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Abstract: We prove that, for every 0 < € < 1, there exists a measurable set £ C ~T = [0,1]? with
measure |E| > 1 — e such that, for all f € LYT) and 0 < n < 1, we can find f € LY(T) with

[Jp | f(x,y) — f(z,y)|dedy < n coinciding with f(x,y) on E whose double Fourier—Franklin series
converges absolutely to f almost everywhere on T
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§ 1. Introduction

The article is devoted to absolute convergence almost everywhere of the series in the double Franklin
system from the point of view of the classical Luzin [1] and Menshov [2] Theorems of “functions improve-
ment.”

The Franklin system [3] is one of the popular systems of functions, and many articles are devoted
to its study. One of its principal properties is the fact that it constitutes an orthogonal basis for C10, 1]
and an unconditional basis for LP[0,1], p € (1,00), where C[0, 1] is the space of all continuous functions
on [0,1] (|| fllc = maxge(o,) |f()]), while LP[0, 1] (p > 0) is the space of measurable functions on [0, 1] for
which f[o,u |f(x)|P dx < co. We denote by |E| the Lebesgue measure of a set E C [0,1] (E C T = [0,1]?).

Many articles address the convergence of the Fourier series in the classical systems after changing
the values of the function on a set of small measure.

The following result is well known:

Theorem A [2]. Let f(z) be a measurable function finite almost everywhere on [0, 27]. For every
e > 0, we can define a continuous function g(z) coinciding with f(xz) on some set E with measure
|E| > 2m — € whose Fourier series in the trigonometric system converges uniformly on [0, 27].

Many interesting results have been obtained in this area. We describe those relevant to the results
of this article.

Theorem B [4]. Given an almost everywhere measurable and finite function f(z) on [0, 1] and a real
0 <e<1, wecan find f € L?[0,1) with |{z : f(z) # f(z)}| < € whose Fourier series in the Haar system
converges absolutely and uniformly on [0, 1].

Theorem C [5]. Given f € C[0,1] and0 < € < 1, we can find f € C[0,1] with |{z : f(x) # f(z)}] < e
whose Fourier series in the Franklin system converges absolutely and uniformly on [0, 1].
We should observe that Katsnelson proved in [6] that it is impossible in the Menshov Theorem to

achieve absolute convergence (i.e., Theorem C is false for the trigonometric system).

Theorem D [7]. For every 0 < e < 1, there exists a measurable set E C [0,1] with measure
|E| > 1— e such that for each f € L'[0,1) we can find f € L'[0,1) coinciding with f on E whose Fourier
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series in the Haar system converges absolutely almost everywhere on [0, 1] and all nonzero terms in the
sequence of Fourier coefficients of f in the Haar system are placed in descending order.

Observe that the “exceptional” set e, on which the change of f(z) happens, is universal in Theo-
rem D (serves the entire function class), whereas e essentially depends on the improved function f(x) in
Theorems B and C; in those theorems, it is impossible to choose e independently of f(z). The following
theorem of [8] yields the same fact for the Franklin system:

Theorem E. For every set E with positive measure and for each density point xo of E, there exists
fo € C]0,1] such that the Fourier—Franklin series of f(x) diverges absolutely at xo for every bounded
function f(z) coinciding with fo(z) on E.

Theorem E is also valid for the Haar system. Note that this “bad” property is not common for all
bases for C|0, 1]; in particular, it is proven in [9] that the Faber—Schauder system does not possess this
property. Namely, the following holds:

Theorem F. For every 0 < € < 1, there exists a measurable set E C [0, 1] with measure |[E| > 1—¢
such that, for every f € C]0,1], we can find g € C|0,1] coinciding with f on E whose expansion
> reo A (9)er(z) in the FaberfSchauder system converges absolutely and uniformly on [0, 1] and

9)len S lglle <2[fllc-

This leads immediately to the questlon Whose answer is still unknown.

Question 1. Is there an orthogonal basis for C[0,1] for which Theorem F is valid?

