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Abstract: We obtain limit theorems in the domain of large and moderate deviations for the pro-
cesses admitting embedded compound renewal processes. We justify the large and moderate deviation
principles for the trajectories of periodic compound renewal processes with delay and find a moderate
deviation principle for the trajectories of semi-Markov compound renewal processes.
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1. Introduction

Denote by D = DJ[0, 00) the space of functions without discontinuities of the second kind and right-
continuous; and by %, the g-algebra of subsets of D generated by cylindrical sets. Regard a random
process X (t) for ¢t > 0 with trajectories in D as defined on the probability space (D, %, P).

Suppose that some random time moments

0:T0§T1<T2<"'

divide the process into the cycles identical in the following sense: The random elements

(15, G) {X;(#), 0 <t <75})
= ((Ty — Tj—1, X(Tj) = X(Tj-1)) AX(Tj—1 + 1) = X(Tj-1), 0 <t < 75}) (1.1)

are independent for j > 1 and identically distributed for j > 2.
Denote by (7,() the vector with the same distribution as (7;,(;) for j > 2. We can consider the
sequence {(75,(;)} as the controlling sequence of the compound renewal process (CRP)

Z(t) == Zy,), where v(t):=max{k:T, <t}, t>0,

where Zy := 0 and 7, := 2?21 ¢ for k> 1.
The processes X (t) and Z(t) are obviously related as

X(T)) = Z(Ty), j=12,...,

and it is natural to call the CRP Z(t) embedded into X (t) with the initial vector of jumps (71,(1) =
(71, X (71)).

The classical examples of processes with discrete time ¢ = n, admitting the embedded CRP, are
Markov additive processes (MAPs), i.e., the sequences of sums of random variables defined on the states
of a Harris Markov chain (a chain with a positive atom, possibly, artificial). Such a chain is subdivided
into some independent identical cycles generated by the chain returning to the positive atom. Denoting
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the cycle lengths by 71, 79,... and the sums of random variables in these cycles by (1, (s, ..., we obtain
the controlling sequence (1.1) for the embedded CRP. There are also other examples.

It isshown in [1, § 1.8, § 2.5, and § 5.7; 2, 3] that under some natural and rather mild assumptions many
limit laws for a MAP on the increasing time interval [0, n] assume the same form as the corresponding
limit laws for the embedded CRP.

In order to simplify exposition, in each section we assume firstly that the process Z(t) is homogeneous.
In this case it is natural to call the corresponding process X (t) homogeneous. We extend the results to
the inhomogeneous case at the ends of the sections.

Assume henceforth that the controlling vector (7, () is nondegenerate; i.e., the distribution of (7, ()
in the plane of variables 7 and ¢ does not lie on any straight line or, which is the same, D(¢ — ¢7) > 0
for all c.

Following the approach of [1, §1.8] in studying MAPs, as the main characteristic describing the
difference between the processes X (t) and Z(t) we choose the oscillation ¢ of X (¢) on the cycles:

T mE A i XO
where X (t) is a homogeneous process, so that Zj means the oscillations on a cycle j.

In many sections we assume that the random variables in question satisfy Cramér’s moment condition.
Assume that the random variable ¢ satisfies Cramér’s condition [C], written as { & [C], whenever
EeMél < oo for some A > 0. Similarly, we write £ & [Cxols 1mply1ng the strong Cramér’s condition,
whenever EeMél < oo for all A < oo. If all coordinates of (7,¢, ¢ ) satisfy condition [C| then we write

(1.¢,¢) € [C].

The article has the following structure: Section 2 considers the large deviation principle (LDP) for the

normalized process @ in the phase space under the condition (7, ¢ ,Z) & [C]. This problem is simpler

X(t)

than the similar problem for the trajectories of the process =7~ on the increasing time interval [0, 77,

but it illustrates the next circumstance: If the tails of the distributions of { and Z have “comparable”
asymptotics in the framework of condition [C] then the LDPs for

X(T Z(T
X7 1= ; ) and zp:= 7; )
coincide in some neighborhood of the point a := % and the size of the neighborhood depends on the

relation between the tails of these distributions. Outside this neighborhood, the LDP for x7 will in
general differ from that for zp. In the subsequent sections the conditions on Z are as a rule stronger than
on ¢, which yields the coincidence of the LDP for the trajectories of
X(Tt) Z(Tt)
T T

Henceforth D[0, 1] stands for the space of functions without discontinuities of the second kind and
right-continuous on [0, 1]. Section 3 justifies the individual trajectory LDP for the process xp in which
for a fixed measurable set B C DI0, 1] we study the asymptotics

x7 = xp(t) := and zp = zp(t) = t e 0,1].

logP(xr € B) asT — o0

in the case that (7,{) & [C] and (e [Cxo). In particular, we obtain an LDP in the first and the
second boundary crossing problems—on the trajectory of xp intersecting and not intersecting a pre-
scribed boundary. Section 4 is devoted to the trajectory LDP for xp in the case that 7 & [C] and

(¢ ,Z) € [Cx]. In Section 5 we obtain a trajectory moderate deviation principle for x7 in the Cramer
case when (7,(, C) [C], as well as in the so-called semiexponential case, when the moments Ee™’,
Ee'qﬂ, and EelS” are finite for some B € (0,1). In Sections 6 and 7 we use the theorems of the previous

sections to study large deviations for the trajectories of a periodic CRP with delay (see also [4]) and
a semi-Markov CRP (see also [2, 3]).
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2. A Large Deviation Principle in the Phase Space

In this section we assume that (7, ¢ ,Z) & [C]. Verify that in this case in some domain G including

a neighborhood of the point o = a the normalized random variables xp = # satisfy the same local
large deviation principle as the normalized random variables z7 = @; see Theorem 2.2 below.

In order to state the main result more precisely, we need the following notation (cf. [1,5-18]): Given

(A, 1) € R?, put
(A ) = Be T AN, p) == log (A, 1)
and
o = () A1) < o0}, =0 = {(A 1) 5 A(A, 1) < 0}.

