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Abstract: Given a homeomorphism ¢ € W3,, we determine the conditions that guarantee the be-
longing of the inverse of ¢ in some Sobolev—Orlicz space Wx. We also obtain necessary and sufficient
conditions under which a homeomorphism of domains in a Euclidean space induces the bounded compo-
sition operator of Sobolev—Orlicz spaces defined by a special class of N-functions. Using these results, we
establish requirements on a mapping under which the inverse homeomorphism also induces the bounded
composition operator of another pair of Sobolev—Orlicz spaces which is defined by the first pair.
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Introduction

The article is devoted to the problem of describing the regularity properties of the inverse mapping
to a homeomorphism of a Sobolev—Orlicz space Wz%/[ if the regularity properties of the homomorphism
are known.

The main problem consists in finding the conditions for a homeomorphism ¢ € W]%/[ that guarantee
the regularity of the inverse of . Moreover, we determine necessary and sufficient conditions under which
a homeomorphism ¢ : D — D', where D and D’ are domains in R", induces the bounded composition
operator ¢* : L}Vh (D') — L},(D) acting by the rule ¢* f = fo¢. Note that if the N-function M defining
the Sobolev—Orlicz space W]%/[ is a power function then the problem is reduced to the case of the Sobolev
space Wz} which is rather studied in [1]. The methods of [1] are applied to proving the assertions of this
article.

Two directions can be distinguished in the study of the problem of determining the regularity prop-
erties of the inverse mapping from the known regularity properties of the direct mapping. The first
direction is based on the methods of quasiconformal analysis, while the second, appeared in the study of
the properties of the special classes of mappings that arose in the study of some questions of nonlinear
elasticity. Let us list the main stages of steps in each direction.

Let us first consider the historically first direction, connected with quasiconformal analysis. The
following main result is formulated in [2,3]: The inverse homeomorphism to a quasiconformal homeo-
morphism ¢ : Q — /', Q, Q' c R"*, n > 2, is quasiconformal as well. This result can be represented as
follows: A homeomorphism ¢ : Q@ — /', Q, Q" C R", n > 2, of the Sobolev space W%?IOC(Q) satisfying the
condition

[De(z)|" < K[det Do(z)|

for almost all x € Q) with some constant K independent of x € ) has the inverse belonging to Wé’loc ()
and such that
[De™ (y)|" < K'| det Do~ (y)|

for almost all y € ', where K' is a constant expressed through K.
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For studying the problem of describing the properties of the inverse mapping of importance are the
results of the article [4] which relied on the basis of the methods of [5, 6]. In [4], there were firstly studied
the properties of a mapping with finite distortion of W’r%,lo -(Q): Dyp(z) = 0 almost everywhere on the zero
set of the Jacobian for ¢ € Wé,loc(ﬂ). The name for this space of mappings was later proposed in [7, 8].

Using the new methods and methods of quasiconformal analysis of [9,10], the authors of [11,12]
studied the analytical properties of a homeomorphism 1 : Q" — Q whose inverse ¢ induces the bounded
operator * : L}D(Q') — L;(Q), n < g < p < oco. The obtained properties of 1 guarantee the bound-
edness of ™ : L; J(g—n +1)(Q) — L; J(p—n +1)(Q/ ). The final results were established in [1] by geometric
measure theory. Note that, in [11,12], there appears the class of mappings with bounded (p, ¢)-distortion

(a mapping f : Q — ' belongs to qu,loc(Q)? and its local p-distortion

Ky(z, f) = inf{k(z) : |Df(z)| < k(z)J (z, f)"/7}

is integrable to the power k, 1/k = 1/q¢ — 1/p, p > q¢ > 1). A detailed study of such mappings can be
found in [13].

As was observed above, the most complete results on the problem under consideration in the case
of Sobolev spaces were obtained in [1]. One if the main results of [1] is Theorem 1 of Section 4, whose
peculiarity is that the initial mapping is not assumed to belong to a Sobolev space, which guarantees its
wider applications. Let us cite one more result of [1], whose analog for Sobolev—Orlicz spaces we will
prove in the present article (below adj A stands for the matrix adjoint to A, i.e., A is the transpose of
the cofactor matrix).

