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Abstract: We prove that, for every ¢ € (0,1), there is a measurable set E C [0, 1] whose measure |E|
satisfies the estimate |E| > 1 — ¢ and, for every function f € Cjo 1), there is f € Cjg 1) coinciding with f
on E whose expansion in the Faber—Schauder system diverges in measure after a rearrangement.
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§ 1. Introduction

In the article we describe the structure of a continuous function whose expansion in the Faber—
Schauder system diverges in measure after a rearrangement. The Faber—Schauder system {¢,,(z)}72 , [1]
is one of the most popular systems of functions and many articles are devoted to its study (the main
properties are presented, for instance, in [2, Chapter 6, Section 1]).

Recall that the Faber—Schauder system is a basis for C|0, 1] (see [3]), i.e., every f € C[0,1] is uniquely
representable by the series

f(@) =) Au(f)pnlx)
n=0

in the Faber—Schauder system uniformly convergent to f on [0, 1] (we call it the Fourier—Faber—Schauder
series of f). The Fourier coefficients A, (f) of this series are defined as

Aolf) = £0), ) = £(1) - £(0),
An(f) = Apalf) = f(221,;11> -1 [f(@;kl) . f<;k)] M

There are many interesting results on properties of the Faber—Schauder system (see the survey [4]
by Ulyanov and also [5-8]). We describe the results that concern those of this article.

As is known, there are no unconditional bases for Cjg 1] (see [9]); i.e., there is a continuous function
whose Fourier—Faber—Schauder series after some rearrangement does not converge to it in the norm
of C[O,l} .

The results of [10,11] demonstrate that the Faber—Schauder system is even more unreliable in this
respect.

Theorem A. There is a function in Cjg 1) whose Fourier—Faber—Schauder series diverges in measure
after some rearrangement.

However, it is proven in [12] that changing the values of a continuous function on a set of arbitrarily
small measure we can correct this apparent “hopeless” situation (see also [13]) and the Fourier-Faber—
Schauder series of the new function converges unconditionally.

The aim of this article is to prove that by changing the values of a continuous function on a set of
arbitrarily small measure we can construct a poor function whose Fourier—Faber—Schauder series diverges
in measure after some rearrangement.

Moreover, we prove
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Theorem 1. For every ¢ € (0, 1), there is a measurable set E C [0, 1] such that |E| > 1 — ¢ and, for
every f € Cjg ), there is f € C)oq) coinciding with f on E whose Fourier-Faber-Schauder series diverges
in measure after some rearrangement.

Moreover, the following is established in [14]:

Theorem B. For every ¢ € (0,1), there is a measurable set E C [0,1] such that |E| > 1 — ¢ and, for
every f € Cjo ), there is f € C|g 1) coinciding with f on E whose Fourier-Faber—Schauder series converges
unconditionally in Cig 1.

Thus, Theorems 1 and B justify the following statement: For every e € (0, 1), there is a measurable
set & C [0,1] such that |E| > 1—¢ and, for every f € Cjg ), we can construct two functions f1, f2 € C 1
coinciding with f on E such that the Fourier—-Faber—Schauder series of f; converges unconditionally
in Cjp,1] and this series of fo diverges in measure after some rearrangement.

It is of interest to find out the analogous aspects of behavior of other bases for the space of continuous
functions.

There is proven in [14] that Theorem B fails for the Franklin system (and so it is of interest to answer
the question whether there is an orthonormal basis for the space C[0, 1] such that Theorem B holds).

§ 2. Proof of the Main Lemma

The functions of the Faber—Schauder system ® = {p, ()}, z € [0,1], are defined as follows:
wo(z) =1, pi(z) = z, and

0 forzd¢ A, —A(z) = (2—1,2%)

3
on(z) = (pl(ci)(x) =y 1 forz=ux,= Ilg) = SZ&, (2)

is linear and continuous on [Z;—kl, giﬂ] and [gzﬂ, ol

forn =244 k=0,1,...,43 = 1,2,...,2%. Using the definition of the Faber-Schauder system, we
can see easily that, for every f € Cpp 1 and every nonnegative integer m, the graph of " ( A, (f)@n(z)
on [0, 1] is a broken line with vertices on the graph of f so that

m

Z An(f)@n

n=0

<|fle, m=0,1,.... 3)