Clearly, the sets 7 and .= are convex, /<" C &7, and the interior (&) of & is the domain of analyticity
of the function A(\, ).

In the description of the LDP for the CRP Z(t), the following two functions are crucial. The first is

A(/‘L) = _Sup{A : ()‘alu‘) € MSO}’
where by definition we assume that the least upper bound over the empty set equals —oo, so that

['(u) := (—A(p), p) for u € R is a parametric definition of the boundary 9.27<° of /<0 in R?. The second
function is

D(a) := Sl;p{ﬂa — A(p)}- (2.1)

The function A(p) is convex and, therefore, differentiable almost everywhere. From (2.1) we infer
that the point u(a) at which sup in (2.1) is attained is an a.e. unique solution of the equation A'(u) = «,
so that

D(a) = pla)a — A(u()).
This implies that D’(a)) = u(a), the function u(«) is nondecreasing, and p(a) = 0 for a := % Put
Ma) := —A(u()). Then I'(u(a)) = (Ma), u(a)) for @ € R is also a parametric definition of 9.27<% in
R?: furthermore,
(M(a), pu(a)) = (0,0), A(0)=0= D(a), A'(0)=a, D'(a)=0.
The functions A(p) and D(«) are called the basic function and the deviation function for the CRP Z(t)
respectively; see [1, Chapter 3]. They are convex and lower continuous; furthermore,

Aln) = sup{po = D(a)}.

Thus, A(u) and D(«) constitute a pair of conjugate functions with respect to the Legendre transform.
For more details on the properties of A(x) and D(«); see [1, Chapter 3] and the bibliography therein.
Consider the function
Ex(a) :=sup e/\(a)tE(e“(o‘)(X(t)*X(o)); T >t)
t>0
related to the evolution of the homogeneous process X (¢) on the typical cycle

{X(t)—-X(0); 0<t<T}
Using this function, put
Gx :={aeR: Ex(a) < c0}.
In the case that (7,¢,¢) € [C], we have (A(a), u(a)) = (0,0) for a = %’ Thus, Gx contains the point
a = a together with some neighborhood.
Observe that Z(t) — Z(0) = 0 for all ¢t € [0, 7). Therefore,

Ez(a) := sup MVE(eMIEO=20), 7 5 ) = sup MNP (7 > 1). (2.2)
t>0 >0

(2.2) implies that Gz := {a € R: Ez(a) < oo} satisfies
{aeR:NMa) <A} CGz C{aeR: ANa) < A},
where \; = sup{\ : Ee’™ < oc}.

121



Lemma 2.1. On assuming that (7,(,() & [C], the random sequences

X(T) Z(T)
Xy = ——> =—
T T 0 T T
satisfy the following:
(i) If o« € Gx then
1
limsup — log P(x7 € (o)) < —D(a) (2.3)
T—o00 T
for every sequence € = ep = o(1) as T — oo;
(ii) if &« € Gz then
1
limsup — log P(z7 € (a).) < —D(a) (2.4)
T—o0 T
for every sequence e = ep =o0(1) as T — o ;
(iii) for all e > 0 and a € R we have
1
liminf — log P(xr € (@).) > —D(a); (2.5)
T—oo T
1
liminf — log P(z7r € (a):) > —D(a). (2.6)
T—oo T

Say that the local large deviation principle (LLDP) holds for a sequence {yr}7r~¢ of random variables
in a domain G C R with the deviation function (DF) I = I(«) as G — [0, 0] if

.1
Jim - log P(yr € (a):) = —I(a)
for every a € G where € = e — 0 vanishes sufficiently slowly as T — oo.
Theorem 2.2. (i) On assuming that (7,(,() & [C], the LLDP holds for two random sequences

{xr}r>0 and {zr}r=o in the domain Gx N Gz with the common DF D(«).

(ii) On assuming that (r,¢) & [C] and ¢ & [Cug], the LLDP holds for two random sequences xr
and zr in the domain Gz with the common DF D(a).

PROOF OF THEOREM 2.2. Claim (i) is straightforward from Lemma 2.1.
Let us prove claim (ii). By Lemma 2.1, the sequence zp satisfies the LLDP in Gz with DF D(a).
Condition ¢ € [Cy] implies (see Lemma 4.2) that

1
limsup —log P(|xy —zp| > ¢) = —oco forall e > 0. (2.7)
T—oo 1

It is easy to see that (2.7) and the property that zp satisfies the LLDP in Gz with DF D(«) implies
claim (ii). The proof of Theorem 2.2 is complete.

Let us prove Lemma 2.1(i),(ii). For an arbitrary € > 0 we have
oo
P(T):=P(xr € (a).) = Y _ Pu(T),
n=0

where
P(T):=Pxr € (a)e, T, <T < Ty + Tnt1)-

P(T)= Y Pu(T)+ Y PuD) =) +> . (2.8)

n<T? n>T2

Thus,
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Firstly estimate the sum ), using Chebyshev’s inequalities:

223 Y P(T,<T)= ) P(§Tk§T>

n>T72 n>T?2
—Xn:Tk (Ee—T)TZ
= Ple =1 >e 1)< A
S e Az Y B
n>T2 n>T?2

Since P(7 > 0) = 1, we have ¢ := Ee™7 < 1, and so

T2 1 T2
< Tn< =5 log c+T < = logc )
22_;260_62 71_6_63 (2.9)
n

for all sufficiently large T'. Estimate each term P,(T) in ), as n > 0. For (A, u) = (A(«), u(ev)) and
every n > 0 we have