Theorem E implies that it is impossible, by changing the values of each continuous function f(x) on
the given set, to obtain g(x) € C[0, 1] whose Fourier—Franklin series converges absolutely and uniformly
on [0, 1]. However, the problem becomes solvable if we require that, after the change of f(x) € L'[0,1] on
the given set, we obtain g(x) whose Fourier—Franklin series converges absolutely and almost everywhere
on [0,1], while f(z) itself is only summable. Moreover, the following is proved in [8]:

Theorem G. For every 0 < € < 1, there exists a measurable set E C [0, 1] with measure |[E| > 1—¢
such that, for each f € L'[0,1), we can find f € L'[0,1) coinciding with f on E whose Fourier-Franklin
series converges absolutely to }’ almost everywhere on [0, 1] and the sequence of the Fourier coefficients
of f in the Franklin system {f,(z)}2%, lies in all I", r > 2, i.e.,

1
Z]cn )" < oo Vr > 2, Wherecn /]N” ) fn(z
0

In this article we investigate whether we can obtain similar results for double Franklin series.
Let T =[0,1)%, p € [1,00), and f € LP(T). The Fourier coefficients of f € LP(T) in the double
Franklin system { fx(x)fs(v)}35_, are denoted by

ck,s(f)z/ F 1) o) fo(7) dtdr, s € NU{O}. (1.1)
T

Put
A(f) := spec{er,s(f)} = spec(f) = {(k, s), cr,s(f)} #0, k,s € NU{0}. (1.2)

The rectangular and spherical partial sums of the double Fourier—Franklin series are determined as
follows:

SNM CL‘ Y, f chks (y)v (1'3)

k=0 s=0

Sr(@y. f)i= Y ers(Hfe(@)fs(y)- (1.4)

k24+s2<R2
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Observe that some results are impossible to transfer from the one-dimensional case to the two-
dimensional; even particular (spherical, rectangular, or square) partial sums differ strikingly from each
other in their properties with respect to convergence in LP, p > 1, and convergence almost everywhere.

In particular, the following result justifies the above-mentioned fact: There exists a summable func-
tion fo(z,y) on T whose rectangular partial sums of the double Fourier-Haar series [10] diverge almost
everywhere on 7' (we do not know whether such result is valid for double Fourier—Franklin series).

Note that in the one-dimensional case the Fourier—Franklin series of every f € Ll[O, 1] converges
almost everywhere on [0, 1].

The question arises naturally: Is there a measurable set e with arbitrarily small measure such that
after changing the values of each g € L'(T) on e the Fourier series in the double Franklin system
{fr(z)fs (y)}i?s=o of the resulting function converges almost everywhere on T by rectangles or spheres?
It turns out that the answer to this question is in the affirmative.

Theorem 1. For every 0 < € < 1, there exists a measurable set E C T = [0,1]> with measure
|E| > 1 — € such that, for each f € L*(T), we can find f € L'(T) coinciding with f(z,y) on E and such
that both rectangular and spherical partial sums of the double Fourier—Franklin series of f converge to f
almost everywhere on T'.

Moreover, in this article we prove
Theorem 2. For every 0 < € < 1, there exists a measurable set E C T = [0,1]? with measure |E| >
1—e such that, for all f € L'(T) and 0 < n < 1, we can find f € L'(T) with [[. |f(z,y)— f(z,y)|dzdy < n

coinciding with f(z,y) on E whose double Fourier—Franklin series converges absolutely to f almost
everywhere on T

This theorem follows from the stronger result:

Theorem 3. There exists a series in the double Franklin system of the form

szk,sfk(x)fs(y)v Z |dk,8’r <oo, T>2, (15)

k=0 s=0 k,s=0

such that, for every 0 < € < 1, there exists a n}easurable set E C T with measure |E| > 1 — € such that,
for all f € L*(T) and 0 < n < 1, we can find f € L*(T) with [[.|f(z,y) — f(z,y)| dzdy < n coinciding
with f(z,y) on E whose Fourier—Franklin series converges absolutely to }' almost everywhere on T and

Ck,s(f) = dk,s; (k7 S) € A(f) = spec(f).

Question 2. Is it possible to choose as a (1.5) series the Fourier series in the double Franklin system
for some g € LY(T)?
§ 2. Proof of the Main Lemma
Recall the definition of the Franklin system [3]. Let 7 = {0,1} and
{ S ifs=0,1,...,2

SEooifs=2+1,...,n,

T = {ts}o_g, Wwhere ts =ts(n) =

forn=24+ik=0,1,...,i=1,2,...,2%
Denote by S, the space of functions continuous on [0, 1] and piecewise linear with nodes from .
Observe that 7, is obtained by adding the point z, = tg;—1(n) = % to Tp_1.
The system of the Franklin functions F' = {f,,(z)} is determined on [0, 1] as follows:
fol@) =1, fi(2) = V3(2z 1), z€[o,1],
fn(l') € Sny,  fn L Sn-1, Hf’n”L2 =1, fn(tQi—l(n)) >0, n=2.
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Divide the interval [0,1] into 29 equal parts: A(gj) = [J;—ql,g—q], 1 < i < 29 which we call binary
intervals.