C

Lemma. Foralle € (0,1),6 >0, B >0, > 0, and a positive integer Ny > 1, there are a measurable
set E. C [0,1], a polynomial in the Faber—-Schauder system of the form

N
- Z An@n(m)

n=Np

a permutation {J(n)}nN:NO (not unique) of positive integers Ny, ..., N, and a positive integer M € [Ny, N]
such that
(1) |[Ee| > 1 -
(2) > |Ag(n ]>|Agn+1|>0 n=Ny,...,N —1,
(3) Zn No Aa(n)gog(n)( x) > B for all z € E,
(4) HPHC <8+,
(5) 3 < P(xz) = const < v for all z € E..

PROOF. Let Ny = 2% + g (ip € [1,2%]). Choose a positive integer k > max{ko,log2 %} and for
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every positive integer j define numbers g; = Efnz,; 'm and sequences of indices 1 ]1 and IJ2 such that

2k_9 ok+1_9 okti—2_gok+i—1_1

U U U U [Sweme)

ni=1 no=1 nj_1=1
2k_2  2kti-2_9 j-1 (4)
1]2: U U {an 29— ‘1l_|_1 an 295~ qz_|_2k+] 1}
ni=1 nj_1=1

where ng = 0 and g9 = 1.
Consider

E; =AY, jeN, (5)

1
zelj

where Ej is obtained by dividing [0, 1] into 2* equal parts (Al(zil) = Ag)) and discarding the first and last of

2k+l

them, in turn Fy C Ej is obtained from F; by dividing each of the intervals Affl) in F; into equal parts

(A((Iiz) = Ag,z +1) and discarding the first and last of them; for every j > 1, the set E/; C E;_; is obtained
from F;_; by dividing each of the intervals A( 9 _, in E;_; into 2k+i=1 equal parts (Ar(z? = A(;,E “*1]‘) and
2

discarding the first and last of them.
Put

=) E;. (6)
j=1

Using the definitions of sequences of indices (4), it is not difficult to see that

Bl =1- > |ad)|

jzlz‘el?
00 k+1 k+7—2
)(2FL — )., (2k+i—2 _ 9)
=1-2 7_2 2: 2k2k+1_._2k+j—1 >1-e

Next, we consider the system of continuous functions {¢;(z)}32; on [0, 1] such that (see (5))

0 forx ¢ Ej,
1%(.73) = 1 for x € Ej+1, (7)

is linear and continuous for x € E; \ Ej{;.

From (6), (7), and (1), it is easy to see that, for every positive integer j, we have

E. CEj=Y., Wille=1, vj@)=1forallzecE, (8)
ey (2tp—1) = (2hy)
"/}J(x) = Z (SO((IJ)( ) T 2{ Z QJ‘f‘)P Z QJ+I;9 })’ (9)
ie]} p=1 =

where % is the support of ¥;(z), t1 = h1 =i = Z{:o ng- 2978 4+ 1, th = 2t, — 1, and hpyq = 2h,,.
It follows from (5)—(9) that, for all positive integer j and z¢ € E., we have

ey, (w0) # 0 (10)
only for the sole index iz, € I Jl
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Choose positive integers K > §~! and L so that
L 201
1 1 1
- —— N ) >B, 11
e S m

and consider the series

SRR S PN S L + (12)

K 2K 2K 2m-1)K (2m)K (2m)K
Rearrange the summands in (12) by the Riemann scheme (see [15, Chapter 11, Section 4, Subsec-
tion 388, the Riemann Theorem]) in order to ensure convergence to 7. The so-obtained summands are

denoted by Cj, j = 1,2,...; i.e.,

ZC]' =7. (13)

j=1
Let J be a positive integer such that Cy 1 = m. Based on (12) and the Riemann scheme, we
can assume that L is so large that

J
ol 1
—— << C Cj — 0 14
2 S T@L-2)K "<le] 7S (14)
and {-1- }4L * and {—5i- belong to {C} }