Po(T) = E(eFntE0Zm. X(T) € (Ta)pe, Ty <T < Ty + Tni1). (2.10)
The inequality 0 < pX(T') — paT + |p|eT holds on the event
H,(T) ={X(T) € (Ta)re, Tp, <T < Ty, + Tnt1},
and for v :=T — T, < 7,41 we have
=T, — puZy, < =XT — paT + |pleT + Xy + pw(X(T5, +7) — Zn).
Therefore, on the event H,(T) by Z,, = X(T,,) we have
e~ Mn—hZn < o= AT—paT+|uleT Ay +u(X(Tn+7)=X(Tn)) (2.11)
From (2.10), (2.11), and the equalities
AT — pa(T) = =Na)T — p(a)a(T) = =TD(«x)

we deduce that
P, (T) < e” TP e g (), (2.12)

where

E.(T) = E(exanzn €A7+#(X(Tn+’7)*X(Tn)); Ty <T < Ty + Tos1)

< /E(e’\T"+“Z”; T — T, € dt)E(eMTHXO=XO). + 5 1)
0
Since the parameter « lies in G x, the second factor in the integral is bounded uniformly in ¢ > 0 by some
constant C' < oo, so that (2.12) yields
P (T) < e~ TP@=lulegypn (X, ) < e TP@=ll=, (2.13)
Using then (2.8), (2.9), and (2.13), we find that

1
lim sup T logP(T) < —D(«) + |ule,

T—o00

which implies (2.3).
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Replacing in the above argument the process X (¢) with the process Z(t), we obtain a proof of (2.4).
(iii) Choose and fix for this proof some constants ¢ € (0,00), R € (0,00), and ¢ € (0, 1] so that

P(r>c [(|<R, (<R)>q (2.14)

Consider for r >0, T > 1, >0, and § € (0,1) for n := [rT] the event

I, T Zn T
CT(€,5) = {n S g(]. —5)5, ? S n(a);}

On this event the sum T,, lies to the left of the value of T, and the distance .7 := T — T,, lies within the
limits

T € (0,279) with probability 1. (2.15)
On the event Cr(g,0) consider the new process

X'(t) = X(T,, +t) — X(T), t=>0,

independent of the process { X (¢), 0 <t < T, }, where we emphasize that n = [rT]. The new process X'(t)
is obviously homogeneous and admits the embedded CRP which we will denote by

Z'(t) == Z(t+ Tp) — Z(T), t>0.

All notation related to the new process X'(t) includes the superscript ’; for instance, T}, := T, — Ty, for
k > 0, and so on. Then on the event Cr(e,d) we have

X(T) = X(Tn) + X'(T) = Zn+ Zhy 3y + X'(T) = Ziy 7,

where the random variable .7 satisfies (2.15). For

K(T) = {2?] +1

consider the event R
Br:={m,>c¢, | <R, ¢, <R, me{l,....kT)}}.

Then by (2.15) the event Cr(g,0) N Br satisfies
Z,y | SRR, |X(T) = Z, 5| <R,
so that

_2M) 2R

X(T)  Zn
T - c T

T

on this event. Choosing § > 0 sufficiently small and T' < oo sufficiently large so that

2R6 2R ¢
<o
c T — 2
we see that
X |
T o €

on Cr(e,6) N Br. Hence,

P(X;“T) € (a)a> > P(Cr(s,6) N Br) = P(Cr(s,0))P(Br) > P(Cr(e,8)) "™,
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where the last inequality follows from (2.14). Thus,

| X(T) o1 26
= — il Sl > — = )
L_(a,¢) := liminf logP( € (a)5> liminf —log P(Cr(e,9)) + c log q

The available lower bound in the LLDP for the random walk (7},, Z,), see Theorem 1.2.1 of [12] for
instance, implies that

r r

1 1-
liminf — log P(Crp(e,d)) > —TA< 5; a>’
T—oo T

where A(0, o) := sup) {0 + pa — A(A, )} is the (first) deviation function for the random vector (7, ).
Thus,

L_(a,E)Z—rA<1_6 a> 20

,— | + —loggq.
r c

T
Minimizing the right-hand side of the last inequality over r > 0, for g := 1%604 we obtain
20
L_(O(7€> > _(1 - 5)DA(17 ﬁ) + ? log q,
where Dy (6, 8) := inf,~¢ T‘A(g, 5) is the second deviation function for the random vector (7, (). Choosing

T

furthermore o’ € (). and &’ > 0 so that (o) C (@), for §' := 1‘%/5 we find that

20
L_(Oé7€) > L—(O/7€/) > _(1 - 5)DA(175/) +— log q.
c
Maximizing the right-hand side of the last inequalities over o € («)., we find that

26
L_(a,e) > —(1-6 inf Dy(1,8) + = loggq.
(&)= =(1=0) _ inf  Dalf)+" logg

Since for every ¢’ € (1,¢) and all sufficiently small § > 0 the right-hand side of the last inequality is at
most

20
—(1=9) inf Du(1,d)+ —~ log g;

a’E(a)E/
passing to the limit as 0 | 0, we see that

L_(a,e) > — inf Dy(1,d)).
a/E(a)E/

Passing furthermore on the right-hand side here to the limit as ¢’ | 0 and using Lemma 3.1 of [10], we
arrive at the required relation (2.5)

L_(a,e) > —D(1,a) = —D(a).

Since (2.6) can be justified similarly, the proof of Lemma 2.1 is complete.

REMARK 2.3. The results of Theorem 2.2 can be carried over to the inhomogeneous case. To this
end, in the hypotheses of claim (i) of Theorem 2.2 it suffices to require in addition that (71, (1, (1) € [Cl;
furthermore, Gz and Gx should be replaced in general by some smaller sets G', and G’y containing the
point a with some neighborhood. In the hypotheses of claim (i7) of Theorem 2.2 it suffices to require in
addition that (71,(1) € [C] and ¢; & [Cuo]; furthermore, G should be replaced in general by a smaller
set G, containing the point a with some neighborhood.
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3. Individual Trajectory Large Deviation Principles

While discussing LDP for the trajectories of random walks or CRP, we usually mean the fulfillment
of appropriate relations for all measurable sets B C D. These propositions require, as a rule, rather
restrictive conditions on the jumps of the processes (condition [Cs]). At the same time, there may exist
quite large classes of sets B C D for which these relations hold on only assuming condition [C]|. As [,
Chapter 4] shows, that includes sets related to a trajectory of the process intersecting or not intersecting
a receding curvilinear boundary.

