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Abstract—The article considers the attitude stability of synchronous rotation and the most significant relativ-
istic effects in the rotational dynamics of the inner satellites of Jupiter: Metis (J16), Adrastea (J15), Amalthea
(J5), and Thebe (J14). It is established that the plane synchronous rotation of all inner satellites of Jupiter for
the most probable values of the parameters of their shapes is stable with respect to tilting the axis of rotation.
For the first time, the most significant secular, periodic, and mixed terms of the geodetic rotation of the inner
satellites of Jupiter in the Euler angles relative to their own coordinate systems and in the angles of their rota-
tion with respect to the fixed equator of the Earth and the vernal equinox (for the J2000.0 epoch) are deter-
mined. It is shown that there are objects in the Solar System with significant geodetic rotation caused primar-
ily by their proximity to the perturbing central body rather than its mass. In particular, the value of the geo-
detic precession of the inner satellites of Jupiter (for which Jupiter is a less massive perturbing central body
than the Sun) is 105 times greater than that of Jupiter rotating around its more massive central body (the Sun)
and comparable with their precession in Newton approximation.
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INTRODUCTION
The inner satellites of Jupiter (Amalthea group)

include Amalthea (J5), Thebe (J14), Adrastea (J15),
and Metis (J16). The first of this group of satellites,
Amalthea, was discovered in 1892 by E. Barnard by
visual observation. In 1979, the first detailed images of
Amalthea were obtained using the interplanetary
spacecraft Voyager-1. The images showed (Smith
et al., 1979a) that it has a very elongated (irregular)
shape and is in the synchronous rotation mode. Three
other small inner satellites of Jupiter were discovered
in the same year from the analysis of images obtained
by the Voyager-2 spacecraft (Smith et al., 1979b).
Later, Thomas et al. (1998) determined the shape,
color, and reflecting properties of the surfaces of these
satellites based on the images of Metis, Amalthea, and
Thebe obtained in 1997 by the Galileo spacecraft and
found that all the satellites are in the synchronous rota-
tion mode. In the case of Adrastea, only estimates of its size
were obtained (mean radius of the object is R ≈ 8.2 km).
Observations of Metis and Adrastea made by the Cas-
sini spacecraft in 2000–2001 made it possible to spec-
ify parameters of their orbits (Porco et al., 2003).

Theoretical studies show (see, e.g., (Peale, 1977,
1999; Goldreich and Peale, 1966)) that the most prob-
able final mode of the long-term tidal evolution of the
satellite rotational motion is its rotation synchronous

with the orbital motion. In this final mode, the rota-
tion axis of the satellite coincides with the smallest axis
of the figure of the satellite (the axis of the largest
moment of inertia) and is orthogonal to the orbit
plane, being the so-called plane rotation of the satel-
lite. In the case of the plane rotation of the satellite in
the exact synchronous spin-orbital resonance, the
longest axis of the figure of the satellite in the pericen-
ter of its orbit is parallel to the radius-vector “satellite
mass center–planet,” and when moving in orbit, it is
oriented toward the planet and experiences librations
(particularly due to the eccentricity of the orbit, see,
e.g., (Beletskii, 1965)).

The vast majority of satellites of the planets of the
Solar System, for which the rotation mode was found
from the analysis of observations, are in synchronous
rotation. Amalthea’s synchronous rotation mode was
established by Smith et al. (1979a) from the analysis of
data from the Voyager-1 spacecraft. It was also noted
that the longest axis of the Amalthea’s figure during its
orbital motion is oriented toward Jupiter. Thomas
et al. (1998) analyzed the images obtained by the Galileo
spacecraft and found that Metis, Amalthea, and
Thebe were in the plane synchronous rotation mode.
The longest axis of the figure of each of the listed sat-
ellites (figures of the satellites were approximated by
three-axis ellipsoids with homogeneous density) is
47
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directed to Jupiter, and its orientation experiences
librations with an amplitude not exceeding 5 degrees
of arc. The low resolution of images obtained by Gali-
leo made it impossible to draw any conclusion about
Adrastea’s rotation mode. However, Thomas et al.
(1998) believed that Adrastea is captured in a synchro-
nous spin-orbital resonance. This is indicated by the
theoretical assessment of the timescale for tidal
despinning of the initially rapid satellite rotation to the
synchronous rotation (see (Peale, 1977, 1999)).
According to Peale (1999), timescale for tidal despin-
ning for the inner satellites of Jupiter are several thou-
sand years, i.e., all satellites completed their tidal rota-
tional evolution and should be captured in the syn-
chronous resonance, if the rotation in it is stable.
Study of the stability of the plane synchronous rota-
tion of the inner satellites of Jupiter is important
because of the fact that there are various perturbing
factors in the rotational dynamics of these satellites.
For example, the presence of large craters on the sur-
faces of Amalthea and Thebe (Thomas et al., 1998)
indicates that the satellites collided with massive
objects. The collision, in addition to affecting the
shape of the satellite, can lead to changes in its orienta-
tion in space and rotational speed; a satellite in an
unstable plane synchronous rotation can be captured in
another spin-orbiting resonance or go into the chaotic
rotation mode (Wisdom, 1987).

Since Jupiter is the second largest object by mass in
the Solar System, we should expect that it will cause
relativistic perturbations in the dynamics of bodies
close to it. The most significant relativistic effects in
the rotation of celestial bodies are the effects of geo-
detic precession and nutation, together constituting
the geodetic rotation. The effect of geodetic preces-
sion, first considered in 1916 by de Sitter (1916), is a
systematic change in the direction of the axis of rota-
tion of the celestial body as a result of the parallel
transfer of the angular momentum vector of the body
along its orbit in curved space-time. The effect of geo-
detic nutation introduced in 1991 by Fukushima
(1991) is a periodic change in the direction of the
celestial body’s rotation axis, which occurs for the
same reason as the geodetic precession.