Theorem 1 [1]. Suppose that a homeomorphism ¢ : D — D' possesses the properties:
(1) ¢ € Wj1pe(D), n =1 < g < 005

(2) ¢ has finite codistortion (adj Dy(x) = 0 almost everywhere on the set Z = {x € D : J(x,p) = 0});

dj D

(8) Hpp() = FEUEES € Ly(D), where 1/p = (n—1)/g—(n—1)/pn—1<q<p< oo (p=oc
for g = p).

Then the inverse homeomorphism ¢! has the properties:
(4) o7t e Wpl,JOC(D’), where p' =p/(p—n+1),p' =1 for p = o0;
(5) ¢~ has finite distortion;

1
(6) Kp-1,4(y) = % € L,(D"), where ¢’ =q/(¢g—n+1), ¢ =00 forq=n—1.

By the conditions on the initial mapping in Theorem 1, we can notice one more substantial peculiarity
of the results of [1]. It is assumed in Theorem 1 that ¢ : D — D’ possesses the finite codistortion property
(i.e., adj Dy(z) = 0 almost everywhere on the set Z = {x € D : J(z,¢) = 0}), whereas in most of the
previous articles on this problem, the finiteness of the distortion is required (Dy(z) = 0 almost everywhere
on Z={xe€D:J(z,¢) =0}).

Now, consider the main stages of the second direction in studying the problem. A necessity for
finding the properties of the inverse of a homeomorphism of some Sobolev spaces I/Vp1 appeared also in
connection with the study of some problems of nonlinear elasticity. In [14,15], J. M. Ball proved

Theorem 2 [15]. Let Q € R™ be a bounded strictly Lipschitz domain. If u :  — R™ belongs
to qu(ﬂ), q > n, coincides on 0f) with some homeomorphism ug of 2, while uy(2) satisfies the cone
condition and det Du(z) > 0 almost everywhere in 2, and

/ |Du= (u(z)” det Du(z) dz < o0
Q
for some p' > n, then u is a homeomorphism from (2 into ug(§2) and the inverse u~! belongs to Wpl, (uo(82)).
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The proof of the fact that u : Q — up(£2) is a homeomorphism is given in [15]. Show that the second
claim of Theorem 2 can be obtained as a particular case of Theorem 1:

. p/
/Dul |p detDu /|ad‘]Du - ;1;:/ M dr < oo,
:v u (p'-1) J(m,u)(n_l)/P
Q

where p = p'(n — 1)/(p' — 1). Consequently, p > n — 1, since, by hypothesis, p’ > n. In this case, the
condition 1/p = (n—1)/q¢—(n—1)/p of Theorem 1 looks as follows: 1/p' = (n—1)/q— (p'—1)/p’, whence
g =n—1. Since in [15] it is required that the initial mapping u belongs to VV1 q > n, and in Theorem 1,
for getting the same result, it is required that u belong just to W,!_;, the above arguments imply that
the Ball Theorem is a particular case of Theorem 1.

Alongside this result, in [14, 15], there were also defined the classes of mappings

Apg={feW,(Q):adjDf € L},

where p > n—1and ¢ > p/(p—1). The works given below are devoted to investigating various subspaces
of A, 4.

Some results in this direction were already mentioned above (mappings with finite distortion). In [16—
18], there were defined some properties of mappings with finite distortion without the assumption of the
belonging of such a mapping in W,!. Also in [16-18], the space of mappings with exponentially integrable
distortion was considered and the following assertion was given: Suppose that f € Wi(f) satisfies the
condition

[Df(x)]" < K(z)J(, f)

almost everywhere in ), where K > 1 and exp(\K) is integrable for some A > 0. If J(z, f) is integrable
then f is either constant or open and discrete. Further study of mappings with exponentially integrable
distortion is presented in [19], where the more general case is considered of exp(¥(K)) € L joc(€2),
where U(t) is a strictly increasing differentiable function satisfying some additional conditions.

We should also mention the articles about the conditions under which mappings with finite distor-
tion satisfy Luzin’s condition (N). The main methods for solving this problem were laid in establishing
condition (N) for mappings with bounded distortion in [20]. For mappings with finite distortion, this
question was consecutively treated in [6,21-23] and [18]. In [24], this problem was studied for mappings
with exponentially integrable distortion.

Achievements in the study of the above-mentioned various classes of mappings made it possible to
solve the problem of finding the properties of the inverse mapping from the known properties of the direct
mapping. This problem was first investigated for various homeomorphisms f : Q — £(Q), Q, f(Q2) € R?,
and then a generalization was obtained for the spaces R, n > 2.