In this section we study the cases in which for some specified classes of sets B C DI0, 1] the trajectories
of the process

Z(tT
zr = z7(t) = (T)’ 0<t<1, (3.1)

satisfy an “individual” LDP; we find conditions under which the same individual LDP remains valid for
all trajectories of

x7 = x7(t) == , 0<t<1. (3.2)

Equip the space D[0, 1] with the uniform metric, i.e., given f,g € D[0, 1], put

p(f,g) == sup [t(t) — g(t)].
te(0,1]

Denote the resulting metric space by Dy[0, 1].
Define in D[0, 1] the deviation functional (integral)

[ DGy it fec,,
0
~ it f € D(0,1]\ €.

I=1I(f):= (3.3)

where C, is the class of absolutely continuous functions f € Dy[0, 1] with f(0) = 0.
Denote by (B). the e-neighborhood of a measurable set B C Dy[0, 1], i.e.,

B. :={g € Dyl[0,1] : }ggp(f,g) <e}.

Say that a measurable set B C Dy|0,1] is of class £ D, whenever for some ¢y > 0 and every
e € (0,e0] we have

limsup ;- logPlar € (B).) < ~I((B))), lymint logPlar € (B) = ~1(B);  (34)
and, furthermore,
I(B)) = I(B+) =l I(((B).]). (3.5)

If (3.4) and (3.5) hold for the normalized process x7 (see (3.2)) and a fixed measurable set B C
Dy[0,1] then
lim = log P(xr € B) = —I(B), (3.6)
T—oo T
and we say that the trajectories of xp satisfy the individual LDP in Dy[0, 1].
To construct simple examples of sets B of class £ D, consider for a € R the family of sets B(«a) :=
{f € Dy[0,1]: f(1) > a}. If (1,\) € [C] and Ay :=sup{\ : Ee’ < oo} > D(0), while the real « is such
that the convex deviation function D(t) (see (2.1)) is finite in some neighborhood of the point ¢ = «;
then by the local LDP in the phase space for the CRP Z(t) (see [10]) the relations (3.4) and (3.5) for
the set B(«) are satisfied and, consequently, B(a) € £ D_.. Other examples of sets B of class £ D will
appear at the end of this section.
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Theorem 3.1. Suppose that (7,¢) € [C], { € [Cuo), and Ay > D(0). Then
(i) for all f € Cq, € >0, and § = 67 | 0 as T — oo we have the inequalities (i.e., the partial LLDP
for xr)

limsup — log P(xz € (f)s) < —1(f), (3.7)
T—o0 T
liminf — log Pxr € ()2) > ~1(/); (3.8)

(i) if B € £ D then the trajectories of xp satisfy the individual LDP (3.6).
PROOF. (i): By hypotheses, the CRP z7 satisfies the so-called first partial LLDP, [1, Theorem 4.2.1]:

limsup — log P27 € ()5) < ~I(f), (3.9)
T—00 T
liminf — log P(zr € (£)2) > ~1() (3.10)

for all f € Cy4,e>0,and § =7 | 0 as T — oo. Use the obvious inequalities

P(zr € (f)2y) > P(xr € (f)4, p(xr,27) <7) > P(x1 € (f),) — P(p(XT,27) > 7).

Thus,
P(zr € (f)2yr)) = P(xT € (f)y(1)) — Plp(x1,27) > 7(T)) (3.11)

for all 7' > 0 and ~(7") > 0.
Let us verify that for every fixed v > 0 we have

1
lim —logP(p(x7,2z7) > 7) = —00. (3.12)
T—oo T
If v > 0 then
P(p(xp,z1) 2 7) < P1 + P, (3.13)

where P, := P(p(x7,27) > v, v(T) < T?) and P, := P(v(T) > T?). Let us estimate P; from above.
Since Z(T,,) = X (T),) for n > 0; therefore,

Pi=P max sup X((t)— X Tn— > T’)/
=P An T < T2 1P = T, "
(Lmax Go>Ty) < (124 DPC>1Ty) (314

Since ¢ & [Cwol, using (3.14) and Chebyshev’s inequality, for every A > 0 we obtain

1 1 Ee’\2>
limsup —log P; <limsup —log | —= | = —\~.
T—>oop T s = T—)oop T & <e>\7T 7

Letting A — oo, we find that
1
lim sup T log P; = —o0. (3.15)

T—00

Now, estimate P» from above. Chebyshev’s inequality yields

Py =P(T) >T%) < P(Tiyz) < T)
72

= P<exp{ — ZTk} > exp{—T}) < (ES:T)[TQ]

k=1
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Since P(7 > 0) = 1, it follows that ¢ := Ee™7 < 1. Hence,

1 1
lim sup T log P, < limsup T([TQ] loge+T) = —o0. (3.16)

T—oo T—oo

Using (3.13), (3.15), and (3.16), we establish (3.12).
From (3.12) we infer that there is a function v9 = 70(7") J 0 as T' — oo such that

1
lim = log P(p(xr, zr) > 7(T)) = —c0 (3.17)
T—oo 1

for all v(T") > ~o(T'). Using (3.9), (3.11), and (3.17), we establish (3.7).
Swapping in (3.11) the processes zp and x7, we see that

P(xr € (f)2y) = P(zr € (f)4) — P(p(x7,27) > 7) (3.18)

for every fixed v > 0. So, (3.10), (3.12), and (3.18) yield (3.8). Claim (i) of the theorem is justified.
(ii): Use the obvious inequalities

P(zr € (B):) > P(xr € B, p(xr,z7) <€) > P(xr € B) — P(p(xr,27) > €).

