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Abstract: We study the class of systems of differential equations defined by one class of matrix quasiel-
liptic operators and establish solvability conditions for the systems and boundary value problems on R}
in the special scales of weighted Sobolev spaces WAU. We construct the integral representations of
solutions and obtain estimates for the solutions.
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1. Introduction

We consider the class of quasielliptic systems in the whole space
ZL(D,)U = F(zx), z€R", (1.1)
and the boundary value problems for them in the half-space

{ Z(D,)U = F(z), z€RY,

#B(Dz)U|z,=0 = 0. (1.2)

These systems are determined by some class of matrix quasielliptic operators £ (D).
Let us specify the conditions on the operators £ (D,) and #(D,). Denote by 1;,(i€) and b;,(i§) the
entries of the matrices £ (i€) and £(i€) which are the symbols of the corresponding differential operators.

Condition 1. Let .Z(i€) be a (v x v)-matrix. Suppose that there are vectors a = (ay, ..., a,) and
t=(t1,...,t,), with t, >0 and t,/a; € N such that

Lir(c¥i€) = ¢ 1;p(i€), jor=1,...,v,
for all ¢ > 0.

Condition 2. det Z (i) =0, £ € R", if and only if £ = 0.

The matrix operators .Z(D,) satisfying Conditions 1 and 2 belong to the class of quasielliptic op-
erators which was introduced by Volevich [1]. In particular, the following operators belong to the class
of operators under consideration: homogeneous elliptic operators, Petrovskii’s elliptic and parabolic op-
erators, Eidelman’s parabolic operators, backwards parabolic operators, and homogeneous quasielliptic
operators (see [2]).

Condition 2 implies that the equation

det Z(is,i\) =0, s R"1\{0}, (1.3)

has no real roots in A\. Denote the number of roots in the upper half-plane by p. We assume that p is
independent of s € R*~1\{0}.
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Condition 3. Let #(i&) be a (1 x v)-matrix. Suppose that there is a vector (mu, ..., m,) satisfying
tr — tmin < tr —mj < tp — p, tmin = min(ty,...,t,) and such that

b.]ﬂ"(cazf) = Ctrim]b]yr(lé.)7 c > 07 .7 = 17 A 7/’1/7 r= 17 AR 71/

Condition 4. Boundary value problem (1.2) satisfies the Lopatinskii condition; i.e., the boundary

value problem on the half-axis
Z(is, Dy, )v =0, x, >0,

B(is, Dy, )V|z,=0 = @, (1.4)

sup |v| < oo
Tn,>0

is uniquely solvable for all s € R"~1\{0} and ¢.

The goal of this article is to obtain solvability conditions and construct solutions to the quasielliptic
systems (1.1) in R™ and to their boundary value problems (1.2) on R’}. We search solutions to the
problems in the special scales of weighted Sobolev spaces Wgé,a which were introduced in [3].

Recall the definition of W% (R"), with k/a = (k/au, ..., k/an), k/a; € N, 1 < p < 0o, and & > 0.

DEFINITION. A locally summable function w(z) belongs to W;C/,a([R") if u(x) has the generalized
derivatives Dgu(x) on R™ for Sa < k, and

(1 + (2))~*=P9) DBuy(z), Ly(RY)|| < 00, (2)? = Zx?/“i.

The norm on W; (/,Oé([R") is defined as follows:

Ju(z), W (R = D [[(1+ (@) P Dlu(a), Ly (R™)]]. (1.5)
0<Ba<k
In the isotropic case when k/aj = -+ = k/ay, = [, (1.5) is equivalent to

Yo a2~ Dlu(z), Ly(®R™)|)-
0<|I<t
In this case, the spaces under consideration coincide for o = 1 with the spaces often called the Nirenberg-
Walker—Cantor spaces Mip (R™), with m = —I (for instance, see [4-6]).

We consider the general case when the entries k/a; of the vector of smoothness can differ from one
another.

Recall that C3°(R™) is everywhere dense in Wk/ 5 (R™) for o < 1 (see [3]). Henceforth, we assume
that 1 > o > 0.

Introduce the weighted Sobolev space Wz/? (R™) for vector-functions, where the parameters of
smoothness are determined by the vectors oo = (a,...,ay) and t = (1, ...,t,) from Condition 1.

We say that a vector-function U(z) = (U (x),...,U"(x))T belongs to

WHER™) = []Wik/*(R™),  ti/o = (t/on, ... tr/om), 1 <p < oo, o >0,
k=1

if each of the entries U*(z) belongs to W;f}/a([R") and we set
) Wl )] = Y2 %00, Wi )|
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We also write
12

Ly(R") = [ ] Lp(R™).

r=1

DEFINITION. Denote by L, (R") the weighted space with the norm

||f( ), Lpy (R = (1 + ()77 f(2), Lp(R™)].
We say that a vector-function F(z) = (F'(x),..., F¥(x))T belongs to

[Rn) = H Lpn/([Rn)
r=1
if each of the entries F'*(x) belongs to L, (R"), and we set

(@), Lip o (R™)]] —ZHF’" Ly (R

Similarly, we define Ly (R"), L, ,(R), Wik/*(R), and Wi (R?).
2. Statement of the Main Results

We recall now that the first theorem about isomorphism for the class of quasielliptic operators £ (D,,)

in the case when t; = --- = t, = 1 was proven in [7] by using the property of Wt/a(IR"). The unique
solvability of “homogeneous” quasielliptic systems ensues from the theorem. Properties of quasielliptic
operators for t; = --- = t, = 1 were further studied in [8]. Some theorems of isomorphism for wider

classes of quasielliptic operators were proved in [2,9-11].