The following question was studied in [25,26]: Under what conditions does the inverse mapping
for a homeomorphism f : Q — f(Q), Q, f(Q) C R?, f ¢ Wlloc(Q), p > 1, belongs to Wllyloc(f(Q)) or
even to quloc
of distortion. The analogous problem was considered in [25,27-29] for mappings with exponentially
integrable distortion. Let us state one of the results of [29]: Let Q be a domain in R? and let f € W, (Q)
be a homeomorphism with finite distortion. Suppose that the distortion function K satisfies the condition
exp(AKf) € L 10c(S2) for some A > 0. Then szf,l € Li1oc(f(Q)) for all p < A.  The article [30] deals
with the invertibility of mappings with bounded variation. The following is proved for such mappings:
Let Q be a domain in R? and let f : Q — Q' be a homeomorphism. Then f € BV ,.(f) if and only
if f=1 € BV1oo(R). Moreover, f and f~! are differentiable almost everywhere.

The study of the problem in R™, n > 2, is the contents of [30-32]. The results of these articles
were generalized in [33]. The main assertion is as follows: Suppose that € is a domain in R™ and
a homeomorphism f belongs to W} | loc(§2). Then f71 € BVioe(f(Q)). If f has finite distortion then f~!

belongs to Wll,loc( f(£2)) and has finite distortion.

(f(€2)) for some g > 1?7 The most important of such conditions in [25,26] is the finiteness
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Note that the results of the previous two paragraphs which concern mappings of finite distortion and
mappings with bounded variation are also particular cases of the results of [1].

This paper is organized as follows: Section 1 contains the main information about Orlicz spaces and
some theorems necessary for proving the assertions. In Section 2, in Theorems 6 and 7, we formulate
assertions on the properties of the inverse mappings to a homeomorphism of Sobolev—Orlicz spaces.
In Section 3, we generalized the previous result on the bounded composition operator of the spaces L}W.
Using this generalization, Theorems 6 and 7, and a result from [1], we prove one more assertion which
generalize Theorem 8 in a sense.

The author is grateful to Sergel Konstantinovich Vodop’yanov for posing the problem and the fruitful
collaboration, and consultations without which this article would not have been written.

1. Preliminaries

Recall the main definitions of the theory of Orlicz spaces (the definitions and assertions formulated
below can be found in [34]).

DEFINITION 1. A continuous convex function M : R — R™ is called an N -function if M is even and

satisfies the conditions v v
im MW _g o M@ _

u—0 u U—00 u

For an N-function M : R — R, the complementary function M* : R — R is defined by
M*(v) = sup{u|v| — M(u) : u > 0}.

It is not hard to see that M*(v) is an N-function too.
Using the considerations usually applied in deriving Holder’s inequality, we can obtain Young’s
inequality which plays an important role in the study of N-functions:

uwv < M(u) + M*(v) (1)
for all u and v. Inequality (1) implies that
w < M~ u)M*(u) < 2u. (2)

A convex function Q(u) is called the principal part of an N-function M(u) if Q(u) = M (u) for the
large values of .

We write M = M, if the functions M and M coincide; the notation M < M is used if M (u) < M (u)
for large values of u.

A substantial role is played by the growth rate of an N-function M (u) as u — oo. Therefore, it is
convenient to consider the special classes of IN-functions whose behavior satisfies some conditions.

An N-function M is said to satisfies the Ag-condition (globally) if there exists a constant k& > 0 such
that

M(2u) < kM (u) for all u.

We can show that N-functions satisfying the As-condition grow not faster than power functions.
An N-function is said to satisfy the A’-condition (globally) if there exists a constant ¢ > 0 such that

M(uv) < eM(u)M(v) for all u and v.

Recall the definition of Orlicz spaces. The Orlicz class I}M(D) defined by an N-function M is the
class of all real measurable functions u : D — R (D is a domain in R™) for which

/M(u(:n))das < 0.
D
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DEFINITION 2. The Orlicz space Lyf(D) is the set of measurable functions u : D — R satisfying the
condition

/u(w)v(w) dr < oo
D

for all v: D — R, v € Ly-(D).
If a function M : R — R™ satisfies the Ag-condition then Ljys(D) coincides with Ly (D).
We will consider the Orlicz space with the Luxemburg norm:

lull v = 1nf{>\>0 /M( )>d <1}

Note that if an N-function M (u) satisfies the Ag-condition then
1
k/M(u) do < |u'0E*/ 1082 < k/M(u) dz
D

where k is the constant of the definition of As-condition.
We will need an analog of Holder’s inequality for functions of an Orlicz space [35]. It has the form

Jwvl[ar < 2[Jullar [v]laz, (3)
where M, My, and M, are N-functions such that
My (u) = M(2M3(u)),  Ma(u) = M(2M3(u)). (4)

Let us now define the Sobolev—Orlicz spaces.

