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QUANTUM MECHANICAL MODEL IN GRAVITY THEORY

V. V. Losyakov*

We consider a model of a real massive scalar field defined as homogeneous on a d-dimensional sphere
such that the sphere radius, time scale, and scalar field are related by the equations of the general theory
of relativity. We quantize this system with three degrees of freedom, define the observables, and find
dynamical mean values of observables in the regime where the scalar field mass is much less than the
Planck mass.
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1. Introduction

General relativity (the theory of gravity) and quantum theory were formulated almost simultaneously
historically. While the first was recognized as the pinnacle of classical physics, the second demanded a
major reconsideration of the foundations of classical theory.

The evolution of quantum theory despite the arising mathematical difficulties was astonishingly impres-
sive: the positron prediction, calculation and experimental verification of radiative corrections, advances in
condensed matter physics, atomic spectroscopy, etc. We here note that the mathematical formulation of
quantum mechanics as a quantum theory with a finite number of degrees of freedom was established after
von Neumann’s works [1]. Under reasonable assumptions, it turned out that all representations of canonical
commutation relations in quantum mechanics are unitarily equivalent. The situation in quantum field the-
ory, the quantum theory with an infinite number of degrees of freedom, differs drastically. Emch wrote [2]
that the von Neumann uniqueness theorem does not admit a generalization to quantum field theory: it was
incontrovertibly proved that nonequivalent representations not only existed but also seemed so numerous
that they literally overwhelmed physicists. Attempts to construct a mathematically rigorous formulation of
a physically meaningful field theory containing interactions are still not crowned with success. As a result,
physicists obtained an S-matrix formulation of quantum field theory, which allow computing the scattering
cross sections of particles in the perturbation theory framework (see, e.g., [3]). The main achievement of
this theory is that the calculated results are beautifully confirmed by experimental data. This primarily
relates to the electroweak interaction.

The gravitational interaction is also weak on the elementary particle level, but the point is that it is
too weak. In our opinion, from the standpoint of a reasonable person, for example, an experimentalist,
taking quantum corrections caused by the gravitation field into account in scattering processes is the same
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as studying the Lamb shift before the experimental discovery of electromagnetic waves. In 1969, Dirac
wrote that there is no experimental data for quantization of the gravitational field (p. 321 in Russian [4]).
Very little has changed in that sense since then. Of course, this could not stop theoreticians, but they also
encountered principal difficulties in this path: in contrast to the theory of electroweak (and also strong)
interactions, the gravity theory turned out to be nonrenormalizable in the framework of the S-matrix
approach.

Theoretical works on the quantization of gravity can be very conditionally divided into three directions:

1. a formal quantization of gravity as a gauge theory with first-class constraints outside the perturbation
theory framework with all unsolved problems typical for any quantum field theory with interactions
(see the monograph by Gitman and Tyutin [5]),

2. a generalization of the theory of gravity on the classical level aiming to ameliorate the ultraviolet
behavior in the S-matrix approach (supergravity [6]), and

3. a quantization of gravity outside the framework of quantum field theory (the brightest theory in this
direction, in our view, is string theory, initially formulated unrelated to gravity theory and decisively
influencing modern theoretical and mathematical physics [7], [8]; Polyakov [9] wrote, “The unique
feature of critical strings is that they describe gravitons”).

Unfortunately or fortunately, physics is still physics: no experiment, no good theory.

But a small loophole exists (tested in constructing quantum theory). If there is no real experiment,
sometimes a thought experiment is possible. Gravity must be amplified. From general considerations, we
can assume that the role of quantum gravity is substantial at the beginning of our world or near a black
hole (Hawking radiation). But it is interesting that in these thought experiments, the dependence on time
is essential: the process is nonstationary. This does not in any way fit into the picture of the S-matrix
approach, where the initial state is given in the infinitely remote past and the scattering result is observed
in the infinitely remote future. And quantum mechanics is ideally suited to this.

Therefore, to obtain at least some kind of reliable information about the quantum properties of gravity,
we attempt to consistently reduce the classical general relativity theory to a system with a finite number of
degrees of freedom, quantize it, define the observables, and study the resulting quantum mechanical model
with no regrets regarding unsolved quantum field theory problems.

2. Notation and definitions

The metric tensor g,., u,v = 0,1,...,d, defines the invariant distance in the space-time (the metric
tensor signature is (—,+,...,+)):
ds?® = G dzt dz” .