Observe that the Sobolev spaces with power weights (for instance, see [5,6,12-15]) are also used in
the theorems about isomorphic properties of elliptic operators.

Let us recall the theorem of isomorphism for the class of quasielliptic operators under consideration
which was established in [2]. Put

n
o] = Zai, tmax = max{ty, ..., t,}.
i=1

Theorem 1. Let an operator .£(D,) meet Conditions 1 and 2. If |a|/p > tmax, then
L(Dy) : WHER™) — Ly(R"), 1<p<oo, o=1,
is an isomorphism.
The unique solvability of (1.1) is straightforward from Theorem 1. Namely, if |a|/p > tpax then for
every F(xz) € L,(R™) there is a unique solution U(z) € Wt/a([R”) to (1.1) and ||U(z), W t/a (R <
c||F(z),Ly(R™)|| with a constant ¢ > 0 independent of F'(x).

The condition |a|/p > tmax is essential for the unique solvability of (1.1) in W;/ *(R™). However, the
condition imposes rather stringent constraints on the degree of summability p and o = 1. In the following
theorem, we establish unique solvability conditions for system (1.1) in the whole scale of weighted Sobolev

t/

spaces W,y (R") with significantly weaker constraints on the parameters p and o.
Theorem 2. Let an operator £ (D,) meet Conditions 1 and 2. If
la|/p > otmax, |a|/p' > (1 —0)tmax, 1/p+1/p =1, (2.1)

then for every vector-function F(z) € Ly (1)t (R") there is a unique solution U(z) € W,ﬁ/;”(ﬂ%")

to (1.1); moreover,

tmax

U (@), Wis (R™)]] < ClLF(@), Lp, (01}t (R (2.2)
with a constant C' > 0 independent of F(x).

965



Theorem 3. Let the conditions of Theorem 2 be met. Then
[(z) =@ =P DI (), Ly(R™)|| < ell(2) =09 2(Dy)U (), Ly (R™)], (2.3)

0<Ba<ty, k=1,... v,
for all vector-functions U(z) = (U(z),...,U"(z))T € CP(R"), with a constant ¢ > 0 independent
of U(x).
REMARK 1. Theorem 2 generalizes the unique solvability theorem for “homogeneous” quasielliptic
systems (¢t =---=t, = 1) from [7,8].
REMARK 2. As is demonstrated by examples, in some cases conditions (2.1) are necessary and

sufficient for the unique solvability of systems (1.1) in W;/ga (R™). For instance, it is easily seen for the
polyharmonic equation

Ay = f(z), ze€R", n>2m,

by using the results from [16, Chapter 12]. Observe that, for solvability of the equation in Wﬁm(ﬂ?”) for
p < - ie., |a|/p’ <1, 0 =0, the right-hand side f(x) needs to satisfy the orthogonality conditions
of the form

/ f@)afde =0, 18] < s(n,m,p).

REMARK 3. The inequality of the form (2.3) for ¢ = 1 is obtained in [4] for elliptic operators;
and (2.3) is established in [7] for “homogeneous” quasielliptic operators.

Let state some theorem of unique solvability for (1.2).

Theorem 4. Let Z(D,) and %#(D,) meet Conditions 1-4. If (2.1) hold, then (1.2) has a unique
solution U(x) € Wt/a([R”) for every vector-function F(x) € Ly(R}) N Ly _ot,.. (R ); moreover,

U (), WESRD| < el F (), Ly(R) | + F(2), Lt~ (RE)]) (2.4)

with a constant ¢ > 0 independent of F(x).

REMARK 4. Theorem 4 generalizes the solvability theorems for boundary value problems for quasiel-
liptic equations in [17,18]; and for systems in [19-21].

REMARK 5. Conditions (2.1) are important for the unique solvability of boundary value problems
on R"} for quasielliptic equations and systems. In particular, for |a|/p < 0tpax, the homogeneous problem

can have a nontrivial solution. If |«|/p’ < (1 — 0)tmax, then there exist boundary value problems without

solutions in W,ta/f (R%) even for compactly-supported infinitely differentiable F'(x) (see [18,22-24]). For

instance, if

/ Blis,iN)L Wis, i\)d\ #0, s R\ {0},

forc =0, t = --- = t, = 1, where I'(s) is a contour in the complex plane encircling all roots of
equation (1.3); then the condition

/F(x) dz =0

R
is necessary for solvability of (1.2) in W;/O‘([R’}r) for 1 > |a|/p’ > 1 — amin, p € (1,2].
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3. Proof of Solvability of (1.1)

To prove Theorem 2, we follow the scheme of [2, 7]. Let us sketch the scheme of the proof and inspect
the essential differences.

As in [2, 7], to prove the solvability of (1.1), we use the method of constructing approximate solutions
which was described in [25] and based on Uspenskii’s integral representation [26] for summable functions
(see also [25, Chapter 1]).

We suppose first that the entries F7(z) of F(z) € L,(R™) on the right-hand side of (1.1) have compact
supports.

Consider the family of integral operators Py 5, k =1,...,v, 0 < h <1, of the following form:

PppF(z) = (2m) ™" 711"“'“ / / exp (if};tfs) Gk(@(i}l’“(s)ﬁ(y)) dédydv,  (3.1)
h R™ R™ r=

where (%7 (€) are the entries of the inverse matrix (.Z(i¢))~" and

G(€) = 2m(€) ™ exp(—(€)F™), (€2 =D ™™, meN. (3.2)
=1

It is demonstrated in [2] that the vector-function
Un(x) = PyF(z) = (P pF(x),..., P, F(z)T (3.3)

is an approximate solution to (1.1).