DEFINITION 3 [36]. The Sobolev-Orlicz space W3i;(D) (with D a domain in R™) consists of the
equivalence classes of functions in the Orlicz space Ljs(D) having first weak derivatives in Ly (D).
The Sobolev—Orlicz space W1, (D) is endowed with the norm ||f | Wi,|| = ||f | Luml| + [|Df | La|-

DEFINITION 4 [36]. The Sobolev-Orlicz space L};(D) (with D a domain in R") consists of the
equivalence classes of locally integrable functions with first weak derivatives in Lys(D).

The space L}, (D) is endowed with the seminorm | f | L} H = ||Df | La||- Denote by L (D) the
closure of the set of compactly supported smooth functions in L} u(D).

We say that a homeomorphism ¢ : D — D', with D and D’ domains in R", induces the bounded
composition operator ©* : L}\/II(D’) — L},(D) by the rule ¢* f = f o ¢ if there exists a constant K < oo
such that ||*f | L3, (D) < K||f | L}, (D")|| for all f € L}, (D') N Lip(D").

For proving the results formulated here, we will need a few theorems:

Theorem 3 [37]. Let functions M and M be such that the function My of (4) satisfies the A'-
condition. A homeomorphism ¢ : D — D' induces the bounded composition operator ¢* : L}wl(D') N
Lip(D') — LY,(D) if and only if

(1) ¢ € ACL(D) (i.e., ¢ is absolutely continuous on almost all straight lines parallel to each coordinate
axis and having nonempty intersection with D);

(2) ¢ has finite distortion (¢ € ACL(D), Dy(x) = 0 almost everywhere on the set Z = {x € D :
J(z, w) = 0}

_ H |1|3Js€9|w | Lag || (K = H lmlw | Loo|| for M = My) is finite.

The norm of the operator ¢* : LM1 (D’) — L} (D) is equivalent to K; namely, aK < ||¢*| < K,
where « is a positive constant.

In this article, we strengthen Theorem 3 and prove it for a wider class of N-functions (Theorem 9).
The proof of the main result, formulated in Theorem 6, is based on the owing assertion (details on
approximate differentiability can be found, for example, in [1]):
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Theorem 4 [1]. Suppose that a homeomorphism ¢ : D — D' possesses the properties:

(1) ¢ is approximately differentiable almost everywhere;

(2) adj Dy € Ly;

(3) ¢ has finite distortion;

(4) ¢ satisfies Luzin’s condition on hypersurfaces.

Then the inverse ¢! : D' — D has the properties:

(5) ¢! belongs to ACL;

(6) Dp~" € Li(D");

(7) ¢~ has finite distortion.

On the other hand, if the inverse of a homeomorphism ¢ : D — D’ satisfies (5)—(7) and ¢ is
approximately differentiable on Z then ¢ possesses properties (1)—(4).

Note that property (4) is fulfilled for mappings of Sobolev—Orlicz spaces under the hypotheses of the
following

Theorem 5 [38]. Suppose that D is an open set in R", n > 3, while ¢ : D — R" is an open
continuous mapping in W3, (D), where M : (0,00) — (0,00) is a nondecreasing function such that

(e o]

/(Mt(t)>n12dt<oo.

1

Then ¢ has total differential almost everywhere in D. Moreover, ¢ satisfies condition (N) with respect
to the (n — 1)-dimensional Hausdorff measure on almost all hypersurfaces parallel to an arbitrary fixed
hypersurface.

2. The Main Result

In the assertions of this section, we assume that N-functions M and M; are chosen so that the
function M defined from (4) satisfies the A’-condition.

