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TRINOMIAL EQUATIONS OF DEGREE 6 OVER Q)
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Abstract: Finding roots of a single variable polynomial is among the oldest problems of mathematics.
This problem is solved in the field of reals but was paid less attention in the field of p-adic numbers,
the counterpart of the field of reals. Recently, this problem has been raised up again in considering
the p-adic lattice models of statistical mechanics. We introduce a cube root function over the p-adic
field Q,, which enables us to explicitly prescribe the roots of the trinomial equation of degree 6 over Q.
Namely, we calculate the p-adic absolute value and the first digit of roots of the trinomial equation of
degree 6 over Qp.
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1. Introduction

The fields of p-adic numbers were introduced by the German mathematician Kurt Hensel. The p-
adic numbers were primarily motivated by attempt to bring the ideas and techniques of power series into
number theory (see [1]). The canonical representation, analogous to the expansion of analytic functions
into power series, is one of the manifestations of the analogy between algebraic numbers and algebraic
functions. Over the last century, p-adic numbers and p-adic analysis began to play a central role in
modern number theory. This is due to the fact that they afford a natural and powerful language for
talking about congruences between integers, and allow one to use the methods of analysis for studying
some problems in modern number theory such as concern elliptic curves, modular forms, and Galois
representations. Recently, the applications of p-adic functional and harmonic analysis have appeared in
theoretical physics and quantum mechanics (see [2-5]). Moreover, the general theory of p-adic probability
was applicable to the problem of the probability interpretation of quantum theories with non-Archimedean
valued wave functions (see [6-11]).

Unlike the real case (see [12-15]), the set of p-adic Gibbs measures of the lattice models on the Cayley
tree has a complex structure in a sense that it is strongly tied up with a Diophantine problem (i.e. the
finding of all solutions of a system of polynomial equations or the giving of a bound for the number of
solutions) over Q,. In general, the same Diophantine problem may have different solutions in the field
of p-adic numbers different from the field of reals because of the different topological structures. On the
other hand, the rise of the order of the Cayley tree complicates to the studying of the corresponding
Diophantine problem over Q,. In this aspect, the question arises as to whether a root of a polynomial
equation belongs to the domains 7, 7, \ Z;, 7,, Q, \ Z;, Q, \ (Zp \ Z;‘,), Qp \ Zp, and Q, or not.
Recently, this problem was fully studied for monomial equations (see [16]), quadratic and cubic equations
(see [17-20]).

Finding roots of polynomials is among the oldest problems of mathematics. A Diophantine problem
consists in finding all solutions of a polynomial equation or a system of polynomial equations in integers,
rationals, or sometimes more general number rings and to give a bound for those solutions. The scenario
for the field of p-adic numbers is completely different from that for the field of reals. On the one hand,
the quadratic equation 22 + 1 = 0 is not solvable in the real field but solvable in the p-adic field for p = 1
(mod 4). On the other hand, the cubic equation 23 4+ p = 0 is not solvable in the p-adic field but solvable
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in the real field. Therefore, it is of interest in its own right to provide a solvability criterion for lower
degree polynomial equations over the p-adic field. In the field of reals, this problem found its own solution.
The solvability criteria and local descriptions of roots of lower degree polynomial equations over Q, with
applications were presented in the literature.

The solvability criterion of the quadratic equation over the p-adic field was provided in all classical
books on p-adic analysis (see [1,4]). However, no information is available on the p-adic absolute value or
the first digit of the roots of the quadratic equation over Q,. The square root function over the p-adic
field was introduced in [21]. This enabled us to explicitly prescribe the roots of the quadratic equation.
Namely, the p-adic absolute value and the first digit of roots of the quadratic equation over Q, were
calculated in [21].

In this paper, we introduce the cube root function over Q, (see Definition 5.5) which enables us to
calculate the p-adic absolute value and the first digit of roots of the trinomial equation of degree 6 over Q,
(see Theorems 6.1 and 6.2).

2. Preliminaries

For a fixed prime p, the field Q, of p-adic numbers is a completion of the rational numbers Q under
the non-Archimedean norm |- |, : Q = R given by

pF, x#0,
|$’p = _
0, z =0,

where z = pk% with k,m € Z, n € N, and (m,p) = (n,p) = 1. The number k is a p-order of x and we
write ord,(x) = k.
Each p-adic number x € Q, can be uniquely represented in canonical form

where xg € {1,2,...,p— 1} and z; € {0,1,2,...,p — 1} for i € N.
We respectively denote the set of all p-adic integers and p-adic units of Q, by

Zp={x€Qy:|x|p <1} and Z;,={x€Q,:|[x|,=1}.
Each p-adic unit x € Zj, has the unique canonical form
Xx=xo+a1-ptag-pPt-,

where xg € {1,2,...,p— 1} and z; € {0,1,2,...,p — 1} for i € N.
Each nonzero p-adic number x € Q, has the unique representation x =

x* * *
H where x* € Q.

3. Square Root Functions

In this section, we recall a definition and some properties of a square root function over [, and Q,
which was introduced and studied in [21]. We will always assume that p > 3, unless otherwise specified.

