = U (a-, p) be a parallelepiped in which
the functions D f; are analytic for all i € N; and any o € N™. In the space J, we consider the set

Zw(S) ={z € W: Dof,(z) =0 for all i € Ny, o € N} (4.1)

and a point ¢ € W. In what follows, Z,(S) denotes the germ of the set Zy (f) (see [20]).
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Statement 4.2. If two local differential systems

f:{fla"'7fk}CFaa g:{gla"wgs}c-ffa

generate the same differential ideal F,, then they define identical germs, i.e.,

Za(f) = Za(g)- (4.2)

Proof. Because the sets f and g generate the same differential ideal, any series g; € g can be repre-

sented as
g =Y I D, i€ F (4.3)

We consider the sets Zy (f) and Zy (g) in the parallelepiped U (a, p). Obviously, the inclusion

Za(g) c Za(f) (4'4)

follows from (4.3). Using the above arguments, we obtain the representation
fi= 3 05D B E T
jax
and the inclusion
Za(f) C Za(g). (4.5)
Equality (4.2) follows from formulas (4.4) and (4.5).

Below, we present concepts and results from [11], [12] that are needed for proving the main theorem.
Definition. The orbit of a subset S in F, is a set
0O(S) ={D%s: a eN", s€ S}.

Definition. A convergent differential series f € F, of the form f = u!, + g is said to be solvable for

u?, if g it is independent of the orbital elements O(u?). If the series f € F, is solvable for u?, then the
symbol st f denotes u’,. If S is a set of solvable series, then st S = {st f: f € S}.

Definition. Let S C F, be a local differential system consisting of solvable differential converging
series. Let the ideal ((S)) # F, have a normalized system of generators BB, and let the set of principal
variables £ of the system B satisfy the condition £ = O(st.S). Then S is called a passive system of the
ideal {(S)).

A problem of verifying that a local differential system is passive arises. To solve it, we must introduce
additional concepts, partially used in [12].
We recall that a preorder on a set is a reflexive, transitive relation and a strict preorder is an irreflexive,

transitive relation [21].

Statement 4.3. Let {H,},cr be a partition of the set H, where I' is a well-ordered set. Then a
preorder = and a strict preorder < can be defined on H by

hl = h2 <~ 3’\/1772: hl € H’y17 h2 € HV27 At < V2, (46)

hi1 < hy <— 3"/1,’)/21 hy € H’Yl’ ho € HV2’ v < Y2. (47)



Proof. The proof is obvious.

Let a semigroup G act on a set M (from the left), i.e., let there be a map (g,m) — gm of the set
G x M to M satisfying
91(g2m) = (g192)m, me M, g1,92 €G.

Definition. Let a semigroup G act on a set M, and let a partition {M,} er of the set M generate a
strict preorder < according to (4.7). The set M is called a stratified G-set if the following conditions are
satisfied for all g € G:

1. If my; < mo, then gmy < gmeo for all my,ms € M.
2. For allm e M, m < gm.

Let 2° € K" and K[(z1,...,2,)]s, be an algebra of germs of analytic functions at the point x°
isomorphic to the corresponding algebra of convergent power series. We consider a point a € J whose
standard projection in K" is equal to 2°; hence, the Cartesian coordinates of z° are part of the Cartesian
coordinates of a. We let ]?a denote the set F, \ K[(z1, ..., Zn)]z-

Any partition {Us }~er of the set U (see relations (3.7)) creates a partition of Fa. Indeed, we consider

Y, =XU ( U U7/>, (4.8)

O<y'<y

the family of sets

where X is defined in (3.7), © = mel%ry Obviously, we have the formulas
B!

V=Y, Yy CYyforaly <y"
yel’

We choose a point a € J and consider the chain (by inclusion) of subalgebras of F, given by
Fl=A{f€Fo: v(f) CY,}. (4.9)

Here, as before, iv(f) means a set of variables that determine the series f. The chain {F]} er then
generates a partition {®)},cr of the set F, on blocks

@g:f;\(u fg), N

V< (4.10)
9 = FO\K[(21,- .., 2n)]ap-
Moreover, subset chain (4.8) of the set Y generates a coordinate subspace chain
Jy={z€l: y(z)=0forally e Y \Y,} (4.11)

of the space J. Obviously, we have the formulas

U Jy =1, Jyr C Jyn for all ~ <A
~yerl

On the sets U and ]?a, the action of the semigroup N”; = N\ 0, where 0 is a tuple of zeros, is given
by
aup =gy, af =Df),
for any @ € N",. As follows from [11], F, is a stratified N y-set if U is a stratified N” ;-set.