The systematic or secular change can be repre-
sented as a polynomial in the degree of time:

where t is the time,  are coefficients of the secular
terms, and N is the degree of the approximating poly-
nomial.

In celestial mechanics, the nutation motion of the
body’s axis of rotation is traditionally called periodic,
although it can be described by both periodic Fourier
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series or, in addition, by mixed Poisson time series
(see, e.g., (Woolard, 1963; Abalakin, 1979; Brumberg
and Bretagnon, 2000)). This article is no exception. In
it, the effect of geodetic nutation is presented as a sum
of periodic Fourier terms and mixed Poisson time
series (which will be referred to in the article as periodic
and mixed terms):

where t is the time; the summation index j determines
the number of summed terms; ,  are the
coefficients of periodic terms and time-mixed Poisson
terms; ,  are the phases and frequencies of the
body under study; and M is the approximation param-
eter.

Note that in this article, where it is not specifically
mentioned, the term value of geodetic precession means
the value of its rate.

Theoretical estimates of the value of the geodetic
precession of two Jovian satellites, Io (J1) and Metis
(J16), were obtained in Biscani and Carloni (2015). A
simplified model of satellite rotation was considered,
namely it was assumed that the satellites are homoge-
neous spheres, and the reference planes were chosen
perpendicular to the axis of rotation of the planet.
Mel’nikov et al. (2019) considered the rotation
dynamics of a number of small satellites of the planets
of the Solar System, with established rotation param-
eters. In particular, it was found that the value of the
geodetic precession of one of the nearest Jovian satel-
lites, Amalthea, was 50 times higher than the value of
the geodetic precession of Mercury. According to
(Pashkevich, 2016), Mercury has the largest geodetic
precession among the planets of the Solar System
because it is the nearest planet to the Sun (the most
massive body of the Solar System). Therefore, the rel-
ativistic effects in the rotation of the nearest Jupiter’s
satellites of the Amalthea group should be studied in
more detail.

The objectives of this study were to investigate the
character of the attitude stability of synchronous rota-
tion and determine the most significant secular and
periodic terms of the geodetic rotation of the inner sat-
ellites of Jupiter: Metis, Adrastea, Amalthea, and
Thebe (satellites are listed in ascending order of dis-
tance from Jupiter). The methods developed by
Mel’nikov and Shevchenko (2000, 2007) were used to
study the rotation stability of the satellites. Secular and
periodic terms of the geodetic rotation of satellites
were calculated using the method for studying the geo-
detic rotation of any bodies of the Solar System (Pash-
kevich, 2016) with long-time ephemerides.

=
Δ = Δ ν + ν

+ Δ ν + ν

II 0 1
0

0 1

( cos( )

sin( )) ,

M

Cjk j j
j k

k
Sjk j j

x x t

x t t

Δ Sjkx Δ Cjkx

ν 0j ν 1j
SOLAR SYSTEM RESEARCH  Vol. 55  No. 1  2021



ROTATIONAL DYNAMICS OF THE INNER SATELLITES 49

Table 1. Orbital and physical parameters of the inner satellites of Jupiter: Data from (Thomas et al., 1998; Burns et al.,
2003; Porco et al., 2003)

Metis (J16) Adrastea (J15) Amalthea (J5) Thebe (J14)

as, km 128000 129 000 181400 221900

e 0.0002 0.0015 0.0031 0.0177

a × b × c, km 30 × 20 × 17 10 × 8 × 7 125 × 73 × 64 58 × 49 × 42

ω0 1.0742 0.8115 1.2141 0.7079
ATTITUDE STABILITY OF PLANE 
SYNCHRONOUS ROTATION

The dynamics of the plane (in the plane of orbit)
rotational motion of the satellite in the gravitational
field of the planet can be described within the model
of the perturbed mathematical pendulum. Next, we
assume that the axis of rotation of the satellite coin-
cides with the smallest axis of the figure of the satellite
and is orthogonal to the plane of orbit. Let us define
the angle ϕ as the angle between the apsidal line and
the longest axis of the figure of the satellite, then the
angle ϕ – f, where f is the true anomaly, will represent
the angle between the longest axis of the figure of the
satellite and the direction to the planet. The equation
of plane translational–rotational motion of the satel-
lite is as follows (Goldreich and Peale, 1966; Wisdom,
1987):

(1)

where the parameter  char-
acterizes the asymmetry of the figure of the satellite,
a > b > c are the main axes of inertia of the triaxial ellip-
soid with homogeneous density which approximates the
figure of the satellite;  is the
“planet–satellite” distance, e is the eccentricity of the
orbit of the satellite, and as is the semimajor axis of the
orbit. According to (1), the dynamics of the plane
rotational motion of the satellite are determined by the
value of the eccentricity of the orbit e and the value of
the parameter ω0. Then, we assume as = 1 and GM = 1,
where G is the universal gravitational constant, and M
is the mass of the planet. Therefore, one orbital period
of the satellite corresponds to 2π units of time.