3.1. The square root function over [,. We recall the definition of square root function on
a finite field F), := {[0]p, [1]p, ..., [p — 1]} for a prime p > 3. Here [a], :={b€ Z :b=a (mod p)} for all
0 <a <p-1. We always use the canonical representation of Fp,. Let [a], € F), be a nonzero element.
We know that the quadratic equation

[]; = [aly (3.1)

is solvable in [, if and only if =1 (mod p) or, equivalently, a is a quadratic residue. In this
case, (3.1) has the two roots [z1], and [z2], in F), where 1 < zq,29 <p — 1.
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DEFINITION 3.1 [21]. Let [a], € F}, be a nonzero quadratic residue, and let [x1], and [z2], be the
roots of the quadratic equation [z]2 = [a], such that 1 < 1,22 < p—1. An element [min{zy,z2}], of F),

is a square root of [a], denoted by +/[a], .

REMARK 3.2. We know that if [a], € F), with 1 < a < p—1 is a quadratic residue then the quadratic
equation [z]2 = [a], has the two roots [z1], and [2], in which 1 < z1,29 < p — 1. Moreover, it is
easy to check that [max{z1,z2}], = [p — min{z1,z2}],. By definition \/[a], := [min{x1, z2}],. We use
the notation —/[a], := [max{z1,z2}],. Hence, \/a], and —/[a], are the two roots of the quadratic
equation [z]2 = [a],. In what follows, for the convenience, we use the notation y/a instead of \/[a],
whenever we deal with [,.

3.2. The square root function over Q,. We recall the square root function over Q, for primes
p > 3. To this end, we need some auxiliary notations.
Let a € Zj, be such that

a=ag+ap+agp®+--Fapp”+---,

where ag € {1,2,...,p— 1} and a; € {0,1,...,p— 1} for i € N. We use the notations

An,m] = anp" + an+1pn+1 + -+ amp™,
m—"n

arn,m] =an + An4-1P + an+2p2 + -+ amp ,

arn,-f—oo) =ap + an+1pP + an+2p2 4+ an—i—kpk 4o

It is clear that af, ) and a’[“

nm] ar€ integers and a

[n.+00) 15 & p-adic integer.

Theorem 3.3 [1,21 ]. Let a belong to Z,, with a = ag + a1p + asp®+ -+ app" + - - and let ay be
a quadratic residue modulo p. Then the quadratic equation

X =a (3.2)
has the two roots x' and x* over Z,, which are defined as follows:
x! :x(T)—Fx];p—l—x;psz--- and x* :xét)—l—:vfp—i—:vgpQ—l—--' ,
where
xg =./ap (modp) and a:(i) = —v/ag (mod p), (3.3)
; 2
s~ (<o)
xz = (2a))P2 . 041 + ag (mod p) for all k € N, (3.4)
p
i 2
a[o’kfl] - (X k— )
mi = (23:1)7”_2 . (0611 + ag (mod p) for all k € N. (3.5)
p
REMARK 3.4. We know that if x' and x* are the two roots of (3.2) then x* = —x. It is worth
mentioning that using the representations of (3.3)(3.5) of x' and x*, it is also possible to show that
xt = —xf. To this end, it suffices to note that xé = —x;r) (mod p) and x]ji = —(JUL + 1) (mod p) for

any k > 1. In fact, it is true for k = 0, i.e., acg;) = —/ag (mod p) and mg = /ap (mod p). We assume that
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it is true for all k = 1,2,...,n — 1. We would like to show it for k = n; ie., 2}, = —(QJ,T1 + 1) (mod p).

Indeed, it follows from the assumption and 0 < :z,t, :ci < p—1 that X%o net1] = p" — XEfo 1] and

(Xfan—u)Q = (Xfo,n—l])Q = 2"y 0y = (X?ovn—u)Q — 2z{p" (mod p™*t),
afo,n—1] ~ (Xfo,n_l])Q

2
1
ajo,n—1] — (X[o,n—1]>
p +a = p + ax + 2x$ (mod p).

Since p > 2; therefore,
(23r:(:;)p_2 = —(2338)1"_2 (mod p) and x} = —(zf +1) (mod p).

Hence, we are now free to say that the property x* = —x' of the roots x! and x* of (3.2) is well captured
in the representations of (3.3)—(3.5) of x and x.

Let x € Qp and x = ﬁ where x* € Z; such that x* = xo + x1p + x9p? + - --. We introduce the set
p

p—1
eroot — {X e Qp . Ing ’X‘p — even, x02 =1 (mod p)}

*

DEFINITION 3.5 [21]. The square root function f : Q" — Qp, y = f(x) = v/X is defined as y = |§\p
such that |y|, = \/|x|, and
o = V7o, Yk = (2y0)" 7 (

2
X[0,k—1] — Y[0,k—1]
o

ack) (mod p) for all k € N.

REMARK 3.6. It follows from Theorem 3.3 that one root of (3.2) is v/a in which (va)" = /a9
(mod p). Moreover, it follows from Remark 3.4 that another root of (3.2) is —/a in which (—v/a)" =
—y/ap (mod p). In this sense, Definition 3.5 elegantly captures the property that the quadratic equation

x? = a has the two roots +4/a, which was the case for the reals.

4. Quadratic Equations

In this section, we are aiming to overview the main results of the papers [10,21] which will be used
in the upcoming sections.
Let us consider the quadratic equation

x* +ax = b. (4.1)

We assume that ab # 0. Otherwise, it is easy to study (4.1).
Let D = a? + 4b be a discriminant of (4.1). Then D = % where D* € Z such that D* =

do + dip + dop® + ---. We know that (4.1) is solvable in Q, if and only if log, |D], is even and dp is
a quadratic residue modulo p or equivalently D € Q;mc’t (see [1]). In this case

1
VD = ——=(80 + &1p + dap® + -+ -),

VDl

where

dio 1] — 6%,
5o = V/do andsy, = (280)72 ( [ }pk 041 L 3| (mod p) forall k> 1.