In what follows, we everywhere assume that F, is a stratified N” j-set endowed with an appropriate
preorder (4.6) and strict preorder (4.7).
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Definition. A series f € F, of the form

f=ul4+h, h=<u

. (4.12)
is said to be orderedly solvable (with respect to u’)).

Definition. Let F' be an arbitrary series in the algebra F, and f € F, be an orderedly solvable series
with respect to uf,. We say that the series F' reduces to a series r € F, with respect to f if there exists
an element § € N for which “fwﬂs € iv(F) and if there is a series ¢ € F, such that F' = ¢D°f + r, where
q=2F,r 2 F,and ug_ s ¢ iv(r). If the series I’ reduces to r with respect to f, we use the notation F T 7.

The following statement was proved in [12].

Statement 4.4. Let F' be an arbitrary series in the algebra F, and uzﬁ € iv(F). If the series f € F,

is orderedly solvable with respect to ul, and there exists § € N such that ujy = ul, , 5, then F ras

Definition. The subset S in F, is said to be weakly solvable if each series f € S is orderedly solvable
with respect to some u’,. An element !, is called the highest term of the series f and is denoted by 1t f.

Definition. Let F € F, and S = {f1,..., fr} C F(a) be a weakly solvable subset. A series F' reduces
to a series r € F(a) with respect to S if there is a finite sequence of one-step reductions of the form

F—ri—rg— . —r (4.13)
fiy fio fig fip

where f;. € S. This sequence of reductions is denoted by F' -7 for short.

Definition. A series f € F, is said to be irreducible with respect to a weakly solvable set S if

iv(f)NnOt S) = @, where t S = {lt f: f € S}.

Definition. A series r € F, is called the normal form of the series f € F, with respect to a weakly
solvable subset S C F, if f -7 and r is a series irreducible to S. The normal form of a series f with respect

to S is denoted by NF(f | 5).

In the general case, the normal form of a series with respect to an arbitrary weakly solvable subset is
not defined uniquely. For the normal form to be unique, it suffices for S to be a passive system [12].
We introduce a binary operation ¢ on N": for o = (a1, ..., ay) and 8 = (61, ..., 0,), we set

aofB= (1, pn), i = max(ay, 5;) — a;.
Definition. Let f; and fs be two solvable series in F, of the form
fr =l + ha, fo=ujy+ ha, (4.14)
where u?, = It f; and uzﬁ = It fo. Then the difference
De°B f, — DPoaf, (4.15)

is called the 7-series of f1 and fo and is denoted by 7(f1, f2).
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Definition. Let S = {f1,..., fx} be a local differential system that is a weakly solvable subset of F,.
We say that the system S satisfies the compatibility conditions if for each pair f;, f; € S of form (4.14),
the corresponding 7-series (4.15) reduces to zero with respect to S.

The following statement and the theorem below answer the question about a series belonging to a
differential ideal.

Statement 4.5. Let S = {f1,..., fr} C F, be a passive system and 1t S = st S. A series f € F,
belongs to the differential ideal I = ((S)) if and only if f reduces to zero with respect to S.

Proof. If f <5 0, then it follows from the definition of a reduction that

f=>ad\Df;, fi €S,

ie, fel
Conversely, let f € I. As shown in [12], each nonzero element of the ideal I depends on at least one
element in the orbit O(1tS). If f ?O, where the series r cannot be reduced with respect to S, then r is

independent of elements in O(1t S). Hence, r = 0.

If the system S is not passive, then Statement 4.5 is inapplicable in the general case because the result
of a reduction is not defined uniquely.

Example. We consider the system S = {fi1 = w11 + u, fo = up,2 — u} and the series f = w1 2 — u1,0.
This system is not passive, because Dy f; — D;fa = w10 + uo,1 is independent of elements of the orbit
O(1t(uo,2),16(u1,2)). The series f can be represented in two ways: f = Dafi —u1,0 —uo,1 and f = D fa,
i.e., f reduces to —uy,0 — up,1 in the first case and to zero in the second case.

We note that if f € Fp, then f € F, for an infinite number of points a. Let S = {f1,..., fr} C Fp be
a local differential system and f;(b) = 0 for all ¢ € Ni. We say that points a,b € J are equivalent modulo
S (and write a ~ b mod S) if f; € F, and f;(a) =0 for all f; € S.