The Christoffel symbols (connection) can be written as

1
F,u,z/)\ = D) (akg,ul/ + &/QMA - 8#91/))7 Ffj)\ = g#gFg,l/)\a

where ¢g"”g,» = 65. The Riemann curvature tensor, the Ricci tensor, and the scalar curvature have the
forms

o o A v
Rl)\tug = 8’/Fig - 891—‘&1/ + FﬁoFAg - FZUFAw RIW = R,qu R= g,u R,ul/-

For the Einstein action in the case of gravitation with a A-term (A = m3), we have the expression

1

Sg:4

mdp_l/dde V—g(R —2m3), (1)
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where mp is the Planck mass, g = det g,,,,, and %"z = dxg da - - - dag.
Below, we see that the simplest quantum mechanical model can be constructed if we add matter to it.
We also choose the simplest matter, a real massive (mass m) scalar field ¢. The corresponding action has

the form .

Su=y [ @12 V=glg" 0,606+ m6?) )

and the equations of motion are

_ 1
mi~! [RW N QRgl“’ +m3guw | = 2T,
X (3)
Tuu = u¢ 8V¢ - 2guu(g)\a 8)\¢ aa(b + m2¢2)7
b Buv—gg" 0,6 - m?6 =0, (4)
V-9 "
3. Model
We consider the space—time with the metric
d i—1
ds® = —e2(t) dt* + a*(t) Z do? H sin 0y, (5)
i=1 k=1
where 0 < 0, <m, i=1,...,d—1,0 < 04 < 27, d is the dimension of the space (not necessarily three),

—00 < t < o0 is time, and a(t) > 0 and e(t) > 0 are the physical variables determining the considered
space-time. The topology of such a space-time is S% x R!. It coincides with the topology of the de Sitter
space—time. This metric is also known as the metric of a closed isotropic model [10].

The metric tensor g, is diagonal:

i—1

goo = —€*(t), gir. = 0ipa’(t) H sin?0,, = da’gi, i, k=1,...,d,
m=1
1 ; 1
9002—2, g =i y » Lk=1,....d
e a?g;

The Ricci tensor can be written as

Roo= —d" +d°%, Ry =0,
a ea

. (6)
Rix = Sik 9; <ad+ (d—1)a® 4+ (d — 1) — ead),
e e
and the scalar curvature is
r= 2 |20+ (d—1)a*+ (d—1)e* — 204
 e2q? e |
We also consider the model matter (the field is homogeneous on the surface of the sphere). Let
o(t,z) = ¢(t). (7)
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After substituting Ricci tensor (6) and scalar field constraint (7) in Einstein’s equation (3) and scalar
field equation (4), we obtain

a1 [d(d -1

p=v=0: mp 042 (a® + %) — miez] = ¢% + m?e?¢?,

i -9 . .
p=i,v=Fk: mi"’ {(d—1)<z + 02 (a* + e?) — ZZ) —mieQ] = —¢* + m?e*¢?,
(5—|—<d2—2)(i5—|—m262¢=0.

It is hence immediately obvious that this reduction is consistent. Indeed, the considered model is charac-
terized by the three variables a(t), e(t), and ¢(t), which are obtained from solutions of three equations.
Moreover, Einstein’s equations are covariant under the general coordinate transformations

at — XH = XH(x),

oz Ox”

gl“’(x) I GHV(X) = aX“ 8X1/

o), ¢(x) — &(X) = ().

This leads us to the fact that in the total (d+1)(d+2)/241 equations of motion, there are d+1 fewer
independent equations, which reflects the gauge nature of gravity theory. We can verify that this property
is preserved in the reduced model. The third equation of motion follows from the first and last equations,
and all the equations of motion are covariant under a time rescaling:
t— T = f(t),
e(t) (8)
at) — A(T) =af(t),  e(t) — E(T)= i) ¢(t) — &(T) = (1)

The above equations of motion can be obtained from the principle of least action by substituting
metric (5) in action (1).
The determinant of the metric tensor has the form

d d
g =det gy = —e2q%d H sin2(@=m) [ V=g = ea’ H sin®="0,,,.
m=1 m=1

We define the element of the d-dimensional solid angle and the complete solid angle:

271_(d+1)/2

d
A = [[ dbomsin® " 0,,,  Qq= :
4l L((d+1)/2)

Substituting, we obtain

1 4 b a? e md 10,
Sg= ,mp 1Qd/t dt a® [—d(d— 1)(m2 + a2) —2m§e} + F 7 dpat

Similarly, using (7), we find the matter action:
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We bring the model variables to the dimensionless form. For this, we introduce the two dimensionless
parameters

. \/d(d— 1) m = dd=1)m} (Qdm§>2/d.