Theorem 6. Let a homeomorphism ¢ : D — D’ have the properties:
(1) pe WMIOC(D), where the N-function M satisfies the conditions of Theorem 5;
(2) ¢ has finite codistortion;

B |adj Dy
(3) Ko r = H (M (| (z0)])

Then the inverse ¢! possesses the properties:
(4) (1071 S W]%_’l,loc(D,);
(5) ¢! has finite distortion;
_ |De—!|
(6) Kw—ljF = HW | LF2H < Q0.
The N-functions F' and Fy are defined as

yr ’ LF2H < 0.

FoH ) = (M (1/u)"™, Fa(u) = Ma(um),
and the function F} is defined by the equality
F(u) = F1(2F3(v)), Fa(u) = Fi(2F5 (u)).

PRrOOF. Note that conditions (1)—(3) of Theorem 4 stem from conditions (1) and (2) in Theorem 6.
Condition (4) of Theorem 4 is fulfilled since the N-function M satisfies the hypothesis of Theorem 5.
Therefore, the conclusions of Theorem 4 hold for the mapping ¢! : D’ — D, and item (5) of the present
theorem is established.

Pass to proving item (6). Denote by Z the zero set of the Jacobian of ¢ and designate as Z’ the zero
set of the Jacobian of ¢~1. It is shown in [1] that Z can be chosen so that ¢(Z) = X', where X' is the
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singularity set for ¢! (see [1] concerning singularity sets). Analogously, the singularity set ¥ for ¢ can
be chosen so that Z' = ¢(X).

At the nondegeneracy points of the Jacobian matrix Dip(x), we have (see [1]) J(y,p~1) = J(x, )~

and Do~ 1(y)| = |J (¢ (), ¥)| " adj Do(¢~(y))|. Using these and the above-mentioned corollary to
Young’s inequality (2), we obtain

H |adj Dyl | Lp
(MY (| I (z, )t

log k., /log 2 .
2 |adj Dy(z)| | (z, ¢)|
>C F dx
- D\/Z i ((Ml_l(\J(x,w)]))n1> |7 (z, o)l

[T (y), o)t adj Do(e~(y))|
=¢ / F2(u«o—wy),so)\—l(M—l(u(so—l(y),som)n—l)dy

DI\(Z'Us)
~¢ / R (i) > |t o o
Moreover, the definition of F5 implies that F, satisfies the A’-condition.
Show that ¢! € VVF1 1oc(D"). To this end, use Holder’s inequality (3):
1067 | Les | < 2 (1900 | Ll [ e P o |

where F' and F; must satisfy the equalities of the hypothesis of the Theorem.
The above inequality implies the finiteness of ||[Dyp~! | Ly, ||, and item (4) of the Theorem is proved.
As an example, find the functions F', Fj, and F, if M is a power function (for instance, M (u) = u?)

and the principal part of M; has the form Q1(u) = uP(logu)?, a € R. Put ¢ = ¢/(¢ —n+1) and
P =p/(p—n+1).

First find the function Ms from ( ). Its principal part is Q2(u) = = (log u)ﬁ Then the principal

part of Fy(u) looks as Ga(u) = qu 7 (log ul/(n—1 ))H. Obviously, F(u) = u?. Now we can define the
principal part of Fj(u) on using the relations that are given in the Theorem:

Gi(u) = uP (log ul/(nfl))a(p’fl).

Using Theorem 6, we prove

Theorem 7. Suppose that a homeomorphism ¢ : D — D’ possesses the properties:
(1) pe WMIOC(D), where the N-function M satisfies the hypotheses of Theorem 5;
(2) ¢ has finite distortion;

(3) Kpn, = HWM | Lag, || < o0.

Then the inverse of ¢ has the properties:
(4) @—1 € Wfl’l,loc(D/);
(5) ¢! has finite distortion;

—1

(6) Kp1,p = | prigepryy | L] < oo

PROOF. Prove that conditions (2) and (3) of Theorem 6 are fulfilled if conditions (2) and (3) of The-
orem 7 hold. The fact that adj Dp(z) = 0 almost everywhere on Z is straightforward from (2). Further,
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using the relation (see [1]) |adj Dp(x)| < |Dp(x)|" !, we infer

Hm [ CD/MQ(A%) o
> [ (GRS do= [ () i
adJ Do~ ! log kr, / log 2
“ fowﬂnwﬂ’LE

Consequently, the hypotheses of Theorem 6 are fulfilled, and its conclusion holds.
Imposing additional conditions on M and M; and using Theorems 3 and 7, we obtain the following

Theorem 8. Let functions M and M, satisfy the A’-condition. Assume, moreover, that the N-
function M satisfies the conditions of Theorem 5. If a homeomorphism ¢ : D — D’ induces the bounded
composition operator ¢* : Ly, (D) — L},(D) and has finite codistortion then the inverse o~! : D' — D

induces the bounded composition operator @' : LL(D) — LJIPH (D) and has bounded distortion.