Moreover, the roots of (4.1) have the form
<D = ﬂ, (@ _ —a-VD
2 2
The solvability criterion of the quadratic equation (4.1) in terms of a and b was given in [10].

(4.2)
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Theorem 4.1 [10]. Quadratic equation (4.1) is solvable in Q, if and only if one of the following
holds:

(i) |a2 < |bl, and b € Q°°;

(ii) |a|2% = |b|, and D € Q°°";

(i) Jaf? > [bl,.

The set A := A; U Ag U Ag is called the solvability domain (see [10]) where

(i) Ar={(a,b) € Q3¢ |afy < [blp, b€ Q]

(if) Az = {(a,b) € Q2 [af5 = [bly, D € Q“C’Ot}

(iii) Az = {(a,b) € Q: [af; > [blp}.

We describe the p-adic absolute values and the first digits of the roots x(!) and x() of (4.1).

Let

T bzi) Dziu
|alp [blp DI,
a*=agtaptap’+---, b =by+bip+bp®+---, D*=do+dip+dop®+---,

1
VD = ——— (8 + 01p+ 0op® + -+ ).

VDl

Let (1) and x® be the roots of (4.1) defined by (4.2) where
) W) gy =)

a = D:aZ+4b,

B |X(1)|p7 T ’X(g)‘p7

and

(X(l))* — x(()l) + :Egl)p-i- :Egl)p2 4+ (X(Q))* _ J:(()) (2)]? + xé )p 4.

Theorem 4.2 [21]. Let (a,b) € A. The following are true:
(i) If (a, b) € Ay then |xV|, = [x?)|, = \/[b], > |al, and

Qm(()l) = +/4by (mod p), 21:(()2) = —+/4by (mod p);
(ii) If (a, b) € A and a3 # —4by (mod p) then

|X(1)|p = |X(2) b = \V |blp = lalp,
23781) = —ap+y/ai +4by (mod p), 23;[()2) = —ap — y\/ai +4by (mod p);

(iii) If (a, b) € Ag and a3 = —4by (mod p) then

D], = (X, = /1Bl = [alp, 208 =227 = —ap  (mod p);
(iv) If (a,b) € Ag then

b .
max {’X(l)‘m ‘X(z)’p} = ‘a’p > & = min {‘X(l)|pa ’X(Q)‘p} )

|alp
2™ = —ay  (mod p), agx§™ =by (mod p),

where x(maX) x(min) ¢ {1 )Y are such that

‘X(max){p — max {’X(1)|p7 |X(2) |p} and ‘X(Inin)|p = min {|X(1)’p7 |X(2)|p}'

REMARK 4.3. Let (a,b) € Ag. In this case, [D|, = |a|2 and D* = (a*)? + 4blal,. Hence, dy = aj

(mod p) and §y = v/dy = /a3 = min{ag,p — ag}. Consequently,
X(max) — fa;\/ﬁ X(max) — fa+2\/6

if ag < g then { and if ag > g then {

min) _ —a+vD min) _ —a—vD
- 2 - 2

x( x(

The next corollary, ensuing from the proof of Theorem 4.2 and Remark 4.3, might be useful in the
study of p-adic Gibbs measures over the Cayley trees (see [9-11]).
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Corollary 4.4 [21]. Let (a,b) € A and let x1) and x(?) be the roots of (4.1) defined by (4.2). Then
the following are true:

CASE (a, b) € A;. We have |D|, = |b|,, D* = 4b* + a%|b|,, do = 4by (mod p) and |V D|, = \/|D|, =

VIblp > |alp, (VD) = \/4b* + a2|b|,, 6y = v/4by (mod p). Moreover, |xV|, = |x?)|, = \/[b], > |al,,

Qw[()) V4by (mod p), and 236(()2) = —/4by (mod p).

CaSE (a,b) € Ay, |D|, = |a]2 = |b|,. We have \ )2 +4b*\ =1, D* = (a")? 4+ 4b*, dy =
a3 +4by (mod p) and |v/Dl, = /D], = |al, = \/|blp, (VD)  =1/(a > 4 4b*, 89 = /a2 + 4by (mod p).
Moreover, |xV|, = |x?)|, = \/[bl, = |al,, 2:1;((] = —ap + \/a0+4b0 (mod p), and 2:1:() = —ag —

Va2 +4by (mod p).
CASE (a,b) € Ay, |D|, < |a|2 = |b|,. We have | (a*)? + 4b*|, < 1, |D|, = |b|,| (a*)* + 4b*|,, and
D* = ((a*)? + 4b*)*. Moreover, [xV|, = |x®?|, = \/]bl, = |al, and 23:(()1) = 296[()2) = —ap (mod p).