2 my’ 2 m} \ mpm
We measure time in units inverse to the scalar field mass, ¢ — ¢/m, and define the new variables

_ Qam3 e o m _(d-1)/2
at)= () meal), Q@)= " mp T o),

Hence, the complete action of the considered model has the form
R NV ¢
_ dt o 2 2 -~ 29 _
s—y [fa (@ -wl) —e(@ o= ) o)

where ¢(t), Q(t), and e(t) are model variables and p and ( are its parameters. The equations of motion
corresponding to this action coincide with the previously obtained equations of motion. Moreover, this
action is invariant under time reparameterization (8).

4. Generalized Hamiltonian form of the model

The Lagrangian of the model has the form

. . .2
£(Q.0.¢) = ;qd[i(w —u232> —e(Q2+1— qi)] Q- (4,Q).

A feature of the theory is that the Lagrangian is independent of é and its Hessian is equal to zero. The
generalized Hamiltonian approach to such theories was introduced by Dirac [11] and considered in detail
by Gitman and Tyutin [5].

If we define the generalized momenta P = (p, P) as

then we can obtain the equations of motion of the model by varying the action in the generalized Hamiltonian

form
te

S= [ dt[PQ— \p(P,Q), (10)

ty

and in our case, there is the constraint
1 1 1 ¢
_ p2_ 2,2 0241 —
(P, Q) 21 < 24P +,a0 @7 2
with the Lagrange multiplier A = ¢ and the canonical Hamiltonian

H(P,Q,e) = PQ— L(Q,Q,€)|g_f(p.o. = 2o(P,Q),

proportional to the constraint and vanishing on it. It can be shown that this type of action in the generalized
Hamiltonian dynamics fixes the considered model as a gauge theory with a primary first-class constraint.
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The Hamiltonian equations of motion have the forms

oS . 0p(P,Q) oS . 0p(P,Q) _

5q—p+e 9g =0, 5p—q e ap =0,

6S dp(P,Q) 68 _ o 9p(P,Q) _ B
5Q_P+e 8@ _07 5P_Q € aP _07 QO(,P7Q)_O'

From the condition for preserving the constraint with time without using the vanishing of the corresponding
variational derivatives in the equations of motion, we can obtain

oS qu_Q 05 0p(P, Q) n 05 dp(P, Q) n 05 9p(P, Q)
s¢g " p lop ag 5Q 9P P 90

Hence, there is no need at all to consider the equation §5/dg = 0. The number of independent equations of
motion is one less than the number of determinable variables. For the solution of the classical equations of
motion to be unique, we must fix one of the variables (or a function of it) by imposing a gauge condition
that completely eliminates the arbitrariness. This must be done consistently. To choose the gauge class,
we propose the gauge!

q=-e. (11)

At the same time, we have the previously imposed conditions ¢ > 0, —oo < t < co. But that is not the
point. In this case, the equation §5S/Jp = 0 uniquely determines the Lagrange multiplier

pld=1)t

e=—u’ p (12)

and from the constraint equation (P, Q) = 0, we find the momentum conjugate to the coordinate g,

p= —ue’t\/Pz—i—e?dt(CP—i— 1 — e 2). (13)

The sign of the square root in the constraint solution is chosen to satisfy the condition e > 0 (see (12)).
As a result, there are two equations §5/Q = 0 and §S/dP = 0, which become

Q
\/pz + eth(QZ +1-— <6—2t)7

P

P= —uez‘# .
\/pz + e2dt(Q2 41— Ce—Qt)

Q= (14)
These equations of motion are Hamiltonian. The classical dynamics (not generalized and simply Hamil-
tonian) occur in the phase space —oo < P,Q < oo without any constraints and are determined by the

physical Hamiltonian
Honys = /P2 + 200(Q2 1 — (o), (15)

We note that according to the “canonical” procedure [5], gauge condition (11) and the primary first-
class constraint ¢(P, Q) = 0 form a secondary second-class constraint. Further, we should perform the
canonical transformation

P,p;Q.q — P,p;Q,q— €.

Such a time-dependent canonical transformation implies that the canonical Hamiltonian, vanishing on the
equations of motion, maps to Hpnys, and the Dirac brackets for the variables P and @ become ordinary
Poisson brackets.

