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DIRAC FLOW ON THE 3-SPHERE
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Abstract: We illustrate some well-known facts about the evolution of the 3-sphere (52, g) generated
by the Ricci flow. We define the Dirac flow and study the properties of the metric § = dt? + g(t), where
g(t) is a solution of the Dirac flow. In the case of a metric g conformally equivalent to the round metric
on S3 the metric g is of constant curvature. We study the properties of solutions in the case when g
depends on two functional parameters. The flow on differential 1-forms whose solution generates the
Eguchi-Hanson metric was written down. In particular cases we study the singularities developed by
these flows.
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1. Introduction

In this article we define several evolution equations on geometric structures and study their relations
to some classical four-dimensional metrics. We study the Dirac flow

0

Z g = /Ric(g) — 4K
5¢9 Ric(g) g

in the simplest situation: in the case of a metric g conformally equivalent to the standard round metric on
the sphere this flow describes the space of constant curvature K € {—1,0,+1}. Namely, if g(t) = f2(t)-ds?
is a metric conformally equivalent to the standard metric ds? on the 3-sphere of radius 1, which also is
a solution to the Dirac flow, then the four-dimensional metric dt? + g(t) is of constant curvature K. We
study the properties of certain solutions to this flow also in the case that g(¢) depends on two functional
parameters:

g(t) = AL(1)(e")? + Ax(1)*((€*)* + (¢7)?),

where e’ constitute Cartan’s canonical basis for 1-forms on the 3-sphere.

The main problem in defining this flow consists in taking the square root of a bilinear form. Assume
that /g = g; i.e., the original metric plays the role of a fixed element with respect to the square root
operation. This agrees with the definition of square root for operators: to take the square root of
a bilinear form C' = ¢;;, we should firstly convert it into an operator by raising one index, i.e. multiply
it by g~! = ¢’%; then we take the root of the operator cf = cijgj]’C : Tyy — TM and finally lowering
one index down: (v/C)y = cijg'%gr;. Taking the metric g itself as the form C, we precisely obtain

\/gil = \/9ij ¢’k g1 = g1, naturally putting 53- = 5? . Observe also that in this article the quadratic form
Ric(g) — 4K g is positive definite because we consider deformations of the metrics on the 3-sphere g.

To express and study the equations of the flow we use the basis {A;(t)e!, Ay(t)e?, Ax(t)e3}, in
which g(t) becomes the identity matrix. Therefore, we should understand the square root in the definition
of flow to be the standard square root defined on the scalar functions that are components of the tensor
Ric(g) — 4K g. Even in the simplest situation we may face the problem of correct choice of the branches
of the square root and continuation of solutions to differential equations. In this article we prefer to
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skip the inspection of problems of the sort and focus on the construction and analysis of the concrete
solutions, justifying our attention to geometric flows of the form.
We also define the flow on RP? which yields the Eguchi-Hanson metric,

0 1
5194 = 5\/det(Ric)(RiC_1)ij, i,j €{1,2,3},

and reduces to the two nonlinear equations on A; and As. We can express this flow as the equation
(x) = dip on two 1-forms ¢ € {A;(t)el, Az(t)e?}, where d : AY(S?) — ATL(S3) is the standard
differential on the forms on S3.

Note that similar ideas are developed in [1]. In particular, it is stated in [1] that the Taubes-NUT
metric can be described as the result of action of Ricci flow (or inverse Ricci flow). Considering Ricci flow
on some three-dimensional Lie groups, [1] checks whether some classical metrics correspond to solutions
to Ricci flow. Constructions of other flows are absent from [1].

2. The Round 3-Sphere in R*

Consider firstly the space H = R*. The standard flat metric on R* coincides with the cone metric
over $3 = Sp(1). It is known that the Ricci flow %g(t) = —2Ric(t), when defined on an Einstein
manifold M (the round sphere in particular), changes only the volume of the underlying manifold. Thus,
we may regard R* as the “configuration space” of the Ricci flow on round 3-spheres which only changes
their radii. Roughly speaking, by using the temporal coordinate ¢ of a flow changing only the radius of
a sphere, we can find as the spatial coordinate 7 the space (R4 x M(7)) (in this example M (t) is the
radius ¢ of the sphere) with restrictions on the curvature, in this case R;ji; = 0. Henceforth we take the
3-sphere S3 (or the three-dimensional real projective space RP3) as M. Denote the metric and other
tensors on S2 by g, Ric, and so forth, while the tensors on the 4-manifold R, x M(7) by g, Ric, and so
forth.