Note that (3.1) and Conditions 1 and 2 imply that Uf(x) = Py, F(z) are infinitely differentiable
and, obviously, we can find a natural m; such that UF(x) in (3.2) are summable to every power p > 1
for m > m;. Henceforth, we assume that m > m; in (3.2).

It ensues from the lemmas below that, under conditions (2.1),

[Un(z), WESRM|| < CIF(2), Lp 0 1)t0 (R (3-4)
with a constant C' > 0 independent of F'(x) and h; moreover,
|Un, () = Uny (), WESR™)|| =0 as hy,ha — 0. (3.5)
First, we recall the estimates of [2] of the leading derivatives of the entries of (3.3).

Lemma 3.1. Let = (p1,...,0n), Ba=1tg, k=1,...,v. Then

|DZUR (), Lp(RM)|| < Csl|F(x), Ly(R")]| (3.6)
with a constant Cg > 0 independent of F'(x) and h; moreover,
|D2UE (x) — DEUE (x), Ly(R™)|| = 0 as hi,hy — 0. (3.7)
To estimate the norms of the derivatives
DPUF(z), 0<Ba<ty, k=1,...,v, (3.8)
we need some estimates for the integrals
h—l
k,r —|a|/ty —Ba ES . r
Ay = [l e ( . > G (€)(i€)71% (€) e, (3.9)
h R”

reR", 0<h<l.

967



The following analog of Lemma 3.3 from [9] takes place:

Lemma 3.2. Let |a| + Sa > t. Then there is mg such that for m > mg in (3.2) we have
(letbet g (@) < e, w e,

with a constant ¢ > 0 independent of h and x.

Proor. Consider the function
J(z) = (@)t 50 (@), e R

Making the change v = w(z)! for x # 0 in (3.9), rewrite this function as

h=t /(z)*h
Say= [ttt o (it Y ue 016 ded
(o)t Rr

(3.10)

By Conditions 1 and 2, (&) = (i€)P1%7(€) is quasihomogeneous in «. Therefore, by the definition of (3.2),

we can find mg € N such that
iz{G . Blk,r del < (1 —|a| R™
eGP () dg| < (1 +(2))7 ™, 2 €eR",
|Rn

with a constant independent of z. Hence,
o0
0
Thus, since |a| + fa > t, 0 < fa < t, we obtain |J(z)| < ¢ < oo; i.e., (3.10).
The lemma is proved.

Henceforth, we assume that m > max{mj, ms} and turn to estimating the norms of (3.8).

Lemma 3.3. Let 8 = (f1,...,0n), 0 < pa < ti and |a|/p > oty — Ba) > tp — Ba — |a|/7,

1/p+1/p' =1. Then
[(2) =7 =PI DRUR (), Lp(RY)|| < el () =P F (), Ly(R™),

with a constant ¢ > 0 independent of F(z) and h.
PROOF. By (3.1), (3.2), and (3.9), DSUF(x) can be written as

14

DEUE(z) =Y (2m) / K (@ — y)F7 () dy.
J

r=1

By Lemma 3.2,

[(z) =59 DI (), Ly (R™)

v

SCZ

r=1

()~ (tr—PBa) /<$ — )~ el Bamt | B (4| dy, Ly (R™)
|Rn
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The conditions imply that |a| + Sa — t; > 0; therefore,
[ () =7 E) DU (), Ly(R™) |

(@) 5 [T fas = a5 )] dy, L, (R7)
R =1

12
<0y
r=1
Since tx — fa > 0, 1 > o > 0, we obtain

() =59 DI (), Ly (R™)

/H || 7Bt/ 1l | gy — g5 G =B/ lal =1}y, (A=) (Ba—ti) /|
pn =1

14
S@Z

r=1

x (y) (1= =be) | B (y)|dy, L,(R™)

Put a = o(ty, — fa)/|al and b = (1 — o) (tx — Ba)/|a|. By hypotheses, a < 1/p, b < 1/p/, a+b > 0.
Applying the Hardy-Littlewood inequality [27], we arrive at (3.11).
The lemma is proved.

Lemma 3.4. Let the conditions of Theorem 2 be met and 5 = (f1,...,0n), 0 < Ba < tg. If
F(x) € L,(R™) is compactly-supported then
(1 + (z))=oE=B)(DEUE (x) — DRUF (2)), Ly(R™)|| = 0 as hi,ha » 0, k=1,...,v. (3.12)

PRrRoOoOF. Put

K5 (@) = [ expline)Gu(e)i€) 17 €) de. (313)

R
From (3.1), (3.3), and (3.9) it follows that

—1

>

14

D]Uy(z) =) (2m)"

r=1

S

v lel/te=Ba/te /K’ﬁ“’r (m _ y) F"(y) dydv.
RTL

'Ua/tk

Using this representation and Minkowski’s inequality, for ho > h; > 0 we obtain

|1+ (@)= 7= (DU, () — DIUR, (@), Lp(R™)]|

1% ha
<y / o lal/ti—Ba/t,

—o(t.—Ba o[ T — T n
(14 (z))"o—F )/K’BC (Ua/tf>F (y) dy, L,(R™)|| dv
r=1
h1 R™
,
—|a|/t—Ba —o(ty—Ba ke L —Y r n
+Z;/v led/th=Ba/ti]l (1 4 (z)) o tr =P )/Kﬁ <M>F (y) dy, Ly,(R™) || dv
r= h2_1 R