CasE (a,b) € Az, ag < §. We have |D|, = |al2, D* = (a*)® + 4blaly, dy = af (mod p) and

]\/E|p = /|D|p = |alp, (\/ﬁ)* =4/ (a*)2 + 4blal,, dg = ap (mod p). Moreover, ]X ]p IZ% a a;é ) = = by

(2)

(mod p), x|, = |al,, and x5’ = —ap (mod p).
CASE (a,b) € Az, ag > §. We have |D|, = |a|2, D* = (a*)* 4 4b|al,, dy = af (mod p) and IVD|, =

VIDlp = lalp, (\F)* = 4/(a *)2+4b\a\p, do = —ap (mod p). Moreover, ]X(l)]p = |alp, x(()l) = —qg
(mod p), x|, = “blh’, and aoxé) = by (mod p).

5. Cube Root Functions

In this section, we introduce to the cube root functions over [, and Q,. We always assume that
p > 3 unless otherwise specified.

5.1. The cube root function over F,. We first introduce the cube root function over [, :=
{[0lp, [L]ps .-, [p— 1]p}. We always use this canonical representation of ).
Let [a], € F}, be a nonzero element. We know that the cubic congruent equation

[] = lal, (5.1)

-1
is solvable in [, if and only if a®r D =1 (mod p) or equivalently, a is a cubic residue. In this case, if
p =2 (mod 3) then (5.1) has a unique root (1], 1 <z <p—1forall 1 <a <p—1 (this is due to the
fact that (a%)?’ =a (mod p)). If p=1 (mod 3) with a5 =1 (mod p) then (5.1) has three distinct
roots [z1]p, [z2]p, and [z3], where 1 <z, 29,23 <p— 1.

DEFINITION 5.1. Let [a], € [}, be a nonzero cubic residue and let [z1],, [z2]p, and [z3], be (possibly

one or three) roots of the cubic congruent equation [z]3 = [a], such that 1 < 21,29,23 < p— 1. The

element [min{z1, z2, z3}], of F, is a cube root of [a], denoted by {/[alp.

EXAMPLE 5.2. Let us consider some primes p =1 (mod 3).

e Let p = 7. In this case, [1]7 and [6]7 are cubic residues modulo 7. Thus, {/[1]7 = [1]; and
v [6]7 = [3]7.

e Let p = 19. In this case, [1]19, [7]19, [8]19, [11]19, [12]19, and [18]19 are cubic residues modulo 19.
Consequently, 3 [1]19 = [1]19, 3 [7]19 = [4]19, [8] = [ ]197 \3/ [11]19 = [5]19, 3 [12]19 = [10]19, and
/[18]19 = [8]19-
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REMARK 5.3. Obviously, the cubic congruent equation []3 = [1], for a prime p =2 (mod 3) always
has a unique root [e1], where e; := 1. Moreover, if p = 1 (mod 3) then the equation has two more
roots [ea], and [e3], such that e; < g2 < e3. In both cases, {/[1], = [e1], for every prime p. It is worth
mentioning that if p =1 (mod 3) with a5 =1 (mod p) then e 3{/]alp, e2/[alp, and e3/[a], are roots

of the cubic congruent equation [z]? = [a],. In what follows, for the convenience, we use the notation /a

instead of {/[a], whenever we deal with F,,.

5.2. The cube root function over Q. We need the following auxiliary result:
Theorem 5.4. Let p > 3 and a € Z;,. The cubic equation
B =a (5.2)
p—1

is solvable in 7}, if and only if ag is a cubic residue modulo p or equivalently aég”pfl) = 1 (mod p).
Moreover, the root of (5.2) takes the form

X =0+ T1p + T2 + -+,

where
c { {51\3/670752%753\3/%a}7 if pEl (mOd 3)7
0 {e1¢/ao}, if p=2 (mod 3),
ag f_1] — X
xp = (323)P2 < Oh=1) o O] 4 ak> (mod p) for all k € N.

PrOOF. ONLY IF PART: We suppose that (5.2) has some solution in Z}; of the form of x = x +

XE‘LJFOO)p. Then

3 * B
x° = (a:o +X[1’+Oo)p)

3
=5+ <XF1,+oo)) p+ 3333)(?1#00)]) + 30 (Xﬁ*w)) v’

We have z§ = ap (mod p), which means that ag is a cubic residue modulo p.
IF PART: Suppose now that ag is a cubic residue modulo p. It means that there exists xg € Z such
that 3 = ap (mod p). This implies that
e {e1¥/ao, e2/ao, e3/ag, }, if p=1 (mod 3),
0 {e1/ao}, if p=2 (mod 3).

Show that each of these roots can be lifted to Zj,. Let x = x[gx_1) + xpk + er+1,+oo)pk+l' Suppose that

o, T1,...,Tp_1 were already found. We have to find x;. Our aim is to obtain some recurrent formula to
calculate xj, in terms of xg,x1,...,xE_1 for all £ > 1. It is easy to see that
3
3_.,3 3, 3k 3k+3 2 k 2 k+1
X" =X[gp_1 TTEP" + (er+1,+oo)) PP+ 3X00 k1) TRD” F 3X[0 - 11X k1, 4-00)P
2
2 2k 2k+2 2 3k+1
T3X(0k-1) TP + 3X[0 k1) (er+1,+oo)> P BT X k41, 400)P -

2
43z (er+17+oo)) p3k+2 + 6X[07k_1}xkxfk+17+oo)p2k+l

=ak-1] T agp” + afk+1,+oo)pk+1-
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This implies that

X?O,k—l] = ajox_1] (mod p"),
X p) + 3% 4 @kP" = app_1) + axp® (mod pFHY),
ao,k—1] — X?o,kq]

plc

3X[207k_1]£6k = + aj (mod p).