Furthermore, from (3.12) and the property that B belongs to £ D, we find that

limsup - log P(xz € B) < ~I([(B).]) < ~T((B)2:) (3.19)

T—o0 o
for all sufficiently small £ > 0.
The relation )
liminff logP(xr € B) > —I((B)) (3.20)

T—o00

is straightforward from (3.8). Since (3.6) follows from (3.19) and (3.20), the proof of Theorem 3.1 is
complete.

EXAMPLE 3.2 (an individual LDP in the first boundary crossing problem for the process xr). This
problem is related to the asymptotics of the probability P(xr € By), where for a prescribed function
g = g(t) € Dy[0,1] with g(t) —at > 0 for all t € [0, 1], the set By is of the form

By = {f € Dy[0,1] : f(0) =0, t?[é%]{f(t) —g(t)} = 0}.

In other words, By consists of f € Dy[0, 1] starting at zero and exceeding or reaching the level g(t) on
the segment [0, 1].
Theorem 4.6.2 of [1] proposed some mild conditions under which for some t, € (0, 1] the function

0 t94s) for 0 <t <t,,
T glty) Falt —ty) forty<t<1,

is the most probable trajectory in B, for the process zr. In other words,
o1
lim —logP(ar € By) = ~1((By)) = ~1([B,]) = ~1(f,).

Furthermore, since By € £ D Theorem 3.1 implies, under a suitable condition on /C\, an individual LDP
for the process x7 in the first boundary crossing problem.
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ExAMPLE 3.3 (an individual LDP in the second boundary crossing problem for the process x7). This
problem is related to the asymptotics of the probability P(xr € By_,.), where for the prescribed
functions g— = ¢g_(¢) and g+ = g+(¢t) € Dy|0, 1] with g_(0) < 0 < ¢g+(0) and g4 (t) — g—(t) > 0 for all
t € [0,1] the set B,_ 4, is of the form

By_g, :={f €Dyl0,1] : f(0) =0, g—(t) < f(t) < g+(t), t €0,1]}.

In other words, B,_ 4, consists of the functions f € Dy[0, 1] starting at zero and on the segment [0, 1]
remaining in the curvilinear strip with the boundaries g_(¢) and g, (¢).

Theorem 4.7.2 of [1] proposed conditions under which the most probable trajectory f,_ ., in By
for the process zr is constructed. In other words,

_7g+

o1
Am logP(zr € By 4,) = —1(By_g,) = —1([By_g.1) = —1(fy_4,)-
Furthermore, since B,_ 4, € 2Dy Theorem 3.1 implies, under a suitable condition on Z, an individ-
ual LDP for the process x7 in the second boundary crossing problem.

REMARK 3.4. The result of Theorem 3.1 can be carried over to the inhomogeneous case. To this
end, in its hypotheses it suffices to require in addition that ¢; & [Cuo] and &7<C C [#], where @4 :=
{(\ p) s EeMHra < ool

4. Trajectory Large Deviation Principles

Given a family {yr(t); 0 <t < 1}ps¢ of processes in Dy[0, 1], a sequence (1) — oo as T — o0,
a functional J(f) : D[0, 1] — [0, oo] such that for every v > 0 the set {f : J(f) < v} is compact in D [0, 1],
say that yp(t) satisfies an LDP with the deviation functional J and normalizing sequence 1»(T) (briefly
we denote this as (J,1(T"))-LDP) if
! logP B) < B lim inf !
ogP(yr € B) < —J([B]), Hnin O(T)

lim sup log P(yr € B) > —J((B)),

for every measurable set B C Dy[0,1], where (B) and [B] are the interior and closure of B, while
J(B) = inffeB J(f)
In this section we use the notation of Sections 2 and 3. We consider the case that the trajectories of

the normalized process z7 (see (3.1)) satisfy the (J,7)-LDP and study the conditions on ¢ under which
a similar LDP holds for xz (see (3.2)).
As the deviation functional J = J(f) below we use the functional I = I(f) defined in (3.3).

Theorem 4.1. Assume that 7 & [C], ((,{) € [Cs], and Ay > D(0). Then xp satisfies the
(I,T)-LDP.

PRrROOF. Theorem 4.5.1 of [1] (see also [5,6]) implies that under the hypotheses of our theorem the
family zrp satisfies the (I,7)-LDP. Use the following statement:

Lemma 4.2. Assume that ( & [Coo]. Then for every & > 0 we have
1
limsup — log P(p(zr,x7) > ¢) = —o0. (4.1)
T—o00 T

It is known (see [19, Theorem 4.2.13] for instance) that if the process zp satisfies the (I,7)-LDP
and (4.1) holds then the process xp satisfies the same LDP. Thus, Theorem 4.1 is justified, and it remains
to prove the lemma.

PROOF OF LEMMA 4.2. If £ > 0 then
P(p(z7,x7) > ) < P + Py :=P(p(z7,x7) > ¢, v(T) < T?) + P(v(T) > T?). (4.2)

129



Estimate P; from above. Since X(7,,) = Z(T,,) for n > 0, it follows that

P( _max sup | X(t) = X(Th_1)| > eT
(ISnS[T2]+1 t€(Tn-1,Tn) | X (2) (Th—1)] )
<P( max (,>eT) < (T?+1)P( > eT). .
(ISnS[aT}g}HC >eT) = ( JP(C > eT) (4.3)

Since Z € [Cx], using the exponential Chebyshev’s inequality, by (4.3) for all ¢ > 0 and A < oo we
obtain

I L log Py < Tim L 1og (B A
imsup = lo im —log | —= | = —Ae.
T—>oop T &1 = T—oo T & ereT c
Letting A — oo, for every fixed € > 0 we arrive at

1
lim sup T log P < —oc. (4.4)

T—o00

To estimate P», applying Chebyshev’s inequality, we find that

Ee )77
Py, =P((T)>T?) < P(Tip2) < T) < P(exp{—Tjpz} > exp{-T}) < (ee_T>.
Since ¢ := Ee™7 < 1, the last inequality yields
) 1 . [T?]logec
1 —logP <14 lim ——— = —o0. 4.5
imsup 7 log P < 1+ lim =775 = —o0 (45)

Now (4.2), (4.4), and (4.5) imply the claim of Lemma 4.2.