= JHha,ho) + > T2 (b, ha).
r=1 r=1
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First, estimate J!(h1, ha). Applying Young’s inequality, we obviously get

ha
J}(hlahZ) < /va|/tkﬁa/tk

K§< > >,L1([R”)

17 (y), Lp(R™)|dv

Ua/tk
1
ha
- / oBot o | KA (), Ly R ||| F7 (), Lp(R™)].
h1

Hence, using (3.13) and the condition fa < ty, it follows that

JY(hi,he) = 0 as hy, hy — 0. (3.14)
Estimate J2(h1, ha). Using the inequality
(1+ @) Nz —y) <a(l+(y)), a=const, (3.15)
we infer
Rt
J2(hy, o) < / o-lal/ti—Bat
hyt
X /(w —y) P R (ia?:ef) (1+ ()" BP9 FT(y) dy, Ly(R™) || dv.

R

By applying Young’s inequality, we obviously get
Rt

Jf(hh ho) < / v lel/te=Ba/te

—1
hy

dv

(a) o= Be) < ° ) ,Ly(R™)

fUOt/tk

x[[(1+ ()7 PO E (y), Ly (R
At
— / U—|a|/p’tk—6a/tk—a(1—,8a/tk) dUH<Z>_U(tk_ﬁa)K§’T(z),Lp([Rn)H
hyt
X[[(1+ ()7 PO (y), Li(RY)]].
Since |a|/p > otmax, tx > Pa, and F"(y) is compactly-supported; using (3.13), we infer that
J2(hi,he) — 0 as hy, hy — 0. (3.16)

Recalling (3.14) and (3.16), we arrive at (3.12). The lemma is proved.
PROOF OF THEOREM 2. Estimates (3.6) and (3.11) yield (3.4), while (3.7) and (3.12) imply (3.5).

By completeness of Wf,/f (R™), it follows from (3.4) and (3.5) that there is a continuous linear operator

P Ly (o 1y (R") — WYERY), 1<p<oo, 0<o<1,

defined on compactly-supported vector-functions F'(x) by the formula

PF(z) = ilzli}%) P,F(z);
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moreover, the vector-function U(x) = PF(z) € W;/?([R”) is a solution to (1.1). Owing to the density
of the set of compactly-supported vector-functions in Ly, (;_1)s,,., (R"), the operator P can be uniquely
extended to the whole space Lp7(a,1)tmax([R") with the same norm. We preserve the notation P for the
extended operator.

By (3.4), the linear operators

Pt Ly (g 1yt (R") — WEYE(R™), 1<p<oo, 0<0 <1,

are continuous; and the collection of their norms is bounded: || Py|| < C. Consequently, by the Banach—
Steinhaus Theorem,

|PoF(z) — PF(z), WY (R")|| -0 ash—0
for all F(7) € Ly, (6—1)tpa (R™)-

By the above arguments, some solution U(x) € Wt/ s (R™) to (1.1) exists for any right-hand side
F(z) € Ly (5—1)tax (R™); moreover, (2.2) holds.

The uniqueness of the solution to system (1.1) in the space under consideration is proven by analogy
with [9].

Theorem 2 is proved.

PROOF OF THEOREM 3. Estimate (2.3) is straightforward from Theorem 2 for fa = t, k= 1,...,v.
Assume that Sa < . Putting

Uf(z) = PupF(x), F(z)=2(D.)U(x),
we derive
[[() =7 BODE Py (ZL(DYU) (), Lyp(R™)]] < ef| ()1~ P9 2(D,)U (), Lp(R™)]|

from Lemma 3.3 with a constant ¢ > 0 independent of U(x) and h. Then, for every € > 0 we have

Ihe = H =PI DRUM (@), Ly({(x) = €})
< H =PI DIPLW(L(D)U) (@), Ly({(z) = e})|
+[(2) 7P DYP (L (D)U) (2) = UM(x), Lyp({{a) = €}
< (@)1= TPO 2(Dy)U (), Ly(R™)|

+e(e)||(1+ (2)) 7P DE(Py (L (D)U) () — UM (), Lp({(z) = e})], (3.17)
where ¢(e) = (1 4 1/¢)?=82) By the proof of Theorem 2,
(1 + (@)~ D (P y(L(D)U) () — UM (), Ly(RY)|| =0 as h— 0,
Passing to the limit in (3.17) as h — 0 yields
e < cl|(@)1 =59 2 (DU (2), Lp(R)]].

Hence, passing to the limit as ¢ — 0 implies (2.3).
Theorem 3 is proved.
4. Construction of Approximate Solutions to (1.2)

The proof of Theorem 4 is based on the construction of approximate solutions to boundary value
problems for systems with constant coefficients (see [19]). We present the construction in this section.
We suppose that F'(z) € C*(R") and F(x) =0 for |z > 1.
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Consider the boundary value problem of the form (1.4) on the half-axis for the system of ordinary
differential equations with parameter s € R*~1\{0}:

z(isvaEn)w:ﬁ‘(&:En)a Ln >07

AB(is, Dy, )w|z,—=0 = 0, (4.1)
sup |w| < o0,

Tn>0

where F(s, x,) is the Fourier transform of the vector-function F(a’,z,) with respect to .
By the Lopatinskii condition, (4.1) is uniquely solvable. The solution of (4.1) can be represented as

w(s, Tpn) = wo(s, zn) +v(s, zp), (4.2)
where wy(s, z,) is a bounded solution to the system
Z(i8, Dy, Jw = ﬁ’(s, Tn), x>0,
and the vector-function v(s, z,) is a solution to (1.4) with
o(s) = —=A(is, Dy, )wo(S, Tn)|z,=0-
Put a(is,i\) = det Z(is,i\). Denote by g(z’s, i\) the adjugate matrix to Z(is,i\). The identity
Z(is, Dy, )L (is, Dy, )w(xn) = alis, Dy, Jw(zy)

is obviously valid for sufficiently smooth vector-functions w(z,). Equation (1.3) has no real roots; there-
fore, the boundary value problem on the axis