At certain values of e and ω0, the equation of the
planar rotational motion of the satellite has two stable
odd 2π-periodic solutions (Torzhevskii et al., 1964),
i.e., there are two modes of synchronous resonance in
the phase space of the plane rotational motion of the
satellite. One corresponds to a synchronous α-reso-
nance and the other to a synchronous β-resonance.
The above terminology was used in (Mel’nikov and
Shevchenko, 2000, 2007).
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Mel’nikov and Shevchenko (2000, 2007) studied
the rotational dynamics of small satellites of the plan-
ets of the Solar System and found that several modes
of synchronous resonance exist simultaneously in the
phase space of the plane rotational motion of a num-
ber of satellites, in particular, in the case of Amalthea.
In the course of the tidal evolution of rotational
motion, Amalthea can be captured in one of the syn-
chronous resonance modes if the plane rotation in it is
Lyapunov stable with respect to tilting the axis of rota-
tion of the satellite to the plane of orbit. If the plane
synchronous rotation of the satellite is unstable, the
satellite can go into chaotic “tumbling” mode (Wis-
dom, 1987) in the presence of perturbations (e.g., a
collision/close rapprochement with other bodies) lead-
ing to a shift in the rotation axis from normal. The
study of the stability of the Amalthea rotational
dynamics showed (Mel’nikov and Shevchenko, 2000)
that the synchronous α-resonance is unstable and the
synchronous β-resonance is stable, i.e., Amalthea is
currently captured in the synchronous β-resonance.
This is confirmed by the small (<5°) amplitude of the
observed librations (Thomas et al., 1998) of the orien-
tation of the longest axis of the Amalthea figure with
respect to the direction to Jupiter during its orbital
motion. If Amalthea were in the synchronous α-reso-
nance, the amplitude of the librations could reach 30°.

In the cases of Metis and Thebe, the amplitudes of
observed librations (Thomas et al., 1998) are also
small, and their periods coincide with the periods of
the satellite orbital motion. Low resolution of Galileo
satellite images made it impossible to detect librations
of the figure orientation for Adrastea. It should be
noted that determination of the amplitude of librations
by analyzing observational data obtained from interplan-
etary spacecraft makes it possible to specify dynamic
parameters of satellites, in particular the values of
moments of inertia (see, e.g., Tiscareno et al., 2009).

Next, let us consider the attitude stability of the
plane synchronous rotation for Metis, Adrastea, and
Thebe. We use methods and algorithms developed by
Mel’nikov and Shevchenko (2000, 2007) to study the
attitude stability of the plane rotation of satellites.
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Fig. 1. Regions of stability (light) and instability (dark) relative to the slope of the satellite’s axis of rotation in the center of the
synchronous α-resonance: the left panel, e = 0.0015, ω0 = 0.8115 (Adrastea) and, the right panel, –e = 0.0177, ω0 = 0.71079
(Thebe). Satellite positions are indicated by points with error bars. Dashed horizontal lines correspond to the values of ω0 given
on the right.
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Table 1 shows the values of orbital and physical
parameters of the inner satellites of Jupiter used in sta-
bility analysis. According to (Mel’nikov and
Shevchenko, 2007), for the parameter values pre-
sented in Table 1, in the cases of Adrastea and Thebe,
there is only a synchronous α-resonance, and in the
case of Metis and Amalthea, there is a synchronous α-
resonance and a synchronous β-resonance.

The stability analysis of the Lyapunov plane syn-
chronous rotation for Metis, Adrastea, and Thebe was
carried out using numerical integration of differential
equations describing the spatial rotation of the satellite
(see (Mel’nikov and Shevchenko, 2000, 2007)) and
the computation of the Lyapunov characteristic expo-
nent (LCE) for a set of all possible values of the
parameters of the satellite figures (c/b, b/a) and the
fixed value of e.

LCEs represent the average rate of exponential
divergence of close (in terms of initial conditions)
phase space trajectories of a dynamic system (for more
details about LCE, see, e.g., (Lichtenberg and Lieber-
man, 1984)). The Hamiltonian system with N degrees
of freedom has 2N Lyapunov exponents: Li ≥ Li + 1, i =
1, …, 2N – 1, which form symmetrical pairs: Lj = –Lj + N,
j = 1, …, N. The nonzero value of the maximum LCE,
L1, indicates chaotic (unstable) motion and zero indi-
cates regular (stable) motion.

LCEs were calculated for phase space trajectories
corresponding to the satellite rotation in exact syn-
chronous resonance. First, coordinates of the syn-
chronous resonance center were determined (sepa-
rately for α-resonance and β-resonance) in the plane
problem of the set of values of the parameter b/a (0, 1]
for the selected value of e at the phase space section
(ϕ, dϕ/dt) determined in the satellite orbit pericenter
(see examples of phase space section for different sat-
ellites in (Wisdom, 1987; Shevchenko, 1999;
Mel’nikov and Shevchenko, 2000, 2007, 2008)). In the
case of the plane rotation of a satellite with homoge-
neous density, these coordinates are determined only

as  and e. Then, LCEs
were calculated for different values of c/b ∈ (0, 1] and
b/a ∈ (0, 1] on a high-resolution grid. The step of the
grid on the plane (c/b, b/a), in the nodes of which the
LCE was calculated, was set to 0.001 on both axes. The
entire LCE spectrum (in our case, N = 3, i.e., there are
six LCEs) was calculated at the integration time inter-
val of 106 orbital periods using the algorithm presented
in (Kouprianov and Shevchenko, 2003). The bound-
aries of stable (the maximal LCE is zero) and unstable
dynamics (the maximal LCE is greater than zero) of
the satellite rotational motion in the exact synchro-
nous resonance were determined on the basis of the
analysis of calculated values of maximal LCE (L1) on
planes (c/b, b/a).