Since x[20 fe1] = z3 (mod p); therefore,

a 1] — X3
= (Sx%)p—Q ( [0,k—1] . [0,k—1] +ak> (mod D).

p

Consequently, we derive a formula to calculate x in terms of zg,x1,...,zx_1. O
Let us now consider the cubic equation
*=a (5.3)

where a € Q, is a nonzero p-adic number.
Put a = |:—* where a* = ag + a1p + agp® + - -. Cubic equation (5.3) is solvable in Q, if and only

if log,, |a|, is divisible by 3 and ag is a cubic residue modulo p (see [16]). Moreover,
(i) if p=1 (mod 3) then (5.3) has the three roots

(1)y* (2)y* (3)y*
<« = =) <2 — x'*) «3) — )

where x|, = {/]a], and (xV)* = :L'éi) + :ngi)p + :L'éi)pQ +--- for all i = 1, 2,3 such that

o) = ey/ag (mod p),

A . ajgp_1] — X
xl(;) = (3(53(()1))2)1’_2 ( 041) oz A1, ak> (mod p) for all k € N;

(ii) if p =2 (mod 3), then the cubic equation (5.3) has the unique root

w _ &)*
|X(1) ’p ’

where x|, = ¢/Jal, and (x(V)* = z{"” + 2(Vp + 2{Vp? + ... such that

z =e1yag  (mod p),

a _1] — XS
2 = (3(a{V)2yr2 ( ) . 0k-1) | ak) (mod p) for all k € .

Let x € Qp, x = ﬁ where x* € Z; such that x* = xo + x1p + xop® + - --. We introduce the set
p

p—1

Q;ro‘)t = {a € Qp : log, |a, is divisible by 3 and a63”’_1) =1 (mod p)} .

DEFINITION 5.5. The cube root function f : Q" — Q,, y = f(x) = ¢/x is defined as y = % such

X g 11—y
that |y|p =23 |X|p7 Yo = T, and yr = (Sy%)p_Q ([()»kllpky[(),kl] + ﬂ?k> (HlOd p) for all kK € N.
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EXAMPLE 5.6. Let p = 7 and x = —1. Thus, g = 6 and z; = 6 for all kK € N. We know that
v/[6]7 = [3]7 (see Example 5.2) and yo = 3. We can find y;, by using the recurrent formula

3
X10,k—1] — Y0 k—
yp = (3y2)P~2 ( L) P OA=1] ajk> (mod p) for all k€ N.

For instance, y; = 4, yo = 6, y3 = 3, ¥4 = 0 and so on. Also, |y|, = ¢/|x[, = V1 = 1. Hence,
V=l=yo+yp+yp*+---

such that yo =3, y1 =4, y2 =6, y3 = 3, y4 = 0, and so on.

REMARK 5.7. Let p = 1 (mod 3) and let e1, ez, and e3 be the roots of the cubic equation x* = 1
over Q, where e; := 1. If a € Q) then e;</a, ez+/a, and e3</a are the roots of the cubic equation

x3 = a. Moreover, for all i = 1,2, 3 we have
(eit/a)" = e +ep+ et + -
e(()i) = ¢;/ag (mod p),

, . a 11 — 63
eg) = (3(6(()1))2)17—2 < [O’k 1} pk [O’k_” + ak) (mod p) for all k£ < N.

6. The Trinomial Equations of Degree 6

In this section, we provide an application of the cube root function in describing the roots of polyno-
mial equations over p-adic fields. All results of Section 6 are new and can potentially have applications

to the study of the p-adic Gibbs measures over the Cayley trees.
Let us now study the trinomial equation of degree 6; i.e.,

X0+ axd =0, (6.1)

where ab # 0 and a,b € Q,. The case ab = 0 was studied in [16,17].

We use the following notations for A, B € Q,:
e (A\/ B) — 3 means that there exists at least one of the members A and B;

. (AEB) — J means that there exists only one of the members A and B.
e (AA\B) — 3 means that there exist both members A and B.

In this sense, B
(A\/B) -3 = [(A/\B) - 3] U [(A/\B) - 3] .

Theorem 6.1 (Solvability Criteria). Let D = a? + 4b. Equation (6.1) is solvable in Q, if and only
if either one of the conditions hold:

9] \a|}2, < [blp, (\/B*H) and <m\/ {’/i\/gfg);
(X1) o} = [bly = D)y, (VD - 3) and (/=52 v /=52 - 3);

(IT1) Jaf? = [bl, > |Dl,, and (VD AY/~F - 3);
(AV) [af? > [bl,, and (¢=a V - 3).

PROOF. Let x3 =t. In this case, we have the quadratic equation

t2 + at=b.



Equation (6.2) is solvable if and only if (a,b) € A. Let t(1) = % and t(?) = (‘t@ ‘) be the roots of (6.2),

where
Oy = Wy e o @) =D P P2

Then, (6.1) is solvable in Q,, if and only if one of the cubic equation is solvable
x> =), (6.3)

x5 =), (6.4)

CAsE (I). Let (a,b) € Ay. In this case, by Theorem 4.2

‘ |p = |t(2)‘p =/ |b|p > |a|p7

tgl) = /by (mod p), to) = —/by (mod p).
(1)

Equation (6.3) (respectively (6.4)) is solvable if and only if 3 | log, [tM)], and t3’ is a cubic residue

(2)

(respectively 3 | log, t)], and t; is a cubic residue). We know that

1
Ing |t(1)|p = 1ng ‘t(2)|p = 10gp \/ ’b‘p = ) Ing |b|p'
It follows from the last equality that
3 | log, [tM], = log, [t

if and only if 3 | %logp |b[, or equivalently 6 | log,, [bl,.