(4.3)

sup  Jul < o0
—00< Ty <00

{ a(is, Dy, )u = g(xy,), —00 <z, < 00,

has a unique solution for s € R*~!\{0} and every bounded g(x,) € C(R). Consequently, using the
formula of the solution to (4.3) (for instance, see [25, Chapter 1]), as wo (s, z,,), we can take the bounded
vector-function

wo(s, xn) = g(is,Dmn)Rﬁ(s,xn) (4.4)
where . -
RF (s, x,) = /J_l,_(s,xn — yn)F (5, yn) dyn + /J_(s,xn — ) F (s, yn) dyn,
0 Tn
1 [ exp(izy) 1 [ exp(izy))
J n —— A\, J(s,1p) = —— | ———dA, 4.5
+(5,20) = 27‘(’/ a(is, i) (5, ) 27 a(is, i) (45)
e

and the contour I't = I'*'(s) encircles all roots of (1.3) in the upper half-plane, while '™ = '~ (s) encircles
the roots in the lower half-plane. Denote by {wi(s,zy),...,wu(s,2n)} the canonical basis of (1.4); i.e
each vector-function w;(s, z,,) is a solution to (1.4) with the unit boundary vector ¢ = e; whose jth entry
is 1. Then the vector-function v(s, z,) from (4.2) can be represented as

o
(s,2n) Zgoj s)w;(s, zp), (4.6)

Where QO(S) = _‘%(is’ Dyn)w0(37yn)‘yn:0'
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By (4.2), (4.4), and (4.6), we derive the representation of the solution to (4.1) in the form

w(s,xpn) = ZL(is,Dy,) RF(s,x,) + Z ¢! (s)w;(s, xp). (4.7)

J=1

Construct a solution to (1.2). By applying the inverse Fourier transform to (4.7) with respect to s,
we can obtain a formal solution to (1.2). However, the contour integrals (4.5) and the components of
the canonical basis of (1.4), in general, have nonintegrable singularities for s = 0. Therefore, to obtain
a formula for a solution to (1.2) we need to regularize the inverse Fourier transform. To this end, use
Uspenskii’s integral representation for f(z') € L,(R"™1) (see [26]):

-1
fz') = lim(27r)1_" / vt / / exp (i(z' — y')s)G(sva/)f(y') dsdy'dv, (4.8)
h

h—0
Rn—1 Rn—1
where .
G(s) = 2m(s)*™ exp(~(s)°™),  {s)* = 3 7™, (4.9)
i=1

and the limit is understood in the sense of convergence in L,(R"!) (see [25, Chapter 1]). The natural m
can be taken however large. By analogy with [19], introduce the vector-functions

h—l
Uh(z):(27r)(1_”)/2/v_1 / exp (iz' )G (sv™ w (s, T, ) dsdv, (4.10)
h R

n—1
where w(s, x,) is defined in (4.7). It follows from the above that
{ Z(D2)Un(x) = Fy(x), x€RY,
’%(DI)Uh(fLJu l'n)|:cn:0 =0,
where
h—1
F(z) = (2m)t™™ / vl / / exp (i(z — ' )s)G(sv® ) F(y, ) dsdy dv.
h Rn—1 Rn—1

By (4.8), Up(z) can be considered as an approximate solution to (1.2), and the existence of a solution
to (1.2) reduces to proving the convergence of {Up(x)} in W;j/g(ﬂ?’}r)
To obtain L,-estimates for Uy (z), we will use

Lemma 4.1. For all z,, > 0, s € R*1\{0}, v, and k = (k1,...,kn_1), the following estimates are
valid:
(D3 (D3 Zris, D) o (5.20)) | < es) 0000 gy~ (5)),

| D5 (D2 Zra(is, D ) T—(s, —n)) | < ) 0Dt exp (b (5)°7),
| Dl Diwy (s, )| < es) =5 F 0 exp (=6 (s)*"),
rnl=1...,v, j=1...,u,

where ¢ and § > 0 are constant, gnl(is,i{n) are the entries of .:i\z(is,ign), and w}"(s,xn) are the entries
of wj(s,xy).

PRrROOF. This repeats the proof of Lemma 4.2 from [25, Chapter 4].
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5. Solvability of (1.2)

Consider the vector-function Uy, (z) from (4.10) and represent it, in accord with [19], as

Un(z) = Upp(x +ZU]h (5.1)
where
Uop(z) = / exp (ia's)9 (s, h) £ (is, Dy, )RF (s, x) ds, (5.2)
[Rn—l

Ujn(z) = /exp(ix's)%(s,h)gpj(s)wj(s,fvn)ds, (5.3)

Rr— -
4 (s, h) = (2m)17™)/2 v, (5.4)

[

@ (s) = ~Bj(is, Dy, ) L (is, Dy,) RE(s,yn)ly, 0.
33]‘(1'8, Dyn) = (bj,l(i57 Dyn)7 SRR bj,V(iS7 Dyn))
Denote the kth entry of Uy »(x) by Uéﬁh(aj).