REMARK 4.3. The result of Theorem 4.1 can be carried over to the inhomogeneous case. In the
conditions of the theorem it suffices to require in addition that ((1,(1) € [Cs] and

AL == sup{\: Ee’ < o0} > D(0).

5. A Trajectory Moderate Deviation Principle

In this section, as before, we study a process X (t) that admits an embedded homogeneous CRP Z(t).
In the case that the trajectories of Z(t) satisfy a moderate deviation principle (MDP), we find the
conditions under which the process X (t) satisfies the same MDP. More precisely, for a fixed sequence
x=xz(T) — oo as T — oo we consider the two families of processes

X(tT) — atT Z(T) — atT

XT = XT(t) = T, 7T = ZT(t) = T, (51)

where
E¢ 2 E(¢ —ar)?
a=—=—, 0 =—"
ET Er
and the random vector (7, () controls the embedded CRP Z(t).
We study the conditions under which the LDP for trajectories of the processes xr and zr are the
same (see the definition of a (J,¢(7T))-LDP in Section 4).
As J = J(f) in this section we use the deviation functional (integral)

%igju'(t))?dt if f e Ca,

00 if f € D[0,1]\ C,.

Iy =Ih(f) :==
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The properties of I are thoroughly studied; see [12, Chapter 5] for instance. In particular, Iy is a lower
semicontinuous convex functional on D[0, 1] and the sets {f : Io(f) < ¢} are compact in the uniform
metric for every ¢ > 0.

To state the main theorem of this section, along with condition [C] we need the milder moment
condition [CY]. Denote by %, for 8 € (0,1), the class of functions V = V(t) : (0,00) — (0,00)
satisfying the following:

(1) V(t) = tPI(t) is a regularly varying function (r.v.f.), and so I(t) is a slowly varying function (s.v.f.)
as t — oo;

(2) if t — 0o and u = o(t) then

V{t+u) - V(t) = ﬁu‘/f)u +o(1)) + o(1).

Say that a random variable £ satisfies condition [CV], whenever for V' € % the inequality P(|¢] > t)
< e=V® holds for all ¢ > 0. Denote the fulfillment of condition [CY] as € & [C"]. By analogy with the
above, if 7 € [CY] and ¢ & [CY] simultaneously, then for the vector (7,¢) we write (7,¢) & [CY].

Addressmg processes (5.1), consider the deviation x = z(T") of the form

x—o00, x=o0(T) asT — oo, (5.3)

where the sequence 7 = Z(T') depends on whether the condition [C] or [CY] being used and is defined as

follows:
R VT for [C],
x(T) = { _1 (-1) %
T 20"(1/T) for [CY].
Here )
“D(1/T) := sup {t >0:t72V(t) > T}’
i.e., vCD(u) is a generalized inverse function to v(t) := t72V(t). Section 4.8.1 of [1] (see also [20])

contams the explicit form of the function v~V (1/7):
1
“D/T) = TP U(T),

where {1 (T) is an SVF as T' — oc.
Thus, the smaller the parameter 3 within the interval (0,1), the weaker condition [CV] for V € %
and the smaller the zone of moderate deviations (5.3).

Theorem 5.1 (an MLDP for trajectories of x7). Suppose that either (7, C, Z) [C] or (T,
and the sequence x = x(T) satisfies condition (5.3). Then the family xr of processes, see (
the (Iy,z*(T))-LDP, where the deviation functional In = Iy(f) is defined in (5.2).

PRrROOF. Theorem 4.8.2 of [1], see also [20, 21], implies that under the hypotheses of the theorem the
family of processes zr, see (5.1), satisfies the (Iy,#2(T))-LDP. Thus, the claim of Theorem 5.1 follows
from the next lemma.

¢.¢) e[cY
5.1), satisfy

Lemma 5.2. Assume the hypotheses of Theorem 3.1. Then
. 1
Tlgigo ﬁlog P(p(xr,27) >¢€) = —00

for every € > 0.
It remains to prove this lemma.

PROOF OF LEMMA 5.2. Given € > 0 and C > 0, we have

P(p(XT,ZT) > 6) < P+ P, (54)



where Py := P(p(xr,2z7) > e,v(T) < CT) and P, := P(v(T) > CT). Estimate P; from above. Since
Z(T,,) = X (T,) for n > 0; therefore,

=P X(t) = X(Tp_1)| > VTae, v(T) <CT

' (1§n21[%)%]+1T ?g§<Tn‘ (t) = X(Tn-1)] ze, v(T) < CT)
=P " 1+ [CT)P(¢ > VTae). ‘
< (1§n21[%’)§“]+1c > VTxe) < (1+[CT)P(( > VTae) (55)

If condition [C] holds then, applying to the right-hand side of (5.5) the exponential Chebyshev inequality
and taking into account the zone of deviations (5.3), for all ¢ > 0, C' > 0, and some A > 0 we obtain the
upper bound

Ee/\E . MWTae

1
li log P; < i 1 =1 = —o0. 5.6
msup 5 log Py < limsup 5 log —77 Jim 00 (5.6)

If condition [C"] holds then, using condition (5.3) and the definition of the functions v(t) and v(~ (u),
we see that

lim sup — log P, <limsup — 10g((1 +[CT))e V(\/sz)) < - lim L\/?x)
T—o00 x? T—00 x? T—o0 x
(=D
= —¢? lim —v(fx) = —¢% lim v(o(v™ 2(1/T))) = —00 (5.7)
T—o0 U(?}(_l)(l/T)) T—o00 ’U(’U(_l)(l/T))

for every € > 0. To estimate P» from above, applying Chebyshev’s inequality, we infer that

(cT)
2T o
P,=Pw(T)>CT) < P(T[CT} <T)=Per=1 <e")
(cT)
- > T Ee—7)[CT]
<Ple =1 >e 1)< (66;.
Since P(1 > 0) = 1, we have ¢ := Ee™" < 1. Therefore, choosing the constant C' = Cy(c) := —102gc +1,
for T' > 2 we find that
2T
C_ log ¢ _
P2 S e_T =€ T.
Using condition (5.3), we infer that
T
hmsup 3 log P, < — lim — = —oo. (5.8)
T—00 T—oo X

Now (5.4)—(5.8) imply that

1
lim sup — log P(p(xr,zr) > €) < limsup — log(2max (P, 2)) = —o0
T—00 2 T—o00 2

for every € > 0. The proof of Lemma 5.2 is complete.