Moreover, t(()l) (respectively t(()z)) is a cubic residue if and only if there exist v/v/by (respectively

3/_\/50). Consequently, |a]2 < [b|,, vb — 3, and (\/gﬁv ?/_\@) -3

CasE (II). Let (a,b) € Ag and |a|2 = |b[, = |D|. In this case, by Theorem 4.2

|t(1)’p = ’t(2)|p = bl = lal, = \/ Dlp,
2t(()1) = —ag + /a2 +4by (mod p), 2t(() )= —qq - \/ a2 +4by (mod p).

Equation (6.3) (respectively (6.4)) is solvable if and only if 3 | log, [tM)], and t(()l) is a cubic residue

(respectively 3 | log, t®)], and té2) is a cubic residue). We know that

—a++vVD
Ing ’t(l)‘p = 10gp ‘t@)’p = logp A/ by = Ing lal, = 1ng \/ D, = ‘ 2 ‘p'

It follows from the last equality that 3 | (log, [tV = log,, t2)],)) if and only if

—a:l:\/ﬁ

3| log, 5

p

Moreover, t(()l) (respectively té2)) is a cubic residue if and only if

is a cubic residue. Consequently, |a|2 = |b[, = |D|, vD — 3, and ({»/—ag\/ﬁ V i/_a?/ﬁ> -3

ap—+/ a%—4b0

—ag+ a2+4b0 . —
———%5-0— (respectively ——5"—)
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CasE (III). Let (a,b) € Ag and |af2 = [b[, > |D|. In this case, by Theorem 4.2

‘t(1)|p = |t(2)‘p =/ Ibly = lalp > 1/IDlp,

225(()1) = 275(()2) = —ap (mod p).

Equation (6.3) (respectively (6.4)) is solvable if and only if 3 | log, [tM)], and t(()l) is a cubic residue

respectively 3 | log, [t(?)], and #2) is a cubic residue). We know (see Corollary 4.4) that
p p 0

—a:l:\/ﬁ
2

log, [tM)], = log,, [t?], = log, 1/|bl, = log, |a|, = log,

p

It follows from the last equality that 3 | log, [t = log,, t?)], if and only if

—a++D
3 | log, 4/|bl, = log, |a|, = log, | ——F——

2
(1) . @), . . e . —ag | . .
Moreover, t;’ (respectively t;”) is a cubic residue if and only if — sa cubic residue. Consequently,

la|2 = |b|, > |D|, and <\/B KVT%) e
CASE (IV). Let (a,b) € As. In this case, by Theorem 4.2

p

bl |, (min)
|t(max)| _ |a’ > _ ’t min | ’
g P lalp P
témax) = —ag (mod p), aot(()mm) = by (mod p).

Equation (6.3) (respectively (6.4)) is solvable if and only if 3 | log, |[tmax) | and t(()max) is a cubic residue
respectively 3 | log, [t(™™], and i) s 2 cubic residue). We know that log, |t = log, |a
P p 0 P P p 12p

and log, [t(™™| = log [ble 1 follows from the last equality that 3 | log, |t(
P p P P

lalp *
log,, |al, and 3 | log, |t(min) |, if and only if 3 | log,, % or equivalently 3 | log, [a®b|,. Moreover, t(()max)

max) |

p if and only if 3 |

- b
respectively ™) is a cubic residue if and only if —ag (respectively Y is a cubic residue. Consequently,
p Y ig 0

a2 > |b|,, and (5’/—&\/ </§> -3 0
Theorem 6.2 (Description of Roots). Let (a,b) € A. The following hold:
(I) Let |af2 < [b]p, vb— 3, and (\3/\5 \/ vV —Vb— EI).
(I.1) Let (\3/ Vb AV —\/B) — 3. Equation (6.1) has a root, x!) such that

2V = (‘Q/\/% /\\3/—\/@ (mod p) and |xV|, = ¢/|b|,.

Moreover, if p=1 (mod 3) then (6.1) has two more roots x\?) and x®) such that

a:éi) =g (i/ bo A f/—\/%) (mod p) and |x¥|, = ¢/|bl,, i =2,3.
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(I.2) Let (\3/ K\g/ —\@) — 3. Equation (6.1) has two roots x") and x(*) such that x

(mod p), xéQ) = {/—/by (mod p) and [xD|, = |x?
has four more roots x®, x4, x) and x such that

o) =YV
= /|b|p. Moreover, if p =1 (mod 3) then (6.1)

$(()2i71) =g\ \/% (mod p), ﬂsém =i\ —\/% (mod p), 1=2,3,

|X(2i—1)‘p — ,X(Qi)|p = W, 1= 2,3.

(0 Let o} = by = D], VD 3, and ({57 v/ 3f=577) -3

(I1.1) Let i’/fag‘m K{’/fa;\/ﬁ — 3. Equation (6.1) always has some root x1) such that

.1‘(1) B i/—a0+\/a(2)+4bo /\i/—a(]— \/a3+4b0
0 = 2 2

Moreover, if p=1 (mod 3) then (6.1) has two more roots x\?) and x®®) such that

<l = {lals = {/1bly = §/1D,

; —ag + /a2 +4by § 3/ —ag — \/aZ + 4b
a:(())zai i/ao—i_ 2a0+ bo/\i/ 0 2a0+ 0) (mod p), i=2,3.