Consider S? as the Lie group Sp(1) of unit quaternions. In the tangent space T3 Sp(1) at 1 we can
choose the basis (i, 7, k) of three imaginary units. Using right multiplication on Sp(1), these three tangent
vectors extend to three global tangent fields (&1, &2, £3) on the whole sphere. The corresponding dual basis
in 7*93 = A1(S3) consists of the 1-forms (e!, €%, €3) with ei(¢;) = 5;, usually called Cartan’s frame.
Consider the flat conical metric

g=dr® +7((e")? + (%) + ())?) = dr” + g(7), (1)

where 7 plays the role of the radius r of the sphere. Since 0 € R* is a singularity of the coordinate system
in which we express the metric, rather than the metric itself, assume that (1) is globally defined on R*.

Consider the case that the sphere is embedded into R* in the standard way, and show that the
standard increase of its radius is described as the flow of mean curvature. Firstly calculate the second

quadratic form of the hypersurface S C R*. Recall that the second quadratic form B of the embedding
r: 8% — R* is defined from the equalities rij = bi;m + Ffjrk for 4,5,k = 1,2,3, where r; = 38; and
2""

rii = =91 are the first and second partial derivatives of the embedding r, and m is the unit normal,
J Outdud ’

while Ffj are Christoffel symbols; then b;; = (r;j, m). We can specify a sufficiently small neighborhood of

an arbitrary point of (%) to be the set of zeros of some function F : R* — R. Then its gradient (with
respect to the Euclidean metric) coincides with m up to multiplication by a scalar, i.e., there is an open
domain of R* diffeomorphic to r(S3) x (—¢,¢). Since we consider the 3-sphere, F(z) = |z|? for z € R*,
while the sphere of unit radius is S® = {z | F(z) — 1 = 0}. Assume that 7 = u° and r, is a variation of
the embedding r such that %TT = ro = my; in this case b;; = F?j.

It is known [2, (IV-2)] that the Levi-Civita connection is determined by the equality

29(VxY,Z2) = Xg(Y,2) +Yg(X,2) - Zg(X,Y) + g([X,Y], Z) + 9([Z, X],Y) + 9([Z,Y], X).
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In our case, by putting Z = m = % = &, we obtain 2B(X,Y) on the left-hand side. Firstly calculate b1y
for the flat metric (1)

2bll = 2g(v§1§17‘£0) = _509(61751) =27

because only one of the terms on the right-hand side does not vanish: The Lie brackets of fields on S3
are also fields on S% and they remain orthogonal to the radial direction &y; the fields &; are independent
of the radial coordinate 7, and so commute with &;. Similarly we calculate the two remaining diagonal
terms of B. The off-diagonal terms vanish identically because g(&;,&;) = 6ij7'2. Thus, we have shown
that the metric g(t) satisfies the flow of mean curvature:

2r 0 0
(gij)g- = ( 0 2T 0 ) = —2bij, i,j = 1,2,3.
0 0 27

Calculate the second quadratic form by Cartan’s method. Recall that the connection form of a Rie-
mannian manifold M is a skew matrix wj consisting of 1-forms such that
det = —w} Nel,

where {e!,...,e"} is Cartan’s orthonormal (co)frame, i.e., the basis of 1-forms in 7%(M) dual to the basis
of orthonormal tangent vector fields. In our case {&y, 7 &1, 77 1€, 771€3} constitute an orthonormal
frame with respect to g. Differentiate the corresponding 1-forms:

1 2
de® = d(dr) =0, de' =d(re!) = =P Ael + 22 A€,
T T
1 2 1 2
de? = d(re®) = =P ne? + 2 nel, ded =d(red) = =P AP 4 Zel A€
T T T T

Since wj- is a skew matrix, we find easily that

0 el g2 g3

N . —€ 0 - &2
_(wj) 5=0..3= | 22 3 0 —gl
—e3 —g2 £l 0

REMARK. We could calculate the connection form in the old basis {e°,e!,e? €3}, but then would
have to require that w;'-, instead of being a skew matrix in the algebra so(n), must belong to the matrix
algebra

{A| AG + GAT =0},
where G is the matrix of g in the old basis which is not equal to the identity matrix. In other words,
working with Cartan’s structure equations forces us to use orthonormal frames and coframes.