Examine the function ;
=" Cis(a). (15)

j=1

Using (9) and (12), we conclude that @ j(x) is a polynomial P(z) in the Faber—Schauder system of the
form

Qs(z)=P(x) = > Anpn(z), where 0< |4, <8, n=Np,...,N. (16)
n=Np
Next, (7), (8), the scheme of construction of (13) and (14) yield

J
IPlo<Ci+y<d+y, 3<P@)=)Cj<y forallacE.
j=1

Let {o(n)}_ N, e a permutation of positive integers No, ..., N such that [A; ()| > [Ay(n41)| and
let M be a positive integer satisfying
1 1
A =—— |A <.

Denote by {&(j )}] | some permutation of positive integers 1,...,J such that [Cz(;)| > [Cs(j11)]

(17)

(obviously, {7 (j )}JJ:1 is not a unique permutation). In view of (9), (10), (12)—(17), it is easy to see that,
for every x € E., we have

M L1
Z Ag(n)<pg(n)(gc) — i Z {¢&(3l—2) (CC) I )\gl 1/)&(31_1)(3:) _ )\gld)&(&)(m)}

K 20 -1 7 21 7 21
n=Np =1
L— i i iz
¢&(3L—2)(5C) i i = \2 901(15(2171) (z) )\21 ‘Pga g,z)( ) " 901(16(2,1“)(1')
(2L - 1)K K — v 21 21 20+ 1
_’_i )\4L 2901(10(25L 4)( ) )\4L 290((1?(2% 3) (z)
K 4L — 2 4L — 2 ’
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where A2, [ =1,...,2L — 1, is equal to 1 or —1 in dependence on {6(3’)}3]:1. Hence, by (8), (11), and
the definition of (2), we establish that

L 201
1

M
1 1
ZN Ao.(n)(po-(n)(.iB)>K<;2l_l— IZ 2[) > B forall z € E..
n=Np =

The lemma is proven.

§ 3. Proof of Theorem 1
To prove Theorem 1, we need the following

Theorem 2. For every ¢ € (0,1), there are a measurable set E C [0, 1] with |[E| > 1—¢, fo € Cj 1,

a permutation o(n) of positive integers, and some sequences of positive integers {M}32, and {Np}32,
such that

(1) fo(z )—Ofora,l]:veE

(2)1an—ﬂm“§:n 0 Acm) o) — fol|o =0,

(3) limg 00 Zn 0 U(n)gog(n)( x) = 400 a.e. on [0,1].
PROOF. Let ¢ be an arbitrary real number in (0,1).

Apply the lemma on assuming that ¢ = §,
0=1,B=1,v=1,and Ny := N; +1 = 2 in the formulation. We can find a measurable set E; C [0, 1],

a polynomial of the form
N2
Y. AVen()

n=N1+1

a permutation {o; (n)}ﬁ[iNlJr1 of positive integers N1 + 1,..., Ny, and a positive integer M; € (N1, No]
such that

9
B >1—-<
|1| 27

1> A 1> A0 =0, n=N+1,.. N1,

1P <2, (18)
1
3 < Pi(z):=p1 <1 forallz € Fy, (19)
My
1
ZAgl)(n)gom (m)(z) > 1 forall z € Ey.
n=2
It follows from (3), (18), and (19) that
(1) —
Ny e ;An onl| = lPillo <2
and )
0<1—p1<§. (20)

Denote by a; the least number among the modules of the coefficients Ag,,l) occurring in Pj(x); i.e.,

a) = min{’AS)‘ #0,n € (Nl,Ng]}. Apply the lemma again on assuming that ¢ = £, § = &, B = 2,
v=1—p1, and Ny = Ny + 1 in its formulation. We can define a measurable set Ey C [0, 1], a polynomial

of the form
N3
> Agn(2)
n=Ns+1
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a permutation {(fg(n)}fyij\,2+

satisfying the conditions

, of the numbers Ny + 1,..., N3, and a positive integer My € (N2, N3]