(mod p),

(I1.2) Let ({’/_a‘g‘/ﬁ /\{'/_a?/ﬁ) — 3. Equation (6.1) always has two roots x(!) and x(?) such that

‘X(l)‘p = ‘X(2)|p = \3/ lalp = \6/ |blp = \6/ | Dlp-

Moreover, if p=1 (mod 3) then (6.1) has four more roots x(3), x(*),

L2 i’»/—ao + v/ag + 4bo
T
2

s|—ag+ /a2 +4 —ap— /AT +4b
:vé”:f/ IV (moa ), o = {0

mod p),

x®) and x such that

(mod p), i=2,3,

22D = ¢, —ag — v/ ao + 4bg
0

= (mod p), i=2,3,

XD, = W {16l = {/1Dly. i =2.3.

(III) Let |a|2 = |b|, > |D| and (\/ﬁ?/—%) — 3. Equation (6.1) always has two roots x(!) and x(?)
such that

Qa .
o) =0 = 70 (modp), ), = 15, = ffal, = §/1bl,
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Moreover, if p=1 (mod 3) then (6.1) has four more roots x3), x® x0O) and x(®) such that
=l = e/ 5 (mod p), KOV = K|, = {lal, = /bl i=2.3.

(IV) Let |af; > |bl, and <\3/?a \/ i/g) —

(IV.1) Let Y/—a \ {’/E — 3. Equation (6.1) always has a root x") such that

= (\3/—7@0/\ ﬁ) (mod p), ’X(l)‘p: mx \ “Zt.

Moreover, if p=1 (mod 3) then (6.1) has two more roots x\?) and x®) such that

(ﬁA[) (mod p), ’)\p—f/Tp/\\g/m

(IV.2) Let <\3/—a Kf/g) — 3. Equation (6.1) always has two roots x") and x(?) such that

o) = V= (mod p), XV, = {/lal,

s/ bl
|alp

b
:1:82) =2 ail()) (mod p), |X(2)]p =

Moreover, if p=1 (mod 3) then (6.1) has four more roots x®), x® xO) and x(®) such that

' = ey a0 (mod p), [xH V|, = {flal,, =23,

i b b ,
x(()Q) = 82 (mod p), |X(2’)\p =2 [Pl i=2,3.
ao |a ‘p

PRrROOF. Let (a,b) € A. We will consider the several cases:
(I) Let [a]2 < [b],, vb —3, and <\3/ VbV V —ﬁ) — 3. In this case, since x*> = t(1) or x> = t() and
[t = [t@)], = /[blp, we have x = V) or x = V4@ and [x|, = {/JtD], = {/[t®], = {/[b],.

(I.1) Let (m KW) — 3. If p=2 (mod 3) then (6.3) or (6.4) has a unique root x(»). Since
3 | log, VIblp and \/> A(=vbg) is a cubic residue, the first digit of the root x() of the trinomial
equation (6.1) is :cO = <\/7 /\\/7> (mod p) and its norm is [x(V|, = ¢/[bl,. If p=1 (mod 3)
then (6.3) or (6.4) has two more roots x(?) and x(3), Smce 3 | log, /Iblp and /by A(—v/by) is a cubic
residue, the first digit of the roots x@ and x®) are a: =g (\/\/> /\ \/ \/>> (mod p) and their
norms are [x¥|, = ¢/|b, for i = 2,3.

(I.2) Let (\3/ Vb K Vv —\/B) —3. If p=2 (mod 3) then each equation (6.3) (respectively (6.4)) has
a unique root x(M (respectively x(?)). Since 3 | log,, /Ibl, and v/by A (=v/bo) is a cubic residue, the first
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digit of the root x(!) (respectively x) is azél) = v/vbo (mod p) (respectively x( ) = {/—V/bo (mod p))
and its norm is [x(V], = &/|b|, (respectively [x?)|, = ¢/|b|,). If p=1 (mod 3) then each equation (6.3)
(respectively (6.4)) has two more roots x®) and x®) (respectively x4 and x(9)). Since 3 | log,, /Ib], and
Vbo A (—v/bg) is a cubic residue, the first digits of the roots x(®) and x(® (respectively x(* and x(9)
are x(()%_l) =&;%/\/by (mod p) (respectively x((] D =e;3/—/bo (mod p)) and their norms are |x(2~1)|, =
Y/Tbl, (respectively |[x(2)|, = &/[b,) for i = 2,3.

(IT) Let |a|3 = |bl, = |Dl,, VD — 3, and (\/[g]—avﬁz\/[g»]—agﬁ) — 3. In this case, since x3 = t(})
or x> = t& and [tM], = [t?)], = |a], = VIbl, = /D[y, we have x = Vt) or x = Vt® and

xlp = {/1t0, = {16, = {/al, = /bl = D,

IL.1) Let ¢/=2tvD A $/=a=vD _ 3 1f p = 2 (mod 3) then (6.3) or (6.4) has a unique root x(V).
g 2 2
ince

D
3 logp \F

/\ log
P
_ fZ A — —an— /2 Al
and —22* 2a°+4b0 A =2 2a°+4b0 is a cubic residue, the first digit of the root x(1) of (6.1) is

$(1)_ (»/—a(]—l—\/a%—l-élbo /\i/—ao—\/ag—i-élbo
=

(mod p)

and its norm is [xM|, = ¢/Jal, = ¢/[bl, = ¥/|D],. If p =1 (mod 3) then (6.3) or (6.4) has two more
roots x( and x(®. The first digit of the roots x? and x(® are

i/—ao + \/20,(2) + 4bg K \3/—&0 — \/2CL% + 4bg (HlOd p)

&i

)

and their norms are x|, = ¢/]al, = ¢/|b], = ¢/|D],, i = 2,3.