Since the connection form amounts to a generalization of the Christoffel symbols, wé- = F;kek; we
already have all we need to calculate the second quadratic form

_ 1 .
b]k:F?k: ?(T 15]4:):_; jk>s jvk:17273

Verify again that the standard expanding sphere satisfies the flow of mean curvature in the basis
{e1,€2,€3}:

2 (3 +e5+¢€3) = —2b.

@)= (3 +e3+e3) = (r*(ed +e3 +e3)) = -

Below we do not assume that the sphere is embedded into R?*, but study the metric properties of the
space looking locally as (0, 1) x S3. In particular, we obtain the metric of constant curvature on (0,1) x 3
which extends uniquely to the metric on S%.
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Recall [2, (II-5)] that the curvature form €2 is the matrix consisting of the 2-forms
o L
Q% = dwj + wj, A wj

and generalizing the curvature tensor; namely, Q} = %R;klek A el. Tt is not difficult to verify that for
the metric g the curvature form vanishes identically; the space R* under consideration is flat. Let us

calculate the Ricci tensor Ric of g. The symmetries of the curvature tensor yield
Ricii = Riyy + Riay + Rz = Raia + Riyse

To calculate the last two terms, we should calculate the curvature form 2 of g:

1 1 1 1
Q3 :alwé—I—cu,i/\wéc :d(53> + (—52) A (—51> = ——250/\53
T T

T T
1/1 2 1 1 1

+- (60 Aed+ Zel A 52) + —262 Nel = —251 Ne? = ZRL et ne?,
T\T T T T 2

where k € {1,2,3} is the summation index. Then Ricy; = ;% = Ricgo = Riczs. It may seem here that we
arrive at a contradiction because we know (see [3, 1.159] for instance) that, when the metric is multiplied
by a constant A, so does the Riemann (4,0)-tensor, the scalar curvature is multiplied by A~!, while the
Ricci tensor is unchanged. We obtain all spheres from the radius 1 sphere by simple homothety, and
A = 7. In this case we infer that the Ricci tensor depends on 7. The thing is that the basis {e1,€2,e3}
we used to calculated the components of Ric;; depends on 7 too. In the equation g. = —2Ric for the
Ricci flow in the chosen coordinates the left-hand side is a positive definite form, while the right-hand
side is a negative definite form; i.e., as spatial coordinate 7 increases, the metric must “decrease,” and
the corresponding sphere collapses. Thus, we see that the standard collapse of the sphere described by

the spherical coordinate system is not a solution to the Ricci flow.

3. The Case of Metrics with One Functional Parameter

Consider the metric
3 3
7=t + 0P S?) =t g0 = (L), @)
i=1 1=0

Although the 1-forms £ = f(t)e, for i = 1,2,3, depend on f, we use the previous notation. Then in the

basis {€%,!,£2,£3} the connection form of g becomes
0 f/51 f/52 fl€3
I B B e | R
W= Fl-re & 0 —¢t
—fle? —e2 gl 0

An analogous elementary calculation of the curvature form (2 shows that Ric;; = f%‘sij for 4,5 = 1,2,3.
In order to satisfy the Ricci flow equation, we should require that

2f' 8 . -

i.e., f(t) = 1/8(to — t). Here we take it into account that the basis {e!,e2, &3} is orthonormal for g, and
the metric is represented in this basis by the identity matrix d;;. The radius of the sphere f must depend
on time t as the square root, and under the action of the Ricci flow the sphere collapses in finite time,
which is a well-known property. Note also that in the chosen basis the flow equation for mean curvature

343



is satisfied automatically: it is the first equality in (3). Therefore, the flow of mean curvature essentially
becomes a tautology when we work with an invariant basis.
Calculate the curvature form of (2) for the ambient space. Now ¢ plays the role of a spatial coordinate:

1-f2 4,

1
—0 1—0o =1 11
Ql = —Lgo A 51 = §R10150 VAN 61, Qz = e Ne” = §R212€1 A 52.

f N
Accordingly, the Ricci tensor becomes
Ricop = —6;, Ricyy = f12(4 — 4% — 2f"f) = Ricyy = Ricss,
while the scalar curvature is as follows:
R = ;’2(4 —4f? —4f"f).