REMARK 5.3. The result of Theorem 5.1 can be carried over to the inhomogeneous case. In the
conditions of the theorem it suffices to require in addition that (71,¢1,¢1) € [C] or (11,¢1,¢) € [CY].
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6. Large and Moderate Deviation Principles for
Periodic Compound Renewal Processes with Delay

To define the object of study, consider the sequence
&=(1,G), Plmp>20)=1, k>1, (6.1)

of random vectors and split (6.1) into disjoint independent groups ¥41,%, ..., %, .... To this end, choose
some integer parameter s > 0 corresponding to the delay, an integer parameter m > 1 corresponding to
the period, and put

Go= {6 &Y Ge= 1 pmir o Eoreymls k22

Assume that the tuples of vectors in the distinct group % for k > 1 are jointly independent and for k > 2
the identically distributed. We emphasize incidentally that the vectors £ in one of the groups ¢, or %
for instance, can be “however dependent.”

Let us show how sequence (6.1) under our assumptions determines some periodic CRP with de-
lay X (t). To this end, construct a random walk {(T)}, Z*)},>0 generated by the sums of random vec-
tors (6.1):

(T3, 25) = (0,0), (T2, Z2) = (ZT:,Z@;), .
k=1

k=1
Then X (t) := Zye(y» t 2 0, where
. 0 if t =0;
v (t) == )
max{n >0:T; <t} if t>0.

Thus, for m = 1 the periodic CRP with delay X (¢) becomes an homogeneous CRP if s = 0 and an inho-
mogeneous CRP if s = 1. Construct for a process X (¢) an embedded CRP Z(t). For that, it suffices to
construct for Z(t) the controlling sequence

Perform this construction by letting
a= > g=( X 7 X ¢)
{jf;ng} {]5;6%}} {]5;6%}

We also require that the vector & = (7, () having the same distribution with the vectors & = (73, () for
k > 2 is nondegenerate in R? and P(7 > 0) = 1. It is obvious that the so-constructed sequence (6.2)
is controlling for the CRP Z(t); which, in turn, is embedded into the periodic CRP with delay X(¢).

Furthermore, we have defined the characteristics (see Section 1) (71, (1,61) and (7, ¢ ,Z), where

G = X(t)— min X(t), (= X(t)— min X(¢).
Cui= max X()— min X(t), ¢= max X(t)— min X(t)

In the following statement we use the notation D(«), I(f), and so on as in Section 4.
Theorem 6.1. Suppose that 7 € [C], (; € [C] for 1 <k < s+ m and
)\Srl) = sup{\ : B¢’ < 00} > D(0), Ay :=sup{)\:Ee" < oo} > D(0).

Then the two families of processes

1 1
x =x(t) := ;X(tT), z =z(t) == ;Z(tT), 0<t<1,

where x = x(T) ~ T as t — oo, satisfy the (I,T)-LDP in Dy[0, 1].
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PROOF. Theorem 4.1 and Remark 4.3 imply that it suffices to show that (7, 7) & [C] and (C1, C1, ¢, C)

& [Cw). Verify firstly that (7, 7) & [C]. Clearly, it suffices to show that EcAT+0 < oo for some A > 0,
where

Since 777 & [C] for 1 < k < s+ m, there is > 0 such that

X
max Ee'r < co.
1<k<s+m

Put A := £ Holder’s inequality yields

s+m’

1

_ s+m s+m FEw—
EeAT:Eexp{)\ZT,:}S <HE6’”k> < 0.
k=1

k=1
Now the property (Cl,a, C,Z) & [C), follows since (; & [Cx] for 1 <k < s+ m and

s+m

max (|G, [Ca], €], 1S1) < > Gkl
k=1

The proof of Theorem 6.1 is complete.
In the next statement we use the notation a, o2, Io(f), and so on as in Section 5.

Theorem 6.2. Suppose that 7;; & [C] and (} & [C] for 1 < k < s+ m. Then the two families of
processes

1 1
a:\/T(X(tT) —atT), z=1zt):= T

where © = x(T) — oo and % — 0 as t — oo, satisfy the (Ip,T)-LDP in Dy]0, 1].

x =x(t) := (Z(tT) —atT), 0<t<1,

PRrROOF. By Theorem 5.1 and Remark 5.3, it suffices to show that (7, C,Z) € [C] and (74, CbZl) e [C].
Obviously, it suffices to verify that for some A > 0 we have

EeNTH0 < 0,

where
" s+m s+m
THC= i+ ) IG
k=1 k=1

Further arguments reduce to applying Holder’s inequality, as in the proof of Theorem 6.1, and we omit
them. The proof of Theorem 6.2 is complete.

REMARK 6.3. In [4], the law of large numbers (LLN) and the functional central limit theorem are
obtained for periodic renewal processes with delay, as well as the LLN is justified for periodic CRPs with
delay in the case that 77 and (; for £ > 1 are independent. The reference also includes some survey of
the results related to the applications of processes of this type. Thus, Theorem 6.2 refines the results
of [4], extending the invariance principle into the domain of moderate deviations.