The stability diagrams constructed in this way for
all satellites are presented in Figs. 1 and 2. The analysis
of stability diagrams of Adrastea and Thebe showed
that the rotation of both satellites in the only possible
synchronous α-resonance is stable for the most prob-
able parameters of their figures. The stability diagrams
(see Fig. 1) show that Adrastea and Thebe are far from
the regions with unstable dynamics. According to
Fig. 2, for the most probable parameters of the figure
of Metis, its rotation in the synchronous α-resonance
is unstable (on the stability diagram, Metis is in the

ω = − +2 2
0 3(1 ( ) ) (1 ) )b a b a
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Fig. 2. Regions of stability (light) and instability (dark) relative to the slope of the satellite’s axis of rotation in the center of the
synchronous α-resonance (left) and synchronous β-resonance (right), e = 0.0002, ω0 = 1.1717 (Metis). There is no synchronous
β-resonance in the white region. The position of Metis (J16) is indicated by the point with the error bars. Dashed horizontal lines
correspond to the values of ω0 given on the right.
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region with unstable dynamics) and in the synchro-
nous β-resonance, it is stable.

Therefore, we established that the plane synchro-
nous rotation of all inner satellites of Jupiter is stable
with respect to tilting of the rotation axis to the plane
of orbit. Perturbations in the rotational dynamics of
the considered satellites, such as collision/close rap-
prochement with other bodies and the subsequent
insignificant modification of the satellite shape (ω0 val-
ues) or the value and direction of its angular velocity
vector, will not cause the satellite to leave the plane
synchronous rotation mode. Next, consider the rela-
tivistic effects in the rotational dynamics of the inner
satellites of Jupiter.

RELATIVISTIC EFFECTS IN SATELLITE 
ROTATION

The effects of geodetic rotation of the inner satel-
lites of Jupiter were studied with respect to the kine-
matically nonrotating coordinate system of the studied
bodies (Kopeikin et al., 2011; Archinal et al., 2018).
The positions, velocities, and orbital elements of the
satellites were taken from the Horizons On-Line
SOLAR SYSTEM RESEARCH  Vol. 55  No. 1  2021

Table 2. Time Interval and Step of Research

Satellite Research tim

Metis 400 years (from Dec. 19 AD1799 to
Adrastea 400 years (from Dec. 19, AD1799, t
Amalthea 1000 years (from Feb. 7, AD1600, to
Thebe 400 years (from Dec. 19, AD1799, t
Ephemeris System (Giorgini et al., 2001) at all time
intervals of the ephemerides existence. Table 2 pro-
vides information on the research step and research
time interval. For the Sun, large planets, the Moon
and Pluto, the positions and velocities were calculated
using the fundamental ephemeris JPL DE431/LE431
(Folkner et al., 2014).

Geodetic rotation rates of the inner satellites of
Jupiter were calculated:

(a) In the rotation angles of the satellites 
with respect to the Earth’s fixed equator of the J2000.0
epoch defined in the International Celestial Reference
Frame (ICRF) (Ma et al., 1998), and the points of the
vernal equinox of the J2000.0 epoch.

(b) In the Euler angles (ψ, θ, ϕ) with respect to the
coordinate systems of these satellites (Archinal et al.,
2018), the origin of which coincides with their mass
centers.

The angular velocity vector of the geodetic rotation
for any bodies of the Solar System is determined by the
following formula (Eroshkin and Pashkevich, 2007;
Pashkevich and Eroshkin, 2018):

α δ0 0( , , )W
e interval Step

 Jan. 13, AD2200) 42 min
o Jan. 13, AD2200) 42 min
 Dec. 6, AD2599) 60 min

o Jan. 13, AD2200) 90 min
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Fig. 3. Euler angles (ψ, θ, ϕ) that define the rotation of the Solar System bodies. 
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Here, c is the speed of light in a vacuum; G is the
gravitational constant; the index i corresponds to the
studied bodies (inner satellites of Jupiter) and j corre-
sponds to the perturbing bodies;  are the
barycentric vectors of positions and velocities of the
ith and jth bodies, respectively; mj is the mass of the jth
body; and the symbol × indicates the vector product.
Next, the index i is omitted in formulas. As it can be
seen from formula (2), the value of the vector of the

geodetic rotation of the satellite is , where

 is the mass of the central body (Jupiter),
and  is the distance to it, i.e., it signifi-
cantly depends on the proximity of the satellite to the
central body. In particular, it follows from formula (2)
that the geodetic rotation of the body depends only on
the masses of the perturbing bodies and the distance to
them and does not depend on the mass of the body
itself.

The rates of geodetic rotation of the inner satellites
of Jupiter are determined in Euler angles as follows
(Pashkevich and Vershkov, 2019):

(3)

Here, ψ is the longitude angle of the descending
node of the equator of the body on the J2000.0 epoch
ecliptic; θ is the inclination angle of the body equator
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to the fixed J2000.0 epoch ecliptic; ϕ is the body’s
proper rotation angle between the descending node of
the J2000.0 epoch and the principal axis of the mini-
mum moment of inertia of the body passing through
the point B at the equator of the body rotation (Fig. 3);

 , and  are the
differences between the relativistic and Newtonian
velocities of Euler angles of the investigated body,
respectively; the dot indicates time differentiation;
and σ1, σ2, σ3 are reduced (Pashkevich, 2016) compo-
nents of angular velocity vector (2) of the geodetic rota-
tion of the inner satellites of Jupiter from the geocentric
coordinate system (coordinate system of ephemeris
DE431/LE431) to the planetocentric coordinate system
(Archinal et al., 2018).