If f(t) = fo(t) =t then we obtain the flat space R%; if f(t) = f.1(t) = sin(¢) then we obtain the round
sphere S* of radius 1; and if f(¢) = f_1(t) = sinh(¢) then we obtain the hyperbolic space H*.

If we consider the Ricci flow with respect to time 7 then, for the appropriately chosen dependence
between the coordinate ¢ and time 7, under the action of this flow the sphere S sweeps a space of
constant curvature. For the flat space R* we should put C‘Z—i = —% or T = hg = const —%. For the sphere
S* we have 7 = h,1 = const +% sin?t. For the hyperbolic space we have 7 = h_; = const —% sinh? ¢.

This yields the following rather obvious assertion.

Proposition 1. Suppose that the round sphere (S3, g(7)) satisfies the Ricci low

;_g(T) = —2Ric. (4)

If 7 = hi(t), where the function hk is described above, then

3 .
7=+ g(r(0) = d + 0 S

is a metric of constant curvature K € {—1,0,+1}.

This is obvious indeed: Consider the Ricci flow as a procedure changing in time the radius of the
sphere S3. Varying the rate of change, we can make the space swept by the sphere to be of constant
curvature. Express the left-hand side of the Ricci flow in the basis {e!, 2,3}

2 g(ota) = 2 (ZU) = 2w )| 2 —ars(( ) 2 = 2 (o) 2

1= =1 =1 =1

As calculated above, the right-hand side equals

) 4 4 ,
RlCij = 7(51']' = 75 (Z(El)Z).
f f i=1
Thus, we arrive at the scalar equation
2ff ot 8
for f¥
In the case K = 0 the hypotheses yield % = —%, and this equation reduces to f f; = t, whose solution is

the affine function fy(¢) = ¢+ const. We can take the integration constant to be zero, and g is the metric
of the flat R*. Similar arguments apply to K € {—1,+1}. The proof of Proposition 1 is complete.

On the other hand, the following theorem holds:
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Theorem 1. Suppose that the round sphere (S3, g(t)) of radius f(t) changes under the action of

the flow 5
59 = v/ Ric—4Kg. (5)

Then the metric g = dt*>+ g(t) is isometric to the metric of a space of constant curvature K € {—1,0,+1}.

PROOF. Demonstration reduces to expressing (5) in our particular case of a metric conformally
equivalent to the standard round metric on the sphere. In the chosen orthonormal basis

9= () + (%) +(e)° = F(*((e")* + (¢*)* + (¢))?).

5 = 2 OF () + () + (¢°)) = 2}0(?

Similarly, (3) yields Ric = +45((e!)? + (¢2)2 + (¢3)?). Thus, (5) reduces to the simple scalar equation

f(6)?
! [ 4

With the suitable initial data f(0) = 0 and f’(0) = 1 this equation obviously has the solutions f_ = sinh()
for K = —1, while fo =t for K = 0 and f; = sin(¢) for K = +1. The corresponding metrics g have
curvature K. The proof of the theorem is complete.

Then
%9 (€12 + (22 + (3)?).

Let us explain our notation. Since the Ricci tensor is the Laplacian of the metric modulo lower order
terms, the flow under consideration is in fact the Dirac equation on the space of metrics. Recall that the
Dirac equation is

%\I’ =vA-UY,
where ¥ is a section of the spinor bundle. Consider the right-hand side of (5) as a pseudodifferential
operator of order 1 on the space of metrics. We can see formal analogies between the heat equation and
Ricci flow, the Schrédinger equation and normalized Ricci flow, and so we claim that it is rather natural
to study (5). Since (5) is a junction of the theory of geometric flows and the theory of Dirac operators,
we call it the Dirac flow.

We express (5) in the coordinate-free form for the simple reason: It is known from linear algebra
that each symmetric matrix (for instance, the matrix Ric;; —Kg¢;;) has real eigenvalues and a basis of
pairwise orthogonal eigenvectors. Thus, Jordan’s theory implies that the matrix square root defined
on the space of symmetric matrices can always be reduced to the square root on the space of diagonal
matrices. Consequently, fixing an orthonormal basis, we can always pass from the tensor form of (5) to
coordinates. The questions remain of global definition of the right-hand side, the choice of branch for
the square root, and extension to the complex domain, but we will avoid them here.