REMARK 6.4. The results of this section are valid for a larger class of processes than the periodic
CRP with delay. Actually, the random vectors appearing in the class ¥, for £ > 1, can be ordered
arbitrarily.
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7. The Moderate Deviation Principle for
Semi-Markov Compound Renewal Processes

Let us define the object of study. We are given a time-homogeneous Markov chain k(n), n > 0, with

finitely many [ > 1 essential states L := {1,...,l} which is indecomposable and nonperiodic, i.e., ergodic;
see [22, Section 13.4] for instance. Denote the matrix of transition probabilities by
Ipill = IP(r(1) =7 | £(0) =d)ll, ,jel.

Suppose also that we are given a sequence of independent tuples of random vectors

Fi={67 = (@) i e L}
and k > 1, independent of the Markov chain k(n) and having the same distributions as the tuple of
random vectors N S

F 1= {64 = (749,049, i je L},
where P(7%/ > 0) = 1. Assume the following nondegeneracy condition: There exist i,j € L such that
Dij > 0 and N N

P(br 4 ¢¢™ =d) < 1
for all b,c,d € R with |b| + |c| # 0.
Fix the initial position of the chain k(0) = ip € L and define the walk (7}, Z), for n > 0, by putting

n

n
0 =25 =0, T, := ZT;:(kfl)’H(k), Zn = Zg,j(k’l)’”(’“), n>1.
k=1

k=1
From the coordinate T} construct the renewal process
0 if t=0,
vi(t) = » ]
max{n >0:T; <t} if t>0.

Now we can define the semi-Markov CRP (for the initial position x(0) = ig of the chain)

This is the main process studied in this section.
Along with the initial state ig of the chain, fix an arbitrary state ¢ € L, put r(0) := 0, and for n > 1
define the successive moments

r(n) :=inf{k > n(n —1) : k(n) =i}
of the return of s into the state 7. It is obvious that the random variables
my:=r(l), ..., mp:=r(n)—r(n—-1), ...

are jointly independent, and for n > 2 identically distributed. Furthermore, mi,mo & [C]; see [22,
Section 13.4] for instance.
Consider the sequence

(TOv ZO) = (Oa 0)7 s (Tnv Zn) = (T:(n)’ Z:(n))

and define the vectors (7;,(;) = (1; — Tj—1, Zj — Zj—1,) for j > 1. It is easy to see that these
vectors are independent and for 7 > 2 identically distributed; hence, they determine for the process X (t)
an embedded CRP Z(t).

Define the two constants

~ Ei@ s o Ei(G—am)?
a=a;:= Eiry’ o =0 = Eiry

where E;Y means E(Y | £(0) = 4). In Theorem 7.1 we establish that constants (7.1) are independent
of i € L. Thus, in the notation of Section 5, which we use below and which involves these parameters,

they are independent of i € L.

(7.1)
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Theorem 7.1. Suppose that (77, (") & [C] for i,j € L. Then the constants a and o in (7.1) are
independent of the parameter i € [, and the family of processes

1
xr =x7(t) = ——=(X{T) —atT), 0<t <1,
T T() $xﬂf( ( ) )
where the sequence x = x(T') is such that

lim z = o0 hm— 0
T—o0 ’ T—oo /T ’

for an arbitrary initial state of the Markov chain k(0) = iq satisfies the (Ip, z%(T))-LDP in Dy0, 1].
ProoF. Fix some initial state ig of the Markov chain and an arbitrary state ¢ € [, using which we

construct an embedded CRP Z(t). Theorem 5.1 and Remark 5.3 imply that the family of processes
1 1
xr(t) i = —=(X{T) — a;tT), zp(t) := ——=(Z{T) —a;tT), 0<t <1, 7.2
(1) = —=(XUT) ~adT).  2r(t) = ——(Z(T) — aitT) (7.2
for the initial state ip satisfy the (Iéz),x2(T))—LDP, where the deviation functional is defined for the
constant o2 if (7, ¢ () e [C] and (71, (1, (1) € [C]. Obviously, it suffices to show that EcAT0) < oo for
some A\ > 0, where

mi+ma mi1+ma
Z Tlf:(k—l)ﬁ(k) and ¢ := Z K}f:(k—l)ﬂ(k)“
k=1
The condition (797, (%, my, mg) [C] for i,7 € L implies that there are A > 0 and p > 0 such that
?}?EE(Z ATHHETD) < o Berlmitme) & oo (7.3)

Using (7.3) and Chebyshev’s inequality, we obtain

T+< ZEz()(eXp{AZ Tk, k(k—1), _l_}gk/‘@(k1)’5(]{?)‘)}‘m1+m2:d>P(m1+m2:d)

o0

<Y (max BT NIP () 4 my = d)
i,j€L
d=1
o d o0
< Ee (m1+m2) maXEe (T8 +|¢H71) —ud < Ee* (m1+m2) e —Ld
2 a 2

Therefore, we showed that the family xp(¢) satisfies the (Iéi), 2*(T))-LDP. This implies that

1
lim P( |= >e)] =0 7.4
T—o00 < T ) ( )
for an arbitrary initial state ip and every € > 0. Similarly we can prove (7.4), which instead of a;
involves a; for every j € L. This circumstance shows that a = a1 = a2 = --- = ;. The latter implies

that the families of centered and normalized processes x defined in (7.2) for distinct i € L coincide.
Apart from the initial state i € L, choose two arbitrary distinct states i,7 € L and denote by

X(T) — Q4

I, 0 I, (i )( f) and I G — é )( f) the deviation functionals constructed for the parameters o7 and O']
The above implies that the family of processes xp simultaneously satisfies the (Iéi), x2)—LDP and the

(I(()j ),xZ)—LDP. Since this is possible only if 02-2 and 032» coincide, the parameters af are independent
of i € L. The proof of Theorem 7.1 is complete.

REMARK 7.2. In [18], local theorems are obtained for multidimensional arithmetic semi-Markov
CRP in the domains of normal, moderately large, and partially large deviations.
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