The configuration of the angles of rotation of the
bodies of the Solar System (α0, δ0, W) presented in
Fig. 4 is similar to the configuration for the Euler
angles (Fig. 3). Here, α0 is the right ascension of the
body’s north pole of rotation; δ0 is the declination of
the body’s north pole of rotation; W = QB is the angu-
lar distance of the body’s zero meridian measured by
the body’s equator from the fixed Earth equator of the
J2000.0 epoch. The expressions for the rates of geo-
detic rotation of the inner satellites of Jupiter in angles
of their rotation are obtained by replacing the Euler
angles with the corresponding angles of rotation of sat-
ellites (ψ → 270° + α0, θ → 90° – δ0, ϕ → 180° + W)
from expressions (3):

(4)

Δψ = ψ − ψ  r , Δθ = θ − θ  
r Δϕ = ϕ − ϕ  r

σ + σ Δα = δ 
Δδ = −σ + σ 

Δ = σ − Δα δ 




 

1 2
0

0

0 1 2

3 0

sin W cos W
cos

cos W sin W ,
W sin
SOLAR SYSTEM RESEARCH  Vol. 55  No. 1  2021



ROTATIONAL DYNAMICS OF THE INNER SATELLITES 53

Fig. 4. Rotational angles of the Solar System bodies (α0, δ0, W). 
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where  , and
 are the differences in relativistic and

Newtonian rotational speeds of the body under study,
respectively; the dot indicates time differentiation.

The most significant components of the geodetic
rotation rate of the body under study were determined
using the methods of least squares and spectral analy-
sis (Pashkevich, 2016). As a result, the values of coef-
ficients of basic secular, periodic, and mixed terms of
the geodetic rotation rate of the body are calculated.
Expressions describing the speed of geodetic rotation
of the body are presented in the following form:

(5)

where  are the coefficients of secular terms; ,
 are the coefficients of periodic terms and mixed

terms; ;  are the phases and
frequencies of the investigated body, which are the
combinations of the corresponding Delaunay argu-
ments and mean longitudes of the perturbing bodies;
the summation index j determines the number of
summed periodic terms and its value changes for each
investigated body; t is the time in Julian days; and N
and M are the approximation parameters.

Figure 5 shows the calculated rate of the geodetic
rotation of the inner satellites of Jupiter in Euler
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angles. The white line in the diagrams shows a secular
variation.

After the analytical integration of expression (5),
secular, periodic, and mixed terms of the geodetic
rotation of the body are calculated:

(6)

where   and the coef-

ficients of sine and cosine are calculated as follows:

(7)

The values of N = 2 and M = 1 were determined as
a result of the studies using the least-squares method,
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Fig. 5. Geodetic rotation rates of the inner satellites of Jupiter in Euler angles (T is the time in Julian years). The white line shows
the secular variation. 
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Table 3. Secular terms of the geodetic rotation of Jupiter (Pashkevich and Vershkov, 2019) and its inner satellites calculated
for Euler angles

Metis (J16) Adrastea (J15) Amalthea (J5) Thebe (J14) Jupiter (J)

ΔψI ('') ΔψI ('') ΔψI ('') ΔψI ('') ΔψI ('')

t – 52957.2516 –51932.8456 –22118.2274 –13372.5500 –0.2130

t2 – 20.0929 – 19.7509 –0.7460 –2.8287 0.0035

ΔθI ('') ΔθI ('') ΔθI ('') ΔθI ('') ΔθI ('')

t – 0.4232 – 0.4151 –0.0923 –2.4703 –0.0060

t2 – 3.9838 – 3.9067 4.7351 37.7619 0.0001

ΔϕI ('') ΔϕI ('') ΔϕI ('') ΔϕI ('') ΔϕI ('')

t 26460.9380 25949.0709 11055.1784 6693.8317 –0.0987

t2 19.8858 19.5347 0.5755 2.8902 –0.0036
which provided the best approximation of geodetic
rotation parameters.

Tables 3–5 show the calculated values of secular
(Tables 3 and 5), periodic, and mixed (Tables 4 and 5)
terms of the geodetic rotation of the inner satellites of
Jupiter. In Tables 3 and 4: t is the Barycentric Dynam-
ical Time (BDT) measured in thousands of Julian
years (tjy) (365250 days) from the J2000 epoch.

As can be seen from Table 3, the calculated value of
the linear term of the geodetic precession of Metis is
Δψ1 = –1°.4710348 per century, which agrees well
with the theoretical value of this magnitude, –1°.473
per century, obtained in (Biscani and Carloni, 2015)
for a simplified model of the satellite rotation without
a quadratic term. It should be noted that the presence
of the quadratic term in Table 3 indicates a change in
the value of the rate of geodetic rotation.

It should be noted that the value of the geodetic
rotation of Jupiter (Pashkevich and Vershkov, 2019),
which rotates around its more massive central body
(the Sun), is 105 times smaller than that of the closest
Jovian satellite (see Table 3), for which Jupiter is a less
massive central body. From this, it follows that the
Solar System has objects with high geodetic rotation
rates due to their proximity to the perturbing central
body, not its mass.

In Table 4, ΩL55, ΩL514 are the longitudes of the
ascending nodes (the orbits of the Jovian satellites) in
the Laplace plane for Amalthea and Thebe, respec-
tively; λ5 is the mean longitude of Jupiter; λ55, λ514,
λ515, λ516 are the mean Jupiter-centric longitudes of
Amalthea, Thebe, Adrastea, and Metis, respectively.
The mean longitude of Jupiter was taken from (Brum-
berg and Bretagnon, 2000). The mean longitudes and
SOLAR SYSTEM RESEARCH  Vol. 55  No. 1  2021
longitudes of the ascending nodes of Jupiter’s satellites
are taken from (Archinal et al., 2018).