Lemma 5.1. Let = (f1,...,0n) and Ba =tg, k=1,...,v. Then

|DEUS (), Lp(RY)|| < c||F(z), Lp(RE)|, 0<h<1, (5.5)
with ¢ > 0 independent of h and F(x); moreover,
| DU, (2) — DEUS L, (), Ly(RY)|| = 0 as hy, hy — 0. (5.6)

PRrROOF. This repeats the proof from [19]; we focus on some changes.
Extend the vector-function F(2',xy) by zero for x, < 0. Denote the Fourier transform of F(x) in
x = (2/,x,) by F(§). As demonstrated in [19],

o0

P(is, Dy, )RE (s, 2,) = (2) /2 / einén (L is,in))  F (s, &) dén (5.7)

for s € R"~1\{0}. By (5.7), for Ba = t; we obtain

—1

>

DAUE () = (2m)™2 [ v} / exp (iz€)G(sv™ ) (i) ((L(i€)) e F(€) dedv, € = (s,&n),

[R’IL

S

where ((Z(i€))™1), is the kth row of (£ (i€))~!. By the Lizorkin Theorem [28] and Conditions 1 and 2,
the elements of the row &°((Z(i€))™" ), Ba = ty, are multipliers. Using this and the properties of
Uspenskii’s representation [25], we come to (5.5) and (5.6).
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Lemma 5.2. Let § = (B1,...,0n), Ba=1tg, k=1,...,v. Then
|D2UE, (@), Ly(RY)|| < ellF(e), LRI, 0<h <1, (5.8)
with ¢ > 0 independent of h and F(x); moreover,

| DEUF, (x) — DEUE, (), Ly(RY)|| — 0 as by, hy — 0. (5.9)

Proor. Consider the kth entry of the vector-function U j,(x) from (5.3). Estimate DfUJ’."h(x), where
Ba = t;,. We follow the scheme of [19]. Represent DSU ;fh (x) as the sum of two summands:

DJUS,(z) = / / exp (iz's)(is)? 4 (s, h)
Rr—1 0
X B (7;87 Dyn):?(isv Dyn)Rﬁ(s, yn)DyBerlwf(s’ Ty + yn) dyndsdv

+ / /exp (iz's)(is)" G (s, h)
Rn—1 0
x Bj(is, Dy, ) Dy, £ (is, Dy, \RF (5, yn) D20k (s, 20 + yn) dynds
=} () + 5 (), (5.10)

where ¥(s, h) is defined in (5.4). Consider the first summand. By the property of the Fourier transform,
for x,, > 0 we obtain

840 = [ exp (ia's)(is)" 9 s,
I}Qn
x Bj(is, Dy, )2 (is, Dy, \RE(,yn)0(yn) DI 1wk (s, 2 + yn)0( + yn) dynds

= (2 [ exp (ia's = a5} (1) (5 60)

|Rn
X </exp (—itn&n)¥9 (s, h)Bj(is, Dtn)g(is, Dtn)Rﬁ(s, tn)0(ty) dtn> dsd§,,
R
where -
Mj,k(S,fn) = <5>tk_mj_6nom /exp (iynfn)Dﬁn+1 k(s yn) dyn.-
0

Conditions 1-4 yield

w;“(s, Tp) = ctk—mjwf(ca/s,c_a"xn), ¢ > 0;

and so, by the Lizorkin Theorem [28], 11,k (s,&y) is a multiplier. Then

1955 (2), Lp(RY) | < e

/ exp (iz's)(is)? 4 (s, h)

Rn—1

X <s>mj*tk+5"a”Bj(is, Dxn):i;(is, Dxn)Rﬁ’(s, Zn)0(zy) ds, Lp([R")’ dv.
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Since the elements

((s)™ +i&,)(s)™ " B, (is,i&,).L (s, i&p) (5.11)

are multipliers, we obtain

@] 10 (®), Ly(RD)| < 2

/ exp (ias + i262)% (5, 1) (is)? ()t +Pmeen
[RTL
{s)%n

XWF(S,ﬁn)dfnds,Lp([Rﬁ) .

By applying

exp (1zn&n) =~ s _ (97)-1/2 xnex (g — ) F( s
[ e T s = o) [ exp = 4" P

and Young’s inequality, we derive

H‘I)gl',h,k(ﬂf)a Lp([RT}r)H

‘ / / exp (i(z' — ' )s) exp (—(zn — yn){)*)0(2p — yn)

R [R"71

<y

x(is)? (s)yon—titBangg (5 B)F(y)0(yn) dsdy, Ly(R"™)

< c¢5

/ exp (i2's) exp (—n(3)°)0(2n)

Rn—1

X% (s,h)(is)" (s)°n = Pnen ds, Ly (RY) ||| F(y), L (R

Since
1

h—

/ v G(sv) dv = exp (—h¥™(s)>™) — exp (—h ™2™ (s)2™),
h

by Minkowski’s inequality and the fact that 5'a’ + B,c, = t;, we obtain

||(Djl,h,k(x)v Lp(Ri)H < cg

/ exp (ix's) exp (=2, (s)*")0(xy)

Rn—1

x exp (—(s)2™)(is)? ()@~ ttBnon gg I (R™)

1£(y), Lp(R)|-

Choosing m in (4.9) sufficiently large, we arrive at the sought estimate for CID; yx (7). Analogous arguments
for @?hk(x) yield (5.8). Convergence (5.9) is proved similarly.
The lemma is proved.
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Lemma 5.3. Let 8 = (81,...,0,), 0 < Ba < tg, and |a|/p > oty — Ba) > t,, — Ba — |a|/7,
1/p+1/p' =1. Then