Theorem 4.1. Let S = {f1,..., fx} C Fp be a local differential system that is a weakly solvable
subset of Fy, satisfying the compatibility conditions and f;(b) = 0 for all f; € S. Then S is a passive system,
there exist a point a € J equivalent to b modulo S and a parallelepiped W containing this point such that
the set Zw (f) of type (4.1) is an analytic manifold in W with the system of parameters Y \ 1t S.

Proof. The passivity of the system S was proved in [11]. It was also shown that there exists a point
a € J (where a ~ b mod S) such that f(a) = 0 for all series f in the orbit O(S). Moreover, it was proved
that there exists a normalized system B of generators of the ideal (S)), whose set of principal variables
coincides with 1t S.

Without loss of generality, we can assume that S is a normalized set (or, in the terms in [22], is
orthonormalized) because according to the results in [11], [12], S is a passive system and there exists a
canonical set S’ such that ((S) = (S’). It then follows from Statement 4.2 that the germs Z,(S) and
Z4,(5") coincide. It therefore suffices to prove that there is a parallelepiped W containing the point a such
that the analytic set Zy (S’) is a manifold in the parallelepiped W.

According to Statement 2.2, we must show that the set of analytic functions in B corresponding to
the normalized system of generators B of the ideal ((S")) is given in some parallelepiped V' C J. As follows

from Statement 3.1, there exists a parallelepiped U(a,, p) in which all functions in O(S’) are analytic. It
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therefore suffices to show that the set of analytic functions in B is also defined in U (ar,p). For this, we
recall how a normalized system of generators was constructed in [11].

As previously noted, the partition of U in (3.7) generates chain (4.9) of subalgebras F, chain (4.11)
of subspaces J,, and partition (4.10), {®?},er. We let a, denote the natural projection of the point a on
the subspace J,. We introduce the notation

v = min{y € T': O(S)NF) # &}, IL, =Ular,p) N Jy,
0, =0(S)nF,], C,=0(S)Nne],

where F) and @7 are respectively given by (4.9) and (4.10). Obviously, for any 7, > 7, we have

0,, =0, U ( U CV>. (4.16)
Yo Sy <vx
We let (O,)q, denote the algebra ideal F, generated by the set O,.
Using the transfinite induction principle, we show that

1. for any v > 70, there exists a normalized system of generators B, of the ideals (O, )., of the algebra
FJ such that L, =1t O,, where L, is the set of principal variables of the system B, and

2. all functions in E'v are analytic in IL,.

At v = 79, we have the equalities
Oy =SNFP=5nd) =C,,.

It is easy to see (also see [11]) that the set O, is a normalized system of generators of the ideal (O,)a., -

Therefore, according to Statement 2.2, the analytic set
Zy ={z€Tly,: f(z) =0forall feO,}

is a manifold in IL,,. Obviously, L, = 1t O,.

We now suppose that for all values of 7 satisfying the inequalities vy < v < 4, there exists a normalized
system of generators B., of the ideal (O,),, such that L, =1t O, and all functions in §7 are analytic in
IT,. We show that these properties also hold for v = ~,.

According to equality (4.16) and the induction hypothesis, the set

Gy, =05 U( U B’v)

Yo <Y<Y«

is a system of generators of the ideal (O,,) A normalized system of generators B,, was constructed

Ay *
in [11] using a set G,,. Our case where S’ is a canonical set has its own specific features. Namely, any
i

o

series f € C.,, has the form f = u! + g, where g < u’,, while at the same time, because of derivation
formulas (3.8), the series g € F7 for 7 < 7, is a polynomial in the principal variables of the normalized
system of generators B,. According to relation (2.5), the coefficients of this polynomial are power series
converging in II, and depending only on the parametric variables of the system B,. If we express the
principal variables in g in terms of the series in B, then we obtain series f, € B, that converge in IL,, .

As follows from the preceding considerations, the set B = J B, is a normalized system of gen-

Yo<y
erators of the ideal ((S)) and the corresponding set B consists of functions analytic in the parallelepiped

U(ar,p). It remains to refer to Statement 2.2 to complete the proof.
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Remark. We can standardly define tangent bundles and vector fields on manifolds and also sheaves
of germs of analytic functions [14], [23].