Table 5 presents the rotation angles (α0, δ0, W) of
the inner satellites of Jupiter (Archinal et al., 2018) and
the most significant secular, periodic, and mixed
terms of their geodetic rotation calculated in this study
(Δα0, Δδ0, ΔW). It should be noted that the time-
mixed Poisson terms in formula (6) with the coeffi-
cients from Tables 4 and 5, which are used only in the
model to describe the geodetic rotation, can only be
used during research intervals (see Table 2). These
terms describe very well long-period variations with
incomplete periods presented in Fig. 5 as divergent
amplitudes.

As can be seen from Tables 3 and 5, the values of
the geodetic precession of the satellites increase as
their distance from the central body, Jupiter,
decreases, which makes a significant contribution to
the values of right ascensions and declensions of the
satellites considered (see Table 5). Therefore, e.g., for
Metis (the closest satellite of Jupiter at the moment),
the value of the geodetic precession in right ascension
α0 exceeds the resulting value of its right ascension Δα0
by 13 times in absolute value, and the value of the geo-
detic precession in declination Δδ0 exceeds the result-
ing value of its declination δ0 by seven times in abso-
lute value. For Thebe (the farthest satellite from the
considered satellites of Jupiter), these values (Δα0,
Δδ0) exceed its α0 and δ0 by three and two times in
absolute value, respectively. From this circumstance it
follows that the Solar System has objects with signifi-
cant geodetic rotation. Therefore, the value of the geo-
detic precession of the inner satellites of Jupiter is



56

SOLAR SYSTEM RESEARCH  Vol. 55  No. 1  2021

PASHKEVICH et al.

Table 4. Periodic and mixed terms of the geodetic rotation of the inner satellites of Jupiter calculated for Euler angles

Body name Angle Period Argument
Coefficient

at sin(Argument) (“×10–6)
Coefficient

at cos(Argument) (“×10–6)

Metis (J16)

ΔψII
7.0752 h λ516 – λ5 –491.02 + 66.84t 406.71 + 77.88t

7.0742 h λ516 + λ5 36.97 + 70.96t 326.50 – 3.60t

ΔθII
7.0752 h λ516 – λ5 –12.11 – 0.68t –4.19 + 1.84t

7.0742 h λ516 + λ5 12.68 – 0.25t –1.43 – 2.68t

ΔϕII
7.0752 h λ516 – λ5 191.16 – 11.21t –46.80 – 30.55t

7.0742 h λ516 + λ5 –36.99 – 70.18t –326.96 + 3.90t

Adrastea (J15)

ΔψII
7.1587 h λ515 – λ5 –619.25 + 144.03t –96.70 – 880.88t

7.1578 h λ515 + λ5 –216.77 – 332.46t 240.02 – 294.02t

ΔθII
7.1587 h λ515 – λ5 –4.80 + 16.84t –11.64 – 7.06t

7.1578 h λ515 + λ5 9.32 – 11.54t 8.41 + 12.88t

ΔϕII
7.1587 h λ515 – λ5 159.02 – 163.79t 110.20 + 221.18t

7.1578 h λ515 + λ5 217.02 + 333.29t –240.32 + 295.24t

Amalthea (J5)

ΔψII

143.7475 day ΩL55 14788.07 – 20766.41t –8065.69 – 240278.07t

71.8737 day 2ΩL55 –705.83 + 8528.53t 1110.30 + 17772.11t

11.9577 h λ55 – λ5 428.18 – 518.50t 221.47 + 672.87t

11.9549 h λ55 + λ5 215.16 +138.37t –118.79 + 403.48t

ΔθII

143.7475 day ΩL55 290.56 + 9211.87t 585.78 – 792.88t

71.8737 day 2ΩL55 –16.61 – 340.18t –27.57 + 162.20t

11.9577 h λ55 – λ5 0.57 – 17.16t 9.58 – 2.20t

11.9549 h λ55 + λ5 –4.61 + 15.81t –8.33 – 5.39t

ΔϕII

143.7475 day ΩL55 –14505.42 + 20809.18t 7964.79 + 240812.87t

71.8737 day 2ΩL55 705.95 – 8528.58t –1110.22 – 17772.10t

11.9577 h λ55 – λ5 –90.20 + 232.96t –118.14 – 114.91t

11.9549 h λ55 + λ5 –215.48 – 138.61t 118.75 – 404.03t

Thebe (J14)

ΔψII

291.3118 day ΩL514 –20924.96 – 523207.02t 41738.74 – 1108462.06t

145.6559 day 2ΩL514 871.19 + 180592.02t –9582.70 + 175870.07t

16.1914 h λ514 – λ5 –463.338 + 113.40t 137.40 + 384.96t

16.1863 h λ514 + λ5 –76.85 + 288.85t 205.30 + 55.46t

ΔθII

291.3118 day ΩL514 –1560.60 + 39956.22t –871.89 – 19067.79t

145.6559 day 2ΩL514 170.03 – 3080.78t 11.00 + 3191.90t

16.1914 h λ514 – λ5 –7.24 – 3.94t –6.81 + 4.93t

16.1863 h λ514 + λ5 8.24 + 2.12t 2.76 – 9.20t

ΔϕII

291.3118 day ΩL514 21951.15 + 524366.28t –42198.58 +1110937.40t

145.6559 day 2ΩL514 –871.47 – 180591.77t 9582.78 – 175869.98t

16.1914 h λ514 – λ5 147.35 +19.52t 24.12 – 124.60t

16.1863 h λ514 + λ5 77.02 – 288.66t –205.62 – 55.10t
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Table 5. Rotational angles of the inner satellites of Jupiter (α0, δ0, W) and their secular, periodic, and mixed terms of the
geodetic rotation

Metis (J16)