REMARK 1. Given f € L}(T) and a positive real ¢, there exists a polynomial Q(z,) in the double
Franklin system { fx(2)fs(y) }7s—o such that

£<//|f:vy Q(a,y)| dudy < . (2.1)

Indeed, it is easy to see that we can choose a polynomial Q(z,y) in the double Franklin system

{fx(2) fs(y)} 3 5=0 such that
// [(f(z,y) — &) — Q(z,y)| dedy < §
T

¢

S

Hence,

/ |f(z,y) — Q(z,y)| dedy < > 1 TE

/f:cy :cyrdxdy>//£dxdy //y (@9) €]~ Qo) ddy > € - &

Lemma 1. Given f € L'(T) and a sequence of positive reals {{}32, with

0< by < % k> 1, (2.2)

we can find a sequence of polynomials {Ilx(z,y)}32, in the double Franklin system {fn(z)fs(y)}n s—o
with rational coefficients such that

(z,9)

N
dzdy =0, A}E}nooZ:Hk(ac,y) = f(z,y) a.e. onT,

N—oo

f< [[ Mo yldedy < S kz2
T

PROOF. It is easily seen that, by Remark 1, we can choose a sequence of polynomials {Qx(x,y)}3
in the double Franklin system {f,(z)fs(y)}5°,_, with rational coefficients such that

3 5
16 < [[ 17w - el dody < T, k=1 (2.3)
T

Put
Hk(‘/L‘ay) = Qk(x7y) - Qk—l(xvy)v k> 1, QO(Ivy) = 0. (24)

From (2.3) and (2.4) it follows that

4/‘)‘(93,?;) —kzinm,y)

dady = [[ f(@.0) - QnGepldody < T, Nz1 (25)
T

406



By (2.2)—(2.4), derive

Putting

[ sty < [[ 15 - Quio )] dody
T T

+ [[ 18w - Qo dody < S k=2
T

[ iy = [[ 15w - Qo] dody
T

T

~ [ 11 - Quialdady = . k=2
T

5= N {@w eT: 110 - Xt < Ver

k=1

and using (2.2) and (2.5), we get |B| = 1.
It is clear that ‘f(x, y) — Z]kvzl Iy (z, y)} — 0 as — oo on B; consequently,

Lemma 1 is proven.

N—oo

N
lim ZHk(m,y) = f(z,y) a.e. onT.
k=1

Below we will use the following lemma (see [8, Lemma 6]):

Lemma 2. Assume given €, o, \o, 6o, 70, 00 € (0,1), some Ny € N, g9 < d9, and the binary interval
A = [a,b]. Then there exist a polynomial in the Franklin system of the form Q(t) = Zf‘f:NO an fn(t) and
G C E C [a,b] such that

(1) |E| > (1 —go)(b—a), [G]>(1-0d)(b—a),
(2) Q(t)=0 forallt¢ |a,b],
(3) Q(t)=1 forallzeFE,
(W [ 1wld <20 -a),
[a,b]
M
(5) D lanfa(t) <o forall t ¢ (a— Xo,b+ o),
n=N
M oo
(6) <Z ‘an‘2+00) ’ < 7o,
n=Np
M 1
(7) Z lan fn(t)] < M for all t € G, where A is constant.

n=

1)
No 0
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Lemma 3. Assume given 0 < < e < J < 1, r > 2, some N € N, and f(z,y) € LY(T) with
[J71f(z,y)| dzdy > 0. Then there exist G C E C T, g(z,y) € L*(T), and the polynomial in the double
Franklin system of the form

M
Qz,y) = > crsfr(z)fs(y)
k,s=N
such that
(1) |E|>1—¢, |G]>1-24,
(2) g(x,y) = f(z,y) onE,
(3) [[ 19,0~ @.p)l dedy <,

T

(1) [[1sasay <5 [ [ 1560 dsay.
T T

M 1\2
B(log =
(5) S lanatu@ ] < 2B @I ) € 6. where B i constant

k,s=N

1

(© (éN\ck,s ) <o

PrROOF OF LEMMA 3. Take the step-function

24
@(may) = Z VXA (‘/an)a (26)
1,j=1
where /
Ale = A; X A] = {al—laal] X [Oéjfl,aj], (27)
aj:2iq, j=0,1,...,29, (2.8)
such that
. 7753 1
[f(z,y) — ¢z, y)| dedy < min| ——F———: - [ [ |f(2,y)| dzdy|. (2.9)
128A2%(log )~ 2
T T
Let
né*
By = { (0:0) € T 1£0.1) ol < - 210)
3242(log 3)