€
|E2| >1-— 1
1  a
3> 3 > \A@(n)| > }AOQ winl 20, n=No+1,... N3—1,
[P2]lc <1, (21)
1—
2p1 < Py(z) :=p2<1—p1 forall ze€ Ey, (22)

Z A(Q) n)Paa( ny(7) >2 forall x € Es.
n=No+1

Relations (3) and (20)—(22) yield

ZA

n=Nas+1

1
—||P2HC<1 and 0<1-—p;—ps<-—.

max
4

N2+1<m<Ns

Arguing as before, for every integer k > 1, by induction we can define a measurable set Ej C [0, 1],
a polynomial

Ng+1
3 AP, 29)
a permutation {ox(n) f:rifvlkﬂ of positive integers Ny + 1,..., N1, and a positive integer My, such that
|Ep| >1—e27F, (24)
1 o~ (k) (*)
ST 2 > Ay | 2 A0 ] 20, n=Ne+1,... Nepr — 1,
[Prllo < 272, (25)
k—1
1= > m k—1
% < Py(z) :=pi < 1—;]); for all x € Ey, (26)
Z A ) Po (n)(®) >k for all z € Fy, (27)
n= Nk-i-l

where a;_1; = min {}Agﬂ_l)| #0,n¢€ (Nk,l,Nk]}, and

k—1

0<1-) p <27k (28)
=1

From (3), (25), (26), and (28), we derive that

m

AK) < 9 k2 29

Nk+1I§rl7%}§(Nk+l n:%k:—i_l n ¥Pn N ) ( )
k

0<1-) p<2r (30)
=1
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Inequalities (25) and (29) imply that the series —g(z) + Y ooy Anpn(z), where A, = AP n e
(Ng, Ng41], converges uniformly on [0, 1].

Put
fo(@) := —po(z +2An80n = —o(x +ZPk
o Nk+1 fe'e) Nk+1
=—po(@)+ Y. > APpn(@) = —po(@)+ Y. D AW e (@), (31)
k=1n=Ni+1 k=1n=Ng+1
a(n) = or(n), n & (Nk, Netal, (32)
"= () Ew E":=()E:CE. (33)
n=1k=n k=1
Relying on (24), (26), (30), (31), and (33), we can easily see that
+00
|E'|=1, |E"|>1-—¢, folx)=-1+ Zpk =0 forallze E”
k=1

and, for every x € E’, there is a positive integer k, such that x € Ej for all k > k,. Hence, from (27)

and (32) we conclude that
My,

Z Aa(n)goa(n)(x) >k

n:Nk+1

for all k > k, and so, in view of (25), (31), and (32), for every z € E' as k — 400, we have

k—1 N
—po(z +ZA )=—po()+ Y Y. Ay (z)
=1 n= Nl+1
M,
+ Z Ag(n)Po(n) (2 Z Ag(n)Po(n) (T ZPZ —1>k—-5— 4o0;
n=Ni+1 n=Np+1

on the other hand, the series

_()00 + Z Aa(n Soa(n)( = _()00 + Z ]Dl

converges to fo(z) uniformly on [0, 1].
Theorem 2 is proved.

Note that Theorem 2 is stronger than Theorem A, since in the former we constructed a continuous
function that differs from zero only on a set of arbitrarily small measure whose Fourier—Faber—Schauder
series diverges in measure after some rearrangement. Note that also the absolute values of the nonzero
coefficients in this rearrangement are enumerated in decreasing order.

Let ¢ € (0,1) be arbitrary. Find the sets £y C [0,1] and Ep € [0, 1], with |Ey| > 1—5 and [Es| > 1—
from the formulations of Theorems B and 2, respectively, and consider the set E = E1 N E5, which 1s
a subset of Ey and Fy simultaneously, such that |[E| > 1 —¢. Given f € C|g ), by Theorem B we can find
J1 € Cjp,1) that coincides with f on E whose Fourier-Faber—Schauder series converges unconditionally
in C,1}; on the other hand, by Theorem 2 we can construct fo € Cjp ) vanishing on E whose series
diverges in measure after some rearrangement. It is easy to see that the series of fo = f1 + fo (which
coincides with f on E) diverges in measure again after some rearrangement.
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