PROOF. Since by hypothesis the N-functions M, My, and M satisfy the A’-condition, we can use
Theorem 3 for the homeomorphism ¢ : D — D’. Then for this mapping we have the following assertions:

(1) ¢ € ACL(D);

( ) ¢ has finite distortion;

Ko, = H I(f]sol =D | LM2H - H |f;‘(’g'£ 0 \ LOOH for M = M) is finite.

As in Theorem 6 using an analog of Holder s inequality (3), we conclude that ¢ € ijoc (D). Note
that all conditions of Theorem 7 are fulfilled and F'(u) satisfies the A’-condition if M (u) does. In result,
we infer that ¢ ~!: D’ — D possesses the properties:

(4) ¢~! € ACL(D");

(5) ¢! has finite distortion;

(&KAF\%ﬁWf—ﬂmﬂ<m

By Theorem 3, for ¢! to induce the bounded composition operator ¢~ : LL(D) — L, (D), it
suffices that conditions (4)-(6) be fulfilled and the N-functions defining the spaces L}, and Ly, satisfy
the A’-condition. But in Theorem 9 given below, it is shown that, in proving this fact, a constraint
must be imposed only on the N-function F' (it must be satisfied the A’-condition). Therefore, we infer
that ¢! : D’ — D induces the bounded composition operator ¢~ : LL(D) — L};l (D') and has finite
distortion. [

3. Generalization of the Theorem on the Bounded Composition Operator

Consider the second problem mentioned in the Introduction. The theorem proved below is a gener-
alization of Theorem 3 of Section 1.

Introduce the notations: a = logChr/log2, B = logChy,/log2, and v = af/(8 — «), where Cyy
and C)y, are the constants in the Ag-condition for M and M, respectively.

Before formulating the main result, let us prove the following

Lemma 1. Suppose that a homeomorphism ¢ : D — D’ induces the bounded composition operator
©* : Ly, (D') = Ly, (D), while M and M satisfy the Ag-condition. Then

, [o*f | Lo~ (A))] >
(A" = u C ,
) fefilﬁA/)( 17 1L, (0]

with C' a constant, is a bounded quasiadditive function defined on open subsets of D’.
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PrOOF. Let A}, i € N, be open pairwise disjoint subsets of D', Ay = (Ji2; 4}, A; = ¢ 1(4),
i=0,1,.... Consider f; € L}, (A}) such that

o | Zheanl| = (20a) (1= 2))7 1151 2hy, (4D

(151 24 (401" = 04 (1- 5) . e .1

Such a function exists because the norm in Lj; is homogeneous; this implies that multiplication by a pos-

itive constant does not change the sign of the above inequality and, choosing the constant appropriately,

we can always achieve the fulfillment of the last inequality. Putting fy = Zi\i 1 fi and applying Hélder’s
©* fn | Lig (U A; )

inequality, we obtain
1 1/a N N 1/a
‘ (02 ) (Zuso*firLMAi)H )
i=1 i=1

> () (S (een(i-5)) s )
(&) G ) o)
> ((/}%4)/(05 v (gm;) - e@(Aw)W f | L, (L:NJ )|

Note that C = ( o2 )1/ a( C% )1/ A is a constant depending only on the particular form of the N-

functions M and M;. This 1mphes that

ler i 12 (U4
(®(Ap)Y7 > supC = > (Y o(A) - ed(4p)) ",
I 123, (U =
Uy,

N
i=

where the supremum is taken over all fy € L}wl( A;) of the form indicated above. Since N and &

are arbitrary, the quasiadditivity of ® is proved.
Using Lemma 1, we can find the following assertion:

Theorem 9. A homeomorphism ¢ : D — D' induces the bounded composition operator *
Ly, (D) NLip(D") — Ly, (D) if My satisfies the A’-condition and the following conditions:

(1) ¢ € ACL(D);

( ) ¢ has finite distortion;

<p,M1 H |(‘ng0|$ 2N ‘ LMQH cp,Ml = H% | LooH for M = Ml) is finite.