α0 = 268.05 – 0.009T

Δα0 = 0.1241T – 0.00007T 2

– 8.590 × 10–10 cos(J15) + 1.424 × 10–9 sin(J15)
– 2.068 × 10–11 T cos(J15) – 1.413 × 10–11 T sin(J15)
– 7.330 × 10–10 cos(J16) – 3.720 × 10–10 sin(J16)
+ 8.023 × 10–12 T cos(J16) – 1.750 × 10–11 T sin(J16)

δ0 = 64.49 + 0.003T

Δδ0 = – 0.0199T – 0.00004 T2

+ 2.620 × 10–10 cos(J15) + 1.306 × 10–10 sin(J15)
– 1.233 × 10–12 T cos(J15) + 3.193 × 10–12 T sin(J15)
+ 1.600 × 10–10 cos(J16) – 3.161 × 10–10 sin(J16)
+ 7.374 × 10–12 T cos(J16) + 3.613 × 10–12 T sin(J16)

W = 33.29 + 1206.9986602 d
ΔW = – 0.0000232 d + 4×10–14 d2

+ 1.076 × 10–8 cos(J15) – 9.604 × 10–9 sin(J15)
+ 1.500 × 10–10 T cos(J15) + 1.671 × 10–10 T sin(J15)
+ 6.420 × 10–10 cos(J16) + 3.344 × 10–10 sin(J16)
– 6.380 × 10–12 T cos(J16) + 1.782 × 10–11T sin(J16)

Adrastea (J15)

α0 = 268.05 – 0.009T

Δα0 = 0.1217T – 0.00006T2

+ 4.885 × 10–10 cos(J13) + 1.559 × 10–9 sin(J13)
+ 2.235 × 10–10T cos(J13) – 7.292 × 10–11T sin(J13)
– 7.523 × 10–10 cos(J14) + 2.984 × 10–10 sin(J14)
+ 3.962 × 10–11T cos(J14) + 1.021 × 10–10T sin(J14)

δ0 = 64.49 + 0.003 T

Δδ0 = –0.0195 T – 0.00004 T2

+ 2.665 × 10–10 cos(J13) – 1.079 ×10–10 sin(J13)
– 1.513 × 10–11 T cos(J13) – 3.958 × 10–11T sin(J13)
– 1.288 × 10–10 cos(J14) – 3.242 × 10–10 sin(J14)
– 4.402 × 10–11 T cos(J14) + 1.734 × 10–11T sin(J14)

W = 33.29 + 1206.9986602 d
ΔW = –0.0000227 d + 4×10–14 d2

– 6.374 × 10–11 cos(J13) – 1.418 × 10–8 sin(J13)
– 2.032 × 10–9T cos(J13) + 1.056 × 10–11T sin(J13)
+ 6.654 × 10–10 cos(J14) – 2.579 × 10–10 sin(J14)
– 3.175 × 10–11T cos(J14) – 8.922 × 10–11T sin(J14)
SOLAR SYSTEM RESEARCH  Vol. 55  No. 1  2021
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Amalthea (J5)

α0 = 268.05 – 0.009T – 0.84 sin(J1) + 0.01 sin(2 J1)

Δα0 = 0.0518T – 0.00003T2

– 1.091 × 10–8 cos(J1) + 4.759 × 10–7 sin(J1)
+ 5.759 × 10–8 T cos(J1) – 1.618 × 10–8T sin(J1)
+ 1.424 × 10–10 cos(2J1) – 2.774 × 10–9 sin(2J1)
– 3.866 × 10–10 T cos(2J1) + 1.040 × 10–10T sin(2J1)
– 7.333 × 10–10 cos(J9) – 1.016 × 10–9 sin(J9)
– 1.531 × 10–10 T cos(J9) + 1.611 × 10–10T sin(J9)
+ 4.740 × 10–10 cos(J10) – 4.033 × 10–10 sin(J10)
– 8.403 × 10–11 T cos(J10) – 6.913 × 10–11T sin(J10)

δ0 = 64.49 + 0.003T – 0.36 cos(J1)

Δδ0 = –0.0083T – 0.00002T2

+2.057 × 10–7 cos(J1) – 1.972 × 10–9 sin(J1)
– 6.964 × 10–9 T cos(J1) – 2.489 × 10–8T sin(J1)
– 9.629 × 10–10 cos(2J1) – 1.405 × 10–11 sin(2J1)
+ 2.196 × 10–11 T cos(2J1) + 8.530 × 10–11T sin(2J1)
– 1.656 × 10–10 cos(J9) + 1.449 × 10–10 sin(J9)
+ 3.135 × 10–11 T cos(J9) + 2.542 × 10–11T sin(J9)
+ 1.739 × 10–10 cos(J10) + 2.039 × 10–10 sin(J10)
+ 2.980 × 10–11 T cos(J10) – 3.628 × 10–11T sin(J10)

W = 231.67 + 722.6314560d + 0.76 sin(J1) – 0.01 sin(2 J1)
ΔW = –0.0000097d + 2 × 10–14 d2

+ 3.907 × 10–9 cos(J1) – 4.044 × 10–7 sin(J1)
– 5.001 × 10–8 T cos(J1) + 1.474 × 10–8T sin(J1)
– 1.267 × 10–10 cos(2J1) + 2.853 × 10–9 sin(2J1)
+ 3.878 × 10–10T cos(2J1) – 1.050 × 10–10T sin(2J1)
+ 3.527 × 10–9 cos(J9) + 1.030 × 10–8 sin(J9)
+ 1.687 × 10–9T cos(J9) – 9.374 × 10–10T sin(J9)
– 4.263 × 10–10 cos(J10) + 3.506 × 10–10 sin(J10)
+ 7.343 × 10–11T cos(J10) + 6.139 × 10–11T sin(J10)