(I1.2) Let </_a§‘/5 K{’/_ag‘/ﬁ — 3. If p = 2 (mod 3) then each (6.3) (respectively (6.4)) has

a unique root x(!) (respectively x(?)). Since

~  |-a-vD
3| [ log, | ——Y= /\1 af

p

—ap /a2 = _ao—+/.
and —2F a°+4b /\ 2 a°+4b0 is a cubic residue, the first digit of the root x(!) (respectively x()) is

y/ —otv o _a0+ (respectively :c( ) = y/ TV %t Vza(%HbO (mod p)) and its norm is |x(V|, =
\3/|a = {/|blp = ¥/ID|p. respectlvely |x 2)\], = \/\a]p = {/|blp = V/ID|p). If p =1 (mod 3) then

each (6.3) (respectlvel (6 4)) has two more roots x®) and x(®) (respectively X( ) and x(9)). The first digits

(2i—1) 3/ —ag++/a2+4bo

of the roots x(3) and x(®) (respectively x) and x(%)) are z; =¢;\/ ——5 > (mod p) (respectively

x(()zi) =g v/ 2oV aptibo V;OHbO (mod p)) and their norms are |x(%~ 1) = {/lalp = \/7 m (respectively
x29|, = /al, = ¢/Ibl, = ¥/|D],) for i =2,3.

(III) Let |al2 = |b|, > |D|, and (\/> A/ — 7> — 3. In this case, since x> = t( or x> = (2 and
60, = [€®)], = /Bl = faly, we have x = V4@ or x = V4@ and [x], = {/|tW], = {/|t@], = {/fal, =
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¢/|bl,. If p =2 (mod 3) then each (6.3) (respectively (6.4)) has a unique root x™") (respectively )(c()z)).
1) _

Since 3 | log,, |5|, and =3© is a cubic residue, the first digit of the root x() (respectively x(?)) is z;

v/ 52 (mod p) (respectlvely mé ) = ﬁ (mod p)) and its norm is |x(V)|, = {/[a], = {/]b], (respectively

= lal, = ¥/Iblp). If p =1 (mod 3) then each (6.3) (respectively (6.4)) has two more roots
x®) and x® (respectively x*) and x(ﬁ)). The first digits of the roots x(3) and x®) (respectively x4
and x(6)) are x(gi_l) = g;{/ =% (mod p) (respectively :v(()%) = gi@ (mod p)) and their norms are

xZ=D| = /lal, = ¢/|bl, (respectively [x?)|, = {/]al, = ¢/]bl,) for i = 2,3.
(IV) Let [af? > [bl, and (¢=a V \ﬁ) 3
(IV.1) Let ¢/=a A </§ — 3. In this case, since x% = (™) & (min) apq

[Pl

[t R 0], = Jal, A fal,’
alp

we have x = Vtmax) X ¥tmin) and |x|, = {/Jal, A¢{ %. If p = 2 (mod 3) then the equation x3 =

t(max) & ¢(min) hag a unique root x(M). Since

N [b|
3 <10gp\a|p /\ log,, 7|a|p
p

and (—ag A 2—2) is a cubic residue, the first digit of the root x(M) is a: = (\/7 AP bg) (mod p)
and its norm is [xV)], = (3 lalp A { |‘b||p> If p=1 (mod 3) then the equation x3 = t(ma%) & ¢(min) hag
two more roots x(2) and x®). The first digits of the roots x® and x) are x(()) =g (\/TaO A f/?—‘;)

(mod p) and their norms are [x®|, = {/]a[, A { ‘p for i =2,3.
(IV.2) Let /—a K Y 2 — 3. In this case, since x* = t(ma%) A ¢(min) apq

p— 3 pu— b
(), R ()], = o], 7 Pl

a’p

we have

x = \/t(rnax /\ \/t (min)  and ‘X|p — 3/‘ /\ 3 ’b‘P

If p = 2 (mod 3) then each equation x® = t(™*) (respectively x* = t(min)) has a unique root x(!

(respectively x(?)). Since 3 | log, |al, (respectively 3 | log, \a:p) and —ap (respectively Z—g) is a cubic

residue, the first digit of the root x(1) (respectively x(?)) is xél) = /—ap (mod p) (respectively xé2) = 3/ Z—g

(mod p)) and its norm is [xM|, = ¢/Jal, (respectively [xP)|, = ¢ “Z—L‘j) If p =1 (mod 3) then each
equation x? = (™) (respectively x® = t(™i")) has two more roots x(3) and x(®) (respectively x(*) and x(9)).
The first digits of the roots x(® and x®) (respectively x*) and x(®)) are xémfl) = g;v/—ap (mod p)
(respectively m( ) =g \3/2—% (mod p)) and their norms are [x?~V|, = {/[a], (respectively |x(?9)|, =

Y \bfp)forz—QS O
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