4. The Case of Metrics with Two Functional Parameters
Consider now the metric
g =dt? + AX(t)(e")* + A3()((€*)* + ()?) = dt* + g(2). (6)
As above, introduce the coframe
el = Ajel, 2= Axe?, &% = Aye®

orthonormal with respect to g. The connection form becomes

Al Ay 2 Ay 3

ﬁ o€ A€ A€
411 —A1 3 A1 2

B A€ 0 Az € A€

YT A A 0 Aj—243
A A2 A A2
Ay 3 —A 2 A7-243
— 1€ A€ Az e 0

345



The curvature form is "

— A
Q(l):eo/\sl[ 1] +€2/\53[—

241 2A1A’2}

A T% A3
a0 0 2 Alzl 3 1 A,l AIA,2
Qy=c'Ne?| - == Net| =5 —
9 =€ € [ A2] +¢€ € [A% A% ,
[P A Ak +elne? A—% A4y
2 Az A3 AL A Ay
—2 o q[24:4, 24 5 s[4 343 A2
Qs =c’ Ne' | —==2 — NeP|l— — = — ==
{A AT T A T )

and we can calculate the remaining components similarly. Observe that for (6) the curvature tensor R;»kl

is not diagonal; by a diagonal tensor we understand a curvature tensor with only the sectional curvatures
7 4
jij Al

and Ricyy = Ricsz = Rjjp + Ry = Ai§(2 -

not vanishing. Then the Ricci tensor of g has two nontrivial components: Ric1; = Ryjo+ B33 =4
A3
A2 '
metric g depends on A; and As as constants; therefore, the components R;-k,l of the curvature tensor are
independent of the derivatives of A1 and As.

The Ricci flow reduces to the system

). Assume moreover that at each fixed time t the

Al A?
4= —ad 7
Ao A2 Az )
Put a = A? and 3 = A3. The system becomes
o = —8£,
{ '+ 16 528'1 ®)
B+ 16 = 5
It has two obvious solutions. The first corresponds to the case
o= =8(to —t) (9)
considered already, and the second solution
a=0, B=16(t ), (10)

to the collapse of the 2-sphere S? = $3/S! when the fiber S' of the Hopf fibration collapses identically.
In fact, the second solution determines the metric (6) on the three-dimensional space.

REMARK. Solution (9) corresponds to a collapsing round 3-sphere. Gibbons and Hawking called [4]
a solution with this singularity a “nut,” since in this case the whole 3-sphere collapses. Another resolution
of the cone singularity was called a “bolt.” The bolt reminds us clearly of the cylinder S* x R one of
whose coordinates is defined on the circle S* of small radius, while the second coordinate is extended,
i.e., defined on R. The second resolution of singularity amounts to collapsing the circle S* in the Hopf
fibration multiplied by the 2-sphere of radius bounded below. In other words, the 2-sphere hosts the
extended coordinate, while the one-dimensional circle S* (section of the bolt) collapses. In our situation
solution (10) is degenerate because the one-dimensional circle collapses identically, & = 0, and the 2-
sphere also collapses eventually, 5 = 16(tg — t).

System (8) is completely integrable. From the second equation we have o = éﬂ(ﬂ’ + 16); inserting
this into the first equation yields

63" + 26 4+ 483" + 256 = 0.
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The general solution to this differential equation is

1 V2 4423 _

where ¢; and cp are constants of integration. When the right-hand side of (11) tends to 0 from below,
the left-hand side tends to 0 from above. Furthermore, we have

_C1+\/C%—32ﬂ2.£’:1
Vi-mE 16

i, = —8anda’ = L (8 +16)+ 28" = Z(F' +16) + 2(F)(256 + 486" +23?) — —8 as t | —cy = to.
In other words, we recover the well-known property: Under the action of Ricci flow, a not round 3-sphere
collapses to a point in finite time (as a round sphere of infinitesimal radius). We may assert that the
solution (10) is “nonperturbative”; i.e.,

. / . /
Jim (1) = Jim §/(1) = -8
independently of how small a(0) # 0 is. This agrees with the general theory: When initial data are not
too bad, the Ricci flow makes curvature “uniformly distributed” over all points on the manifold and all
tangent area elements; i.e., under the action of Ricci flow the sphere collapses completely, the Ricci flow
cannot decrease only the one-dimensional fiber of the Hopf fibration, keeping the two-dimensional base
of radius bounded below. Hence, we conclude that using a flow differing slightly from the Ricci flow, we
are unlikely to describe metrics with resolution of a conical singularity of the type “bolt.”