By (2.9) and (2.10), we obtain
J
| Eo| > (1 - 4) . (2.11)
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Put 5
o= n

. (2.12)
24 )
<4A > gl + 1) (log 5)
1j=1
Apply Lemma 2 (for each [ € [1,29]), putting
€ ) 2 -1
_ A _ _ — — .
A_Ab 50—1» 50_Za NO_Nla T0 = (Z h/l,j‘) )
l,j=1
= _ 0 6o =0
oo=71=2 Ao=g-7g, 0Oh=0.
Then the measurable set G} C E; C A and polynomials in the Franklin system
Nit1 l
Q@)= Y. 4 fala) (2.13)
n:Nl+1
are determined for each [ € [1,27] and satisfy the conditions
> a(1-5). e 18 (1-5). (2.14)
1 forzxe k)
/ 1
= 2.15
Qi=) { 0 forz¢ A, (2.15)
/\Ql )| dz < 2|A]], (2.16)
l
Ny
! o 0
Z ‘aé)fk(x)‘ <0, z¢ |:0q 2q+4,al+1+2q+4] (2.17)
k=N;+1
Ny 1
4A(log 5
> ol ful@)] < (5g5), x € Gy, (2.18)
k=N;+1
Niy1
( Y o] ) (Z 1,5 ) . (2.19)
k=N;+1 Lj=1
Again, apply Lemma 2 (for each j € [1,29]), putting
N _ ¢ _ g _
A—Aj, 80—Z, 50—E, No—N2q+1,
= = 2, M= d 6o =0
TO=17, 00=T—2 0= 544 0=0.
Then the measurable sets G7 C EY C A7 and the polynomial in the Franklin system
Mjia
= > W fy), M= N, (2.20)
s=M;+1
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are determined for each j € [1,29] and satisfy the conditions

€ o
B> (1-5), e 1an(1-5), (2.21)

1 forye FE/,
"(y) = / 2.22
i) {0 for z ¢ A7, (2.22)
[ 1)1y <21, (2.23)
A
J
Mj+1
Z ‘b(j)f() b ¢ |53 Lﬁ. J 2.94
s sy‘< ) ) ]_2q+47 ]+1+W7 ( )
S:Mj+1
M1 1
. A(log =
> ) < (‘;g‘;) z € Gy, (2.25)
s=M;+1
M\
( > |bgf)\’") <. (2.26)
s=M;+1
Define Q(z,y), g(z,y), E, and G as follows:
Nij1 M1
Z VIJQI Z .5 Z Z b(J fs
l,j=1 l,j=1 k=N;+1 s=M;+1
M
= Z Ck,sfk(x)fs(y)v M = M2‘1+1, (227)
k,s=N
a0, (k,s) € Q= (Niy Neea] % (M, My, Lj € [1,29),
Chs = 20 (2.28)
0, (k,s) ¢ U Sy,
lj=1
9(z,y) = flz,y) = le(z,y) — Qz, )], (2:29)
24 924
E=JJE xE), (2.30)
1=1j=1
24
G=Eyn [(U G;) (U G, )]\Eo N[(4, x [0,1]) U ([0,1] x 4,)], (2.31)
=1

where A, = Ui [0 — 557, 0 + 53] From (2.6), (2.11), (2.14), (2.15), (2.21), (2.22), (2.27), and
(2.29)—(2.31) it follows that

|E|>1-e, [G]>1-9, g(z,y)= f(z,y) onE, //gwy Q(z,y)| dzdy <.

By (2.6), (2.15), (2.16), (2.22), (2.23), and (2.27), we obtain

//Iwa | dzdy = Z mr/@z Ndo [ 105ty Ny <4’ s lAYIA, \—4//|90«’L‘ y)| dudy.