11+ (2)) == DIUG (), Ly(RY) |
< (| F (@), Ly(RY)| + (1 + (2)7 PO F(2), Li(RY) ), 0<h <1, (5.12)
with a constant ¢ > 0 independent of F(z) and h; moreover,

(1 + (z))~oU=P)(DEUE, (x) — DEUE,, (2)), Ly(RL)|| = 0 as hi, ho — 0. (5.13)

PrOOF. We will present the arguments for || = 0.
Consider the kth entry of Uy ;(z) from (5.2) and represent it as the sum of two summands:

U(’f,h(w) = U(’f,h,1($) + U(’f,h,z(f’«")a (5.14)
where

1
U§h71(x) = (277)(1_")/2/1)_1 / exp (z’x's)G(svo‘/)gk(is,Dxn)Rﬁ’(s,xn) dsdv,
h n—1

Ri—
h—1

Ué‘ihg(x) = (2m)(1—)/2 / vt / exp (ix's)G(sva/)gk(is,Dmn)Rﬁ’(s,xn) dsdv,
1 Rn—1

with gk(is,iﬁnl the kth row of :S?(is,iﬁn). Using the homogeneity of the entries of £ (is,i,) and the
definition of RF(s,x,), we derive

1

Ul (2) = (2m)' / / Ko (0,2 — 12 — y)0(yn) F(y) dydo,
h
h

(5.15)

where

Kogp(v, o' z,) = / exp (im’s)G(svo‘/)Ek(is, Dy )+ (5, 20)0(xn) + J—(5,2)0(—2xy)] ds

Rn—1

and 6(x,) is the Heaviside function.
Consider U¥, | (z). Since oty > 0; therefore,

- k k
H(l + (x)) thUO,h,l(x)va([R:b-)H < HUO,h,l(x)pr(Ri)H'
Conditions 1 and 2 imply that Ko (v, 2", z,) = Ut’c*|a‘K07k(1,x’v*°‘/, zpv~ %), and, after the change
zj=xjv"%, j=1,...,n, we obtain

1
1L+ (@)= Ugp (2), Lp(RD) || < en /vlm dv|| Kok (1, 2", 2n), Lo (RM) || F(2), Ly (R}l
h
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In line with [17,18], we can show that choosing a sufficiently large number m in (4.9) in the definition
of G(s) yields

| Kox(L, 2", 2,), Li(R™)]| < ¢ < oo
Then
(1 + (@) 7 U1 (2), Ly(RE) || < | F (), Ly(RT)]I- (5.16)

Consider the function U&h’z(x) from (5.15). Applying (3.15), as well as Minkowski’s and Young’s
inequalities, we obtain

(L + (@)~ TS 2(2), Lp(RL) |
1

<c / v (@) "7 Kok (v, 2, ), Lp(R™)|| doll (1 + ()7 F(y), Lo (R}
1

By the arguments similar to estimation of U¥, |(z), since |a|/p > 0tmax, we derive

[(1+ ()7 Ugp (), Lp(RT )|

1

h—
<o / L =)lal/p gyl (1 4 ()7 F(y), Ly (RL)])
1

Hence, the condition |a|/p’ > (1 — o)t implies
(1 + (@) 7 Ugp (), LR < el (1+ ()7 F (), L (R, (5.17)

with a constant ¢ > 0 independent of F'(z) and h.

We obtain (5.12) for |5| = 0 from (5.14), (5.16), and (5.17). The proof of (5.12) for t; > Sa > 0, as
well as (5.13), is carried out in exactly the same way.

The lemma is proved.

Lemma 5.4. Let 8 = (81,...,0,), 0 < Ba < tg, and |a|/p > oty — Ba) > t, — Ba — |a|/7,
1/p+1/p' =1. Then

(1 (=8 pBUE, (), Ly(RY)||
c<||F<a:>7Lp<Ri>||+H<1+<x>> o(t—bo) F(z),LyRD)[), 0<h<1, (5.18)

with a constant ¢ > 0 independent of F(x) and h; moreover,

(1 + (@)~ E=B)(DBUF, () — DEUF, (2)), Ly(RE)|| = 0 as hi, hy — 0. (5.19)

PROOF. The main difficulty in establishing (5.18) is the case that |3] = 0. To settle it, consider the
kth entry of the vector-function Uj;(z) from (5.3) and represent the latter, in line with [19], as

Uin(x) = Uy (@) + U o(2), (5.20)
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where

1 00
Ujkh 1(z) = /2/ -1 / exp (ix s)G(sva,)/eXp (iz's)G(sv™")
h Rn—1 0
D, (Bj(is, D, )Z(zs Dy, )RF (s, yn)w (s T, + Yn)) dyndsdv,
h— 1
Ukh o(x) = n)/2 / -1 / exp (iz's)G (sv® /W] s, 2n)F (s, 20) dznw (s, xy) dsdv,
1 Rr—1 0

W (S xn) = ﬂj (ZS Dyn)g(287 Dyn)J_ (87 y"’b - xn)‘y7L:0’
Since ot > 0; therefore,
[(1+ (@) * U1 (2), Lp(RY)|| < [|UFp 1 (2), LR (5.21)

Estimate the first summand U ﬁh71(x) from (5.20). By analogy with [19], represent this function as

1 00
Ujl-fhyl(:v) = (27r)(1_")/2/v_1 / /exp (iz's)G(sv™)
h Rr—1 0
x Bj(is, Dyn)g(is, Dyn)RINT(s, yn)Dynw] (s, Zn + yn) dyndsdv
1 00
+(27r)(1")/2/v1 / /exp (iz's)G(sv™)
h Rr—1 0
xBj(is, Dyn)Dyniﬂ(zs Dy, )RF (s, yn)w (3 Ty, + Yn) dypdsdv
=0 () + 03, 4 (2). (5.22)