Ifa homeomorplnsm ¢ : D — D' induces the bounded composition operator ©* : L}Ml (D")NLip(D’) —
LY,;(D), while M and M, satisfy the As-condition; then ¢ satisfies conditions (1) and (2) as well as the
condition:

(4) Kppp = [|SHUREE | L || (Kpg = | 125 | L] for M = My) is finite.

PROOF. The article [39] contains a proof of the assertion that the mapping ¢ inducing the bounded
composition operator p* : L;(D’) — Lé(D), 1< q<p<oo, bytherule p*(f) = fop, f € L}), belongs
to ACL(D). The method of proving the ACL-property is applicable also to Sobolev—Orlicz spaces.
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NECESSITY. By Lemma 1, for every f € Ly, (A) NLip(A4), we have

" f | Lir(e (A)]| < C(@(A)| £ | Ly (A)]),

where A C D’ is an open subset (for M = Mj, we put (®(A))Y/7 = |¢*||). Fix some truncation
n € C(R™) equal to unity in B(0,1) and to zero outside B(0,2). Inserting the functions f;(y) =
#=¥0) in this inequality, we infer

(i — yo,i)n (%
1/
M(|D¢|) dm) < C(2(B(yo, 2r))"7 (r")!/7. (5)
©~1(B(yo,r))

If ¢ does not satisfy condition (N) then, by the change-of-variable formula of [40], there exists a Borel
set £/ of measure zero such that

/ (90 @) (2, )| dx = / o(y) dy. (6)

D\E D’

Demonstrate that ¢ : D — D’ has finite distortion. To this end, show that
[ mpglyds =0, @
Z

where Z ={z € D\ E | J(z,¢) = 0}.

By (6), |¢(Z \ E)| =0. Fix € > 0 and an open set U D ¢(Z \ E), |U| < €. There exists a covering
of U of finite multiplicity by balls {B(z;,r;)} such that {B(z;,2r;)} constitute a covering of U of finite
multiplicity too and ) r}* < Ne (the multiplicity IV of the covering does not depend on U). Inequality (5)

yields
/ (|IDel|) dx < Z / M(|Dy|)dz < C|le*||* Zr for M = M;
¢ 1(2) “H(Byir) =

o
> [ MDelyd < 03 @B 20 (1)
et (B =
e o/B
< C(®(D"))*/ (Z ry> < C(®(D")V(Ne)*P  for M < M;.
i=1
Since ®(D’) < oo and ¢ > 0 is an arbitrary number, (7) is proved, and so |Dy| = 0 almost everywhere
on Z.
Pass to proving item (4) of the Theorem. Consider the case of M = M;. Apply (6) to the left-hand
side of (5). Lebesgue’s Differentiation Theorem (see, for example, [41]) implies that

M(|Del) (e~ ()
[7(H(y), ¢)]
Let S € D'\ ¢(E U Z) be the set where the last inequality fails. Then, by (6), |J(z,¢)| = 0 almost

everywhere on ¢~ 1(S). Therefore, ¢~1(S) C Z and M(|D¢|) < C||¢*||¥|J(x, ¢)| almost everywhere in D.
For M < M, from inequality (5) we deduce that

<B<yo,2r)>>a”
M D de < C| ——F——2%~ r’.
/ (1D ( | B(yo, 2r)|

¢~ Y(B(yo,r))

< COll¢*|*  almost everywhere in D'\ ¢(E U Z).
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Apply the change-of-variable formula (6) to the left-hand side:

[ mpehar= [ m(Ded

¢~ H(B(yo,r)) 0~ 1(B(yo,r))\Z
-1 a/y
MBI 0) o HBm20)
[T~ (y), »)| | B(yo, 27)|
B(yo,r)

Lebesgue’s Differentiation Theorem and the properties of the derivative of a countably additive set
function (see, for example, [41]) imply that

MDD W)\ _ e -
( = ORD] > < C%'(y) almost everywhere in D’.

Integrating the inequality over D', we obtain

(| D))/ M(|Dp|)\ "
wor < [ (SG2g) = | (Fg) e

D\Z

\DsOI e\ , .
= /( RO ) dy<C/ y)dy < CP(D') < C|lp*|".