IWe could also choose other gauge classes, Q = f(t) for example. In that case, the physical variables would be ¢ and p,
and it would already be another model.
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5. Quantizing the model

The canonical variables P and () are independent and defined on the entire phase plane. Quantization
means that we define two self-adjoint operators P and @ (it is possible in this situation) and impose
canonical commutation relations on them,

QP - PO = (0P~

We construct the Hamiltonian ﬁphys. For this, we use the spectral theorem and its corollaries (see [12]).

Let h be a self-adjoint operator acting on a Hilbert space H. Let h have a pure point spectrum Ay,
i.e., the eigenvectors |¢n) of this operator form a basis of H. The operator h can then be represented in
the form of a linear combination of projectors,

h=Y Anlon)(onl,
N

and its domain consists of those vectors |¢) € H for which

> A lon|e))? < oo
N

If there is a classical observable f(h), then the corresponding observable f (h) in quantum mechanics is
defined as

f(h) = Z fOWN)|on){(Pn],
N

and if the function f()) is real-valued, then the operator f(h) is self-adjoint.
In the considered case,

Hpnys = f(h) = M\/hv h=P?+ 62dt(C§2 +1—¢e ).

The self-adjoint operator iz, up to the coefficient 1/2; is the Hamiltonian of the harmonic oscillator with

4t Tts eigenstates |¢x(t)) and eigenvalues Ay (t) can be

a unit weight and a frequency equal to w(t) = e
found from the equation h|¢n (£)) = An (£)|én (£)) (time plays the role of a parameter in this problem) and
are well known.

We introduce the creation and annihilation operators

it (1) = ;2 (e U2P +iet2Q),  a(t) = ;2 (= 0/2P — jett/2),
and then
ox(O) = 5 @O ), Al = eHEN 1)+ ), N =01

where |¢o(t)) is the solution of the equation a(t)|¢o(t)) = 0.
We can now define the physical Hamiltonian

Hgngs = p D7 /(2N +1) + €241(1 = Ce=21) o (1) (o (1)) (16)

N=0
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For the physical Hamiltonian to be self-adjoint, it is necessary and sufficient that the condition
14+e®(1—¢e ) >0

be satisfied. If we now require that the considered problem be well defined for any times (—oo < ¢t < 00),
then it is necessary to impose the condition

(d _ 2)2/d—1

(<d L, . d>2, (17)

on the problem parameters.?
A given model state |®¢) in the domain of Hppys(to) evolves according to the Schrédinger equation®

P 1(0) = Fpga @0, [9(10)) = |0).
If we use the expansion
2(1) = 3 en(®lon (), (18)
N=0

then we write a system of differential recurrence relations for the expansion coefficients ¢y (t):

én (t) +ipy/ A (t)en (t) = id(\/(N + 2)(N + Denya(t) —
—V/N(N = 1)ex_o(t), N=0,1,....
6. Model observables

Which model properties are interesting? First of all, both the geometry of the space-time obtained
in the process of the evolution of the initial state and the state of matter in this space-time are interest-
ing. Therefore, to begin, we restrict ourself to such observables: the metric of the model space-time and
the stress—energy tensor of the scalar field. To find a quantum observable, we must define the classical
observable.

The metric in the model is determined by the scale factor a(t) and the metric tensor component
2
goo = —€=:

eth

I _ 2
CT et TOT TR pry a2 41 - cem2t)”

The stress—energy tensor of the scalar field is given by (see (3))

—dt —dt
1= =" (e P Q) Ti=a, (MR- etQY),  Ty=0,
QQd 2Qd

and the quantum mechanical observables are

~ t - 1

doo = —p’e” Nz::o |¢N(t)>2N 14 edt(1 — Ce—2t) (on (t)], (19)
- me = ~i , me~

I = -5, @O0 +a®a*®),  Ti=d ), (@) +@0)?) (20)

2The condition that e is finite transforms this relation into a strict inequality.
3The one-parameter family of the Hamiltonian Hypys(t) has a common domain.
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In the selected gauge class, the scale factor is a parameter. Moreover, because the scale factor is invariant

under reparameterization transformations (8), the time ¢ should be expressed in terms of the invariant scale

factor a after all the calculations.