A// l,j=1
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Hence, (2.9) and (2.29) imply that

//|gwy\da:dy<//rfxy xyrdxdy+//|czxy|dxdy<5//rfxyrdwdy

Verify the claim (5) of Lemma 3.
If (z,y) € G, then (z,y) € G}, x G for some [y and jo. Using (2.6), (2.12), (2.17), (2.18), (2.24),
(2.25), (2.28), and (2.31), we obtain

M Nij1 l Mj1 '
S lenafa(@) fulw)] < Zm,ﬂ( > @) X 1nwl)
k,s=N l,j=1 n=N;+1 s=M;+1
Nig+1 Mjo+1 .
= "7l0,j0|< Z |a](€l0)fk(m)‘) ( Z ‘bgjo)fs(y”)
n:NlO—i-l S:Mj0+1
Nij1 l Mja '
o (X e X )
(1,5)€[1,29]12\(lo,j0) n=N;+1 s=M;+1

16A2 log 5) " |, Alog &
< ( 63) 0,J0 +2(Z|’W,]‘>< 68 82)
l,j=1

B(log1)?
< Bllog 5)52|‘p<x’y)| n g where B = 16A2. (2.32)

The inequality (see (2.9) and (2.31))

né?

(z,y) € G C Eo,
together with (2.32) implies

M 2
S Jonefu@foly)] < 20088 V@l

52
k,s=N

Owing to (2.19), (2.26), and (2.28) we have

M 29 Nypix Mjp
) (XY % 1)’
k,s=N

l,j=1n=N;+1s=M;+1

24 Ny l Mj4q . %
—(Zm,jr PR DY \bgﬁ\r)
lj—l n=N;+1 s=M;+1
1 M . 1
<3 ml(ST) (S HT) <
l,j=1 s=N

Lemma 3 is proven.
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§ 3. Proof of Theorem 3

Let € > 0. Denote by
{on(z, 9)nis (3.1)

the sequence of polynomials in the double Franklin system { fi(z)fs(y)}3_, with rational coefficients
and put

Op = mln{ / |pn(z,y |da:dy} (3.2)

Applying Lemma 3, we can find the sequences of sets {G,,} and {E,}, the functions {g,(z,y)}, and the
polynomials in the double Franklin system

My 1
Quzy) = > o ful@)fulw), (3.3)
k,s=Mp+1
which for all n > 1 satisfy the conditions:

En,Gp CT, |Ep|>1—e2" 02 G, >1-6,, (3.4)
gn(:c, y) = ¢n($>y) on Ena (3'5)
/ |9n(2,) — Qn(z,y)| dzdy < 27503, (3.6)
[t asdy <5 [ 16ua.)] dady, (3.7

T T

Mo B(log £)*|én(x,v)|
> \c(”) fr(@)fs(y)| < ( 5")52 +2750 ) (2, y) € G, (3.8)
k,s=Mp+1 n
Mn+1 B 24»2%"
( > AR ) < 270, (3.9)
k,s=Mp+1
Put -
E = () En, (3.10)
n+1
Z d, sfk ZQn xz y Z Z Ck sfk( )fS(y)a (3'11)
k,s=0 n=1k,s=Mn+1

(n)
A" for (kys) € Q= Mn,Mn s (Myy: My 1],

’ 0 for (k,s) & .
It is obvious (see (3.4), (3.9), (3.10), and (3.12)) that

[e.¢]
Bl >1—€ > l|dps|" <oo, r>2.
k,s=0
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Let f(z,y) € LY(T) and n be an arbitrary positive real. By Lemma 1, we can choose a subsequence

{n, (z,y)}>2, from (3.1) such that

(z,y) — f(z,y)|dzedy = 0,

N—oo

lim Z(ﬁnk z,y) = f(z,y) a.e. onT,

N—oo

24D < / |6y (2, )| dady < 3n27*ETD | > 2,

From (3.13) and (3.15) we obtain that

/ [f(z,y) =, (z,y)|dedy < g
T

(3.13)

(3.14)

(3.15)

(3.16)

Suppose that the numbers n; = v; < .-+ < y,_1, the functions gi(z,y) = oén, (z,v), g2(z,v),...,

9gg—1(z,y), and the polynomials

My, +1
Quzy) = Y h@fy), 1<n<qg-1,
k,s=M,,, +1

are already defined so as to satisfy the following conditions:
gl(xay):¢kl(xvy)7 (Qﬁ,y) GE’ le []-aq_l]a

/ (e y)| dady < 270D, e [Lq— 1],

l

> lgi(z,y) — Qu, (z,y)]

=1

dedy < 2752 | ¢ 1,q —1].

If

It is easy to see that we can choose a natural v, > v41 (¢, (z,y) from (3.1)) such that

/T/ngan(x Y) jéga z,y) Quj(w,y)]} — ¢, (2,9)

dxdy < n2_6(q+3).

Show that
—4q-5 —4
n2~ " S/ |bu, (2, y)| dedy < n277.