Example. We consider the Dubreil-Jacotin nonlinear equation [24]
/
Ay + ;p[(vwf +yl+ F=0, (4.17)

where 1 is a current function depending on x and y, p is the fluid density depending on 1, A is the Laplace
operator, (V)2 = 92 + w;, and F' is some function of ¥. This equation describes stationary planar flows
of a stratified fluid in a gravitational field. In our notation (Cartesian coordinates on J), this equation is

given by the series
/

p
2 [uy o) + U,y + 2] + F,

where p and F' are analytic functions of w ). In what follows, we use the standard notation and, for

U(270) + U(O)g) +

example, write u, and u, instead of u(; oy and wug,1)-

We find the functions p and F for which Eq. (4.17) allows a generalized separation of variables, i.e.,
solutions of the form ¢ = G(a(x) + B(y)), where G is a certain function and « and § are respectively
functions of 2 and y. This type of solutions of the nonlinear Laplace equation was described in [20].

The problem can be reformulated as the problem of investigating the compatibility of the system
formed by Eq. (4.17) and the equation

(Y)ay =0, (4.18)

where ¢ is the inverse function of G.
We introduce a new function w = ¢(¢), and Egs. (4.17) and (4.18) then become

Aw + (Vw)’r +yf +g =0, (4.19)

Way = 0. (4.20)

Here, r, f, and g are some functions of w. We briefly describe the study of the compatibility of sys-
tem (4.19), (4.20) using the methods proposed above. Total differential operators (3.8) are denoted by D,
and D,. The calculations are voluminous, and we therefore used the computer algebra system Maple [10].

Applying the operator Dy D, to (4.19) and reducing this expression with respect to (4.20), i.e., replacing
all the derivatives wgy, Wray, and Wy With zero, we obtain a second-order equation. Reducing the last
equation with respect to (4.19), we obtain a polynomial E; in w, and w,. It is easy to show that all the
coefficients of the polynomial vanish only if Eq. (4.19) has the form

Aw + (Vw)? +ay +bw =0, a,bcR.

The generalized method of separation of variables for this equation can be found in [20], where the corre-
sponding pictures of the streamlines are also presented. We note that the differential ideal generated by
the last equation and by Eq. (4.19) has a normalized system of generators. We can regard D} Dj'w;, and
D3 Dj'wgy for n,m € N as the principal variables of this system of generators.

If the polynomial F; is nonzero, then acting on it by D, and reducing this expression with respect
to (4.19) and (4.20), we obtain a relation. If we act on the polynomial E; by D, and reduce the resulting
expression with respect to (4.19) and (4.20), then we obtain a new relation. Using (4.19) and (4.20), we
can eliminate all the variables wgy, Wys, and wy, from these two relations and obtain a new polynomial F»
in w; and wy.
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We now assume that the polynomials F; and Es differ only by a factor. This gives seven ordinary
differential equations for the three functions f, g, and r in the left-hand side of Eq. (4.19). From these
seven equations, we can obtain three first-order differential equations, which we solve and obtain

1 c1 C2
Ir = ) g = 3 f = )
—2w + ¢y —2w + ¢y —2w + ¢y
where cg, c1,co € R. Therefore, Eq. (4.19) can be written as
1 Co C1

Aw + (Vw)? =0. (4.21)

—2w + ¢y +y—2w+co + —2w + ¢y

It is easy to see that the common solution of this equation and Eq. (4.20) is the polynomial
w = by + asx?® + a1z + ao, (4.22)

where by1,a1 € R, ag = ¢a/4by, and ag = (¢1 + 2¢paz + a% + b%)/4a2. If we introduce new variables

then Eq. (421) becomes
Vuw' 2 coy’
( )/ + 2y _ 0

/

Aw' +

—2w —2w

By replacing w’ = 9? — co/4, we obtain an equation for the stream function in the Dubreil-Jacotin form:

C2

+ e — A8 [(V)? +y] = 0. (4.23)

At

The solution of this equation found above has the form ) = (w — c/2 + ¢2/4)/?, where the function w is
given by (4.22). Some other Dubreil-Jacotin equations that allow a generalized separation of variables were
presented in [25].

A group classification of the Dubreil-Jacotin equation was shown in [19]. It follows from the results of
this classification that Eq. (4.23) allows a two-dimensional symmetry algebra and solution (4.22) that we
found is not invariant.

5. Conclusion

We have considered the algebra F, of convergent power series. Instead of it, the ring of germs of
smooth (infinitely differentiable) real-valued functions can be studied with the majority of our results
remaining applicable. In particular, our observations are based on the Weierstrass division theorem, but
the statement on the uniqueness of the remainder also occurs in the smooth case if there is a normalized
system of generators for the corresponding ideal. This is related to the fact that the Weierstrass theorem
in this case follows from the implicit function theorem [26].