Knowing the expansion coefficients ¢y (t) for the state |®(t)) (see (18)) allows easily calculating the

mean values of the observables in this state:

_ A o aN en(t)en (1)
gonl) = (Ol0uol @) == D vy gy — ey
N me—dt X
TR = @OITIR(0) = =, DN +Den(Ben(?),
N=0
me—dt

T(0)5} = (@OIT{R) = 0} ", >0 VNN = Dlen(Blen—2(t) + en-alt)en (1).
N=2

7. Calculations in the regime m < mp

From relation (17), we can obtain the restriction

< ) \/ 4 (m\ee
S 1d = 1)gv@-2V d— 2\ mp ’ ’

and we can therefore assume that 4 — 0 if m < mp. And because the physical Hamiltonian ﬁphys

is proportional to that small parameter, a given initial state |®¢) remains almost unchanged in some

sufficiently large* interval after the initial instant t.
Let the initial state be the vacuum state. Then we have

|@(t)) = |®o) = [¢o(t0))s a(to)|¢o(to)) = 0.

(21)

This state should now be expanded in the basis |¢n(t)) to determine the coefficients ¢y (t) and calculate

the mean values of the observables as functions of the scale factor a.
Omitting the intermediate calculations, we present the answers. The expansion coefficients are

(-1)N/(2N)! cont,N d(t — o)

= . e t)=0, N=0,1,....
9N N1 /cosh(d(t — to)/2) 2 2n+1(1)

CoN
The strength—energy tensor (see Fig. 1) is

o= ()] o= ()]

and the quantum component of the metric tensor® (see Fig. 2) is

dd—=1) 44 ap @2 [P duyf@-t

a)=— mmy " a ,
goo(a) 4 P00 d ag 0 \/1 — uz(a)
1 1 d—1 d— ad - ag
Ba) = [ 1+ g, o a2 emda? —ala = )|, sf) = 2,

(23)

4If the initial state is not strongly excited, then this approximation works roughly when the dimensionless scale factor

0<q<(d/p)/*>1.
5Let F(a, 3;7 | 2) be the Gauss hypergeometric function. Then
L oduuft 1

1
= F ;
0 \/1—z2u ﬁ (27ﬁ1ﬁ+1

).

726



— 0.2+

—0.4 7

— 0.6 A

— 0.8 +

— 1.0 1

_~—

2.5

3.0 a/ao

Fig. 1. Plots of 7§ (continuous curve) and 7' (dashed curve) depending on the scale factor: the unit

of measurement of the components T}/ is m/(2ad€) and d = 3.
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730.
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— 80 A4

a/ag

Fig. 2. Plots of goo depending on the scale factor (in the units ,u2): the continuous curve is { = 1.8,
the dashed curve is ¢ = 1.5, and the dotted curve is ( = 1, d = 3, and go = 1/16.

where ag is the initial scale factor.

We do not analyze the obtained formulas in detail.

Our purpose here is to construct a quantum

mechanical model in the framework of general relativity, and these formulas merely illustrate its capabilities.

We only note the asymptotic behavior of the solutions.

First, we define the energy density ¢ = —7¢ and pressure pd* = TF. The equation of state of matter
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at the initial instant € = €(ag), p(ag) = 0 then reaches its asymptotic value (a > ao)

és(ao). (24)

E = —p =

Second, we consider a classical analogue of the solutions. At the initial instant, we define the state of

the field with an energy minimum (an analogue of the vacuum state) as ¢(to) = ¢(to) = 0. The solution

of the classical equations of motion in the proper time 7 [10] is then well known. It is the de Sitter metric,
and the scalar field remains unexcited:

9 2m§
o) =0 o) =1, a(r)=a(m)coshras(T—m0),  RKis= 40"

The asymptotic form of this solution as 7 — oo is
a(r) =25 erasT,

In the considered model, we can easily find the asymptotic mean value ggg:

. d(d — m

doola) <=2 — U1 6 (mpag)@-D/2 \/
2 mp’

If we now pass to the proper time in this metric, then the law of growth of the scale factor is also exponential

(de Sitter metric), but the exponent is very different:

r—00 4e(ag) m
VEdASKEQT 2 _ _
alr) ‘ CRT et T T g0 00

(25)
where e(ag) is the energy density of the zero-point oscillation at the initial instant. Moreover, this growth
indicator depends on the initial scale factor ag, the value of which is not among the initial parameters of
the Lagrangian in the classical theory. It is determined by the initial quantum state, which is the vacuum
state only at the initial instant (a feature of a nonstationary problem). What then “swings” the scale
factor differently in quantum theory? The answer is quite obvious: the zero-point oscillations, which are
responsible for matter in the considered model. We also note that the “seed” A term (defined by r3)
interacts with the quantum 2 not by the rule of the arithmetic mean (i.e., addition) but by the rule of the
geometric mean (multiplication with taking the square root), which indicates a significant mutual influence
of gravity and matter in this model.
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