By (3.15), (3.17), and (3.18), we get

[ [ 100 (o.0)] dady > / [ 160, (w.0)] dody -
T

_Z/H%q(x Y) jZig] ,y) Quj(w,y)]} — bu, (2, y)

> 24t _ po=5(a+2) _ po=6(a+3) > po—da-5

dxdy

q—1
9i(z,y) — Qu, (z,y)]
=1

dxdy

(3.17)

(3.18)

(3.19)
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and, similarly,

/ |, (2, y)| dody < n27 40T 4 p2=5@F2) 4 po=6a+s) < yo=da,

Put
94(%,y) = &ny(2,9) + [909(2,y) — bu, (2, )] (3.20)
Hence, from (3.5) and (3.10) it follows that

9¢(%,y) = ¢n,(z,y), (z,y) € E, ¢=1. (3.21)
Taking (3.6), (2.18), and (3.20) into account, for all ¢ > 2, we obtain

I

q

> lgi(@y) = Qu, (z,y)]

j=1

dxdy

qg—1
< //Hd)nq(x Y) Zgg z,y) Qy.(x,y)]} — v, (z,y)| dzdy
T 7j=1 ’
+/ ‘gl/q (CL‘, y) - qu (fL', y)| dZL‘dy < 172_5(11"!‘2). (322)

By (3.15), (3.19) and (3.20), derive

//mmwmmws/\%wmmmw+/\%mwwmm+/|mwmmmwémq. (3.23)
T T T T

The sequence of functions {g4(z,y)}52; (91(2,y) = ¢, (z,y)) and the polynomials {Q,,(z,y} satisfy-
ing (3.21)—(3.23) for all ¢ > 1 are determined by induction;

Z/M%MM@<m
q=1 T

by (3.23). Define f(z,y) and the sequence {€k,s 1750 as follows:

y) = g4z, (3.24)
q=1

1 for (k,s) € Qo := U (My,, My, +1] x (M, My, 11],
€k,s = q=1 (3.25)

0 for (k,s) ¢ Q.

From (3.14), (3.21), and (3.24) it follows that f € LY(T) and f(z,y) = f(z,y), (z,y) € E. Since
g1(z,y) = &, (z,y), from (3.13), (3.16), and (3.24) we derive

//If z,y) — f(z,y \dwdy<//|f ,y) nl(m,y)ldmdy+§4/ng(w,y)ldwdySn-
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By (3.3), (3.12), (3.23)—(3.25), for all ¢ > 2 we have

// Z k.5l s fr(x) fs(y) — f(z,y)| dzedy
k,s=0
My, 41
/ / SN D @) Ty dedy

jlksM—i-l

[gg (z,y) — Qu, (z,y)]

dxdy + Z //|g z,y)|dedy < 279, (3.26)

Jj=1 J=q+1°p

Hence,

ersdis = cns(J) = / / F(t7) fu(6) £ (7) dtdr (3.27)
T

Consequently, (3.24) and (3.25) yield
ch,s(f) = dps, (k,s) € A(f) = spec(f) C Q.

Show that the double Fourier-Franklin series

Z Ck,s(})fk(w)fs(y) = Z 5k,sdk,sfk(l')fs(y)
k,s=0 k,s=0

for f(a:, y) converges absolutely almost everywhere on T'. Denoting
By = {(2,9)C T = [0,1]% |y, (2, 9)| dw < n2720}, g >2, (3.28)
we obtain
27T\ By| < / |bv, (2, )| ddy <274, ¢ > 2;

[0,1)\ B
thus, |Bg| >1—279.
Put
o oo
B=J(BNGy), (3.29)
k=2 q=k

whence |B| = 1 since |B;NG,, | > 1—279"* (see (3.2), (3.4), (3.19), and (3.28)).
Let (x,y) € B. There exists a natural qo such that (z,y) € B,NG,,, ¢ > qo.
Using (3.2), (3.8), (3.19), and (3.28), we obtain

2
Myg+1 B(log i) |bu, (2, 9)| . . -
S e fu@) ful)] < 5 +27% < By/ng?277 4279, (3.30)
k,s=My,+1 Vq

Hence, from (3.12), (3.26), (3.27), (3.29), and (3.30), we conclude that

> lens(H) fr(@) f5(y)] < o0

k,s=0
almost everywhere on T'. It easy to verify (see (3.26), (3.27) and (3.30)) that
N,M
li =
N,z\bniookS_Ock’S(f)f’“(x)fs(y) f(z,y)

almost everywhere on T'. Theorem 3 is proven.
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