Extending this approach to difference algebras and equations is undoubtedly interesting. Unfortunately,
the study of difference equations cannot be limited to local algebras. Nevertheless, symmetries of the
difference equations introduced by Dorodnitsyn [27] are currently being studied actively.

1607



REFERENCES

1

10.
11.
12.
13.

14.
15.
16.
17.
18.

19.

20.
21.

22.
23.
24.
25.
26.

27

. D. Cox, J. Little, and D. O’Shea, Ideals, Varieties, and Algorithms: An introduction to Computational Algebraic
Geometry and Commutative Algebra, Springer, New York (1997).

. B. Buchberger, “Grobner bases: An algorithmic method in polynomial ideal theory,” in: Progress, Directions,
and Open Problems in Multidimensional Systems Theory (N. K. Bose, ed.), D. Reidel, Dordrecht (1985),
pp. 184-232.

. C. Riquier, Les systémes d’équations aux dérivées partielles, Gauthier-Villars, Paris (1909).

. M. Janet, Legons sur les systémes des équations aux dérivées partielles, Gauthier-Villars, Paris (1929).

. J. F. Pommaret, Systems of Partial Differential Equations and Lie Pseudogroups, Gordon and Breach, New
York (1978).

. A. M. Vinogradov, I. S. Krasil’schik, and V. V. Lychagin, Introduction to the Geometry of Nonlinear Differential
Equations [in Russian], Nauka, Moscow (1986).

. V. V. Zharinov, Lecture Notes on Geometrical Aspects of Partial Differential Equations (Series Sov. East Eur.
Math., Vol. 9), World Scientific, Singapore (1992).

. W. M. Seiler, Involution: The Formal Theory of Differential Equations and Its Applications in Computer Algebra
(Algor. Comput. Math., Vol. 24), Springer, New York (2010).

. M. Marvan, Found. Comput. Math., 9, 651-674 (2009).

Maple, http://www.maplesoft.com/products/Maple/index.aspx (2015).

O. V. Kaptsov, Program. Comput. Softw., 40, 63-70 (2014).

O. V. Kaptsov, Theor. Math. Phys., 183, 740-755 (2015).

H. Grauert and R. Remmert, Analytische Stellenalgebren (Grundlehren Math. Wiss., Vol. 176), Springer, Berlin

(1971).

R. Gunning and H. Rossi, Analytic Functions of Several Complex Variables, Prentice-Hall, New York (1965).

J.-P. Serre, Lie Algebras and Lie Groups (Lect. Notes Math., Vol. 1500), Springer, Berlin (1992).

N. Bourbaki, Algebre, Hermann, Paris (1962).

L. V. Ovsyannikov, Group Analysis of Differential Equations [in Russian]|, Nauka, Moscow (1978).

A. M. Vinogradov and I. S. Krasil’schik, eds., Symmetries and Conservation Laws of Equations of Mathematical

Physics [in Russian], Faktorial, Moscow (1997).

V. K. Andreev, O. V. Kaptsov, V. V. Pukhnachov, and A. A. Rodionov, Applications of Group-Theoretical

Methods in Hydrodynamics, Springer, Amsterdam (2010).

N. Bourbaki, General Topology, Springer, Berlin (1998).

A. 1. Belousov and S. B. Tkachev, Discrete Mathematics [in Russian], Bauman Moscow State Technical Univ.,

Moscow (2004).

J. F. Ritt, Differential Algebra, Dover, New York (1966).

D. Mumford, The Red Book of Varieties and Schemes (Lect. Notes Math., Vol. 1358), Springer, Berlin (1999).

C.-S. Yih, Stratified Flows, Acad. Press, New York (1980).

Yu. V. Shan’ko, Vychisl. Tekhnol., 6, No. 5, 106-117 (2001).

M. Golubitsky and V. Guillemin, Stable Mappings and Their Singularities (Grad. Texts Math., Vol. 14), Springer,

New York (1973).

. V. A. Dorodnitsyn, J. Soviet Math., 55, 1490-1517 (1991).

1608



	Algebraic and geometric structures of analytic partial differential equations
	Abstract
	1. Introduction
	2. The algebra of convergent power series and analytic functions
	3. Derivations and local systems
	4. Manifolds generated by systems
	5. Conclusion
	References


		2016-11-28T12:30:47+0300
	Preflight Ticket Signature