Arguing similarly to the estimation of <I>} 51 () in Lemma 5.2 and using the fact that the function

(e}

(s / exp (iYnén) Dy, 5 (5, yn) dyn

0

and the elements of (5.11) are multipliers, we obtain
1
1504 (2), Lp(RD)]| < es / o R (2! ), L (R do ]| F(y), Lp(RE)],
h

where
Kpm (v, 2!, xn) = / exp (iz's) exp (—zn (s)*)0(zn) G(sv™ ) (s)* % ds.
[Rnfl
Since

K (v,2', xy) = vtk_‘o‘lK,g‘" (1, 2'v, Tpv M),

making the change

zi=xv Y, i=1,...,n,
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we derive
1

@} ala). 2 / o ] B (1, ) L (R L 0), L (R

By the definition of K" (1,2, z,), we obtain
125.5(2), Lo(®2)]| < ell F(), Ly(R)I)

with a constant ¢ > 0 independent of F(x) and h. By similar arguments for the second summand
n (5.22), we arrive at the estimate

@5 4(2), Lp(RD)|| < el F(2), Lp(R})].
From (5.21), (5.22), and the above inequalities we obtain that
[(1+ (2))"*7Ufp 1 (), Lp(RY)[| < el F(2), Ly(RY)], (5.23)

with a constant ¢ > 0 independent of F'(z) and h. Estimate U]]-fhjg(a;) from (5.20). Using (3.15) and
Minkowski’s inequality, we derive

1

>7tk0'

R"

+

h—
(1 + (2))"5U, o(2), L(R2)]| < 2 /
1

X

/ exp (i(z' —1)s )G(sva/)W (S, Yn)w k(s Tyn)ds
|Rn71

—1

h
dv = co / vt
1

X(1+ (y)*7|F(y)| dy, Ly(RY)

/ |Kj,k(v7 iE/ - y/7 Tn, yn)|

IRTL

(L4 ()™*|F(y) )PP dy, Ly (RY) || do,
where
Kjn(v, 2 =y s, yn) = (x —y) 7 / exp (i(a' — y)s)G(s0™ YW (s, yn)w} (5, ) ds. (5.24)
Rn—1
Applying Hélder’s inequality, we obtain
(L + @)U o (2), Lp(RL)]|
h— 1
1/p
<o [o / 16540, — ', ) P+ ()57 | F () dy, Ly (R | o
1
X[[(1+ ()71 F ()], La (R
Using the Tonelli Theorem, rewrite this inequality as
(1 + (@) "7 @7 ), (), Lyp(RY) |
h71
1/p
< / v k(v 2 =y xn, yn) [P da(1+ () | F(y)], Li(RY)||  dv
1 ¥
x[[(1+ () *7 F(y), La (R ||V, (5.25)
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Put
Aj,k(vv y) = / ’ijk(’l), .%', - y/a Tn, yn)’pe(xn)e(yn) dx.

Repeating the arguments from Lemma 2 in [18, § 4] and using Lemma 4.1 and the inequality |a|/p > txo,
we derive

Aji(v,y) < cpP((1=0)te—lal/p") (5.26)

with a constant ¢ > 0 independent of v and y. Inserting (5.26) in (5.25), we get

|1+ (@))% UF 5(2), Lp(RY) |
1

<o [ RO o) (1 4 (2))4 P @), Ta (R
1

By the hypotheses of the lemma, (1 — o)t; — |a|/p’ < 0, and so
11+ (2)) "7 Ufp o(2), Lp(RY)|| < ell (1 + (2)F(2), Lu(R}) (5.27)

with a constant ¢ > 0 independent of F'(z) and h.
Since

U]]'g,h()_U]hl()_'_U 5 (),

by (5.23) and (5.27), we arrive at (5.18) for || = 0. Obtaining (5.18) for ¢; > Sa > 0, as well as (5.19),
is carried out similarly.
The lemma is proved.

Proor oF THEOREM 4. This follows from Lemmas 5.1-5.4.
Indeed, by the above lemmas and under conditions (2.1), the vector-function Uy (x) defined in (4.10)

and (5.1) belongs to W. /O‘(IR”) for every F(z) € C®(R7%) such that F(z) = 0 for |z| > 1 and the
following estimate holds:

|Un (), WY R | < e(lF (), Ly(RD)|| + [ F (@), Li o (RL))
with a constant ¢ > 0 independent of F(z) and h; moreover,
|Uny () = Upy (), WEE(R?)|| = 0 as hy, hy — 0.
By completeness of Wt/a([R”) there exists U(x) € W;,/(?([R’jr) such that
|Un(z) = U(z), WE2(RE)|| -0 as h— 0.

U, is a solution to (1.2) and estimate (2.4) holds for it. Since the set of the functions in C*°(R"}) vanishing
for large |z| is everywhere dense in Ly(R"}) N L1 _s4,,..(R"), boundary value problem (1.2) is solvable

mn P or every vector-function S N L1 ot , an . olds for the solution.
in W5 (R) f y function F(z) € Ly(R%) MLy g4, (RT), and (2.4) holds for the soluti

The proof of uniqueness of the solution to (1.2) in Wt/ + (R%), o € [0, 1], follows the proof of uniqueness
of solutions to the boundary value problem for quaswlhptlc equations (see [18]).
Theorem 4 is proved.
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