SUFFICIENCY: Show that ||¢*f | L, (D)|| < K||f | Ly, (D')|| for all f € Ly, (D') N Lip(D’). Using
the analog of Hélder’s inequality (3), we have

(1, 9))
(1 ()

0| _
Hw | LM2<D>H IDAM (T (2. 0)]) | Lan (D)

Consider the second factor:

leF | LY (D) < HIDfIIDsOI |LM<D>H

[IDFIMT (T (z,9)]) | Lagy (D)

1/8
<o/ RACHEE (o)) o)

/B
<o [ mnapsiend) " <UDl L)

Inserting the so-obtained inequality in the initial one, we deduce the desired result. Moreover, K =
[Del | Dol
CHT | LMzH If M and M; coincide, then K = C’Hm | LOOH
In [37], it is demonstrated how to extend the operator * : Ly, (D')NLip(D’) — Ly (D) of Theorem 3

to an operator ¢* : Ly, (D') — Lj;(D) under some additional conditions on the N-functions. This
method is also applicable to the operator ¢* of Theorem 9 since substantial in it is the As-condition
on M and Mj rather than the stronger A’-condition. This yields
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Proposition. Suppose that ¢ : D — D’ induces the bounded composition operator ¢* : L}Wl (D) N
Lip(D') — LY,(D). Then the extension of ¢* by continuity coincides with the composition operator
©* L}wl (D') — LY,;(D) provided that the N-function Mi(u) either grows slower than u™ or satisfies the
condition

[ M)

1

REMARK. In [42], some study was carried out of composition operators in Sobolev—Orlicz spaces
but the operators ¢* : Wi, (D') — Wi, (D) in the normed spaces W3,;(D) (and not in the seminormed
spaces L1,) were considered. Moreover, more rigid constraints were imposed on the N-functions defining
these functions: the N-functions M : R* — R* in [42] satisfy the condition

M)
u—oo ud log® u
for g >nand @ > 0or g <nand a <0. It is proved in [42] that if a homeomorphism ¢ induces the
bounded composition operator of the Sobolev—Orlicz spaces W]b then ¢ is a g-quasiconformal mapping
(p € VVli)Cl(D)7 |Dp(x)|? < K|J(x,p)| for almost all z € D). In the case when the functions defining the
Sobolev—Orlicz spaces are equal and have the same form as in [42], the necessary condition of this article
coincides with the necessary condition of [42].
Let us state one more result about the properties of the composition operator induced by the inverse
to some homeomorphism of a Sobolev—Orlicz space. The proof of this result is based on Theorems 9
and 1.

Theorem 10. Suppose that Q(u) = Cul(logu)® (loglogu)®...(log...logu)®, ¢ > 1, a; € R, is the
principal part of an N-function M, and M satisfies the Ao-condition. Assume that the N-function M
satisfies the conditions of Theorem 5. If a homeomorphism ¢ : D — D’ induces the bounded composition
operator ©* : Ly, (D) — Ly,;(D) and has finite codistortion then the inverse ¢~ 1: D' — D induces the

bounded composition operator =1 : LL,(D) — Lé,(D’) and has bounded distortion.

PROOF. Observe first of all that, by Theorem 9, ¢ : D — D’ possesses the properties:
(1) ¢ € ACL(D);
(2) ¢ has finite distortion;

(8) Koo = || SHUBEDT2 | L || (K g = | SH2E) | L] for M = My) is finite.

For the function M (u) with the above—glven principal part Q(u), the exponent « equals q. Conse-
quently, (M (u))Y/* > u'/?, where p > 1 depends on the exact form of M(u). Then the following holds
for ¢:

(4) Ky pp = HW ’LwH is finite.

This fact and Theorem 7 allow us to apply Theorem 1to ¢ : D — D’. Thus, the inverse ¢! : D' — D
possesses the properties:

(5) ¢ € Wi oe(D"), where B = B/(8 = p(n —1));

(6) ¢! has finite distortion;

D 1
(7) Kyt o = Hltl‘yifl\l/“ | Loy (

In [1], the question is also studied of determining the conditions under which a homeomorphism of
Euclidean domains induces the bounded composition operator. The above-obtained conditions on the
mapping ¢! : D’ — D make it possible to establish this fact. We finally conclude that, in our notations,
the mapping ¢! : D’ — D induces the bounded composition operator ¢~ : L, (D) — L}j, (D’) and has
finite distortion. [J

(D')||, where o/ = a/(ac — p(n — 1)), ¢ = oo for ¢ =n — 1.
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