Thebe (J14)

α0 = 268.05 – 0.009 T – 2.11 sin(J2) + 0.04 sin(2J2)
Δα0 = 0.0312 T – 0.00002 T2

– 1.284×10–7 cos(J2) + 1.691 × 10–6 sin(J2)
+ 3.038×10–7 T cos(J2) + 2.561 × 10–8 T sin(J2)
+ 2.417×10–9 cos(2J2) – 2.937 × 10–8 sin(2J2)
– 5.145×10–9 T cos(2J2) – 4.619 × 10–10 T sin(2J2)
– 1.736×10–10 cos(J11) + 1.244 × 10–9 sin(J11)
– 1.025×10–10 T cos(J11) – 1.443 × 10–11 T sin(J11)
– 6.169×10–10 cos(J12) – 3.647 × 10–11 sin(J12)
+ 4.938×10–12 T cos(J12) – 5.795 × 10–11 T sin(J12)

Table 5.  (Contd.)
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comparable to their precession in the Newtonian
approximation (see Table 5).

CONCLUSIONS

In this article, the rotational dynamics of the inner
satellites of Jupiter, i.e., Metis, Adrastea, Amalthea,
and Thebe, were considered. The study of the attitude
stability of the plane synchronous rotation showed
that the theoretically expected (Peale, 1977, 1999;
Goldreich and Peale, 1966) and observed (Smith et
al., 1979a; Thomas et al., 1998) plane synchronous
rotation of all inner Jovian satellites for the most prob-
able values of their figure parameters is stable relative
to tilting the axis of rotation. On the stability diagrams
constructed for all theoretically possible values of
parameters of the figures of the satellites, the consid-
ered satellites are far from the regions with unstable
dynamics. Perturbations in the rotational dynamics of
satellites caused, e.g., by collisions (which do not lead
SOLAR SYSTEM RESEARCH  Vol. 55  No. 1  2021
to a significant change in the satellite figure) or close
rapprochements with other bodies will not lead to sat-
ellites leaving the synchronous spin-orbital resonance.
The possible evolution of the Amalthea figure, due to
its very elongated shape, also will not lead to its exit
from the observed mode of plane synchronous rotation.

The study of relativistic rotation of the inner satel-
lites of Jupiter made it possible to determine, for the
first time in the Euler angles and in the angles of their
rotation relative to the Earth’s fixed equator of the
J2000.0 epoch, the most significant secular, periodic,
and mixed terms of their geodetic rotation. This study
showed that the value of geodetic rotation can be sig-
nificant not only for objects that rotate around super-
massive central bodies (neutron stars) but also for
bodies with a short distance to the less massive central
body, such as close satellites of giant planets. The ana-
lytical values obtained for the geodetic rotation of the
inner satellites of Jupiter can be used for the numerical
study of their rotation in the relativistic approximation.
δ0 = 64.49 + 0.003T – 0.91cos(J2) + 0.01 cos(2J2)
Δδ0 = –0.0050T – 0.00002 T2

+ 7.282 ×10–7 cos(J2) + 3.502 × 10–8 sin(J2)
+ 1.115 × 10–8 T cos(J2) – 1.311 × 10–7T sin(J2)
–6.510 × 10–9 cos(2J2) – 4.351 × 10–10 sin(2J2)
– 1.171 × 10–10T cos(2J2) + 1.131 × 10–9T sin(2J2)
+ 2.223 × 10–10 cos(J11) + 1.410 × 10–11 sin(J11)
– 7.947 × 10–13T cos(J11) + 1.754 × 10–11T sin(J11)
+ 1.612 × 10–11 cos(J12) – 2.664 × 10–10 sin(J12)
+ 2.429 × 10–11Tcos(J12) + 1.468 × 10–12T sin(J12)
W = 8.56 + 533.7004100d + 1.91 sin(J2) – 0.04 sin(2J2)
ΔW = –0.0000058d + 1 × 10–14 d2

+ 9.219 × 10–8 cos(J2) – 1.443 × 10–6 sin(J2)
– 2.651 × 10–7T cos(J2) – 1.892 × 10–8T sin(J2)
– 2.387 × 10–9 cos(2J2) + 2.933 × 10–8 sin(2J2)
+ 5.164 × 10–9T cos(2J2) + 4.613 × 10–10T sin(2J2)
+ 4.639 × 10–9 cos(J11) – 9.887 × 10–9 sin(J11)
+ 8.151 × 10–10T cos(J11) + 3.821 × 10–10T sin(J11)
+ 5.425 × 10–10 cos(J12) + 3.867 × 10–11 sin(J12)
– 3.672 × 10–12T cos(J12) + 5.247 × 10–11T sin(J12)

T is the Barycentric Dynamical Time (BDT) measured in Julian centuries (36525 days) from the J2000 epoch;
d is the Barycentric Dynamical Time (BDT) measured in Julian days (jd) from the J2000 epoch; all angles (α0, Δα0, δ0, 
Δδ0, W, ΔW) are given in degrees;
J1 = ΩL55 = 73°.32 + 91472°.9T,
J2 = ΩL514 = 24°.62 + 45137°.2T, J9 = λ55– λ5, J10 = λ55+ λ5, J11 = λ514– λ5,
J12 = λ514+ λ5, J13 = λ515– λ5, J14 = λ515+ λ5, J15 = λ516– λ5, J16 = λ516+ λ5,
λ5 = 34°.35 + 3034°.9T = 0.59954632934 + 52.96909650946T, λ55 = 722°.6314560d,
λ514 = 533°.7004100d,  λ515 = 1206°.9986602d, λ516 = 1221°.2547301d.

Table 5.  (Contd.)
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