Let us study the qualitative behavior of solutions. If 5(0) > «(0) then at the start the right-hand side
of (7) is sufficiently small, and o behaves as a constant, while 3 decreases as —16¢. When the radius As(t)
of the sphere becomes sufficiently close to the radius Aj(t) of the circle, they merge in one solution (9).
If «(0) > (0) then, since the right-hand side of the first equation is a negative number of large absolute
value, rather quickly o becomes equal to 8 and they merge. It is not difficult to deduce this behavior
directly from (11).

REMARK. In simulations, due to calculation errors the solution to (7) sometimes (i.e., not in all
simulations) extends beyond the time t( of singularity. The function « extends identically by zero, while
the function § becomes equal to 16(t9 — t), i.e., it enters the negative domain, and (6) ceases to be
a Riemannian metric; moreover, 3 ceases to be a metric on a 4-manifold. Nevertheless, we may assert
that (9) becomes (10) passing through the singularity. It is unclear whether we can find a meaningful
interpretation for this effect or it is just an error of simulations.

Observe also that the above-mentioned transition from (9) to (10) has nothing to do with the resolu-
tion of singularity using the normalization of Ricci flow, at least because in this transition the dimension
of the manifold drops. Recall that the normalized Ricci flow is of the form

) 2
7% = —2Rici; +-NRgij,
where n is the dimension of the manifold, and fR is the average scalar curvature. In our case the normalized
flow becomes
16 A

U al /_§ A%_A%
3 Al

2 42
A

because the functions A; and Ay depend only on time, and it is unnecessary to average curvature over
the sphere. We can easily solve these equations, especially if we recall that the volume /det(g) = A1A§
is preserved under the action of the normalized Ricci flow. It is clear from the right-hand sides of this
system that both functions tend to the same constant as ¢ — oco; i.e., at infinite time we again obtain the
round sphere.

A =
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Recall that a metric is called anti-self-dual whenever its connection form satisfies w;'- = —%ijlwf,
where €;;1; is the antisymmetric Levi-Civita symbol. For anti-self-dual metrics the Ricci tensor vanishes
automatically, as for self-dual metrics. In the four-dimensional case, anti-self-duality reduces to the pair
of equations wf = —w? and WY = wi, or in our case

iﬁ:_A%—QA% A7’2:é (12)
Aq A1AZ T Ay AT

It is well-known that (12) can be integrated in the general case: This is how the classical Eguchi-

Hanson metric

ds® = [1 = (a/r)*]| 7 dr® +12((€*)? + (€*)*) + r?[1 = (a/r)*](e")?

was found [5]. It was the first metric with the holonomy group SU(2) expressed in elementary functions.
As r tends to a, the Eguchi-Hanson metric has singularity of the type “bolt,” while for sufficiently large R
the set {r = R} is homeomorphic to RP3.
Even though the right-hand sides of (12) are expressed in terms of the components of the connection
form, we can also express them in terms of the components of the Ricci tensor:
B A2 —-242 1

: : —1/2
AlA% = §R1C22(R1011) / N

I% = 2(R1C11) .

Thus, (12) is equivalent to the flow

1
%g =3 det(Ric)Ric_l. (13)

This flow is defined on the 3-sphere, and there is no need to specify it on the fibers S' and base S2
of the Hopf fibration. Unfortunately, the resulting flow has an extremely unpleasant right-hand side.
This confirms our guess that metrics with singularity of type “bolt” cannot be described by geometric
flows with right-hand sides depending on the Ricci tensor in a certain “good” fashion. For A7 = As the
function f(t) above is a solution, while the corresponding metric g is the metric of a flat space. This is
straightforward from the anti-self-duality of the metric of flat space.

Theorem 2. Suppose that the projective space RP3 = S3 /75 equipped with the metric
AR(t)(eh)? + AZ()((€*)? + (%))

changes under the action of (13). If A1(0) = 0 and A(0) = a then the corresponding metric (6) is
isometric to the Eguchi—Hanson metric.

PrOOF. We showed above that (12) is equivalent to (13). The Eguchi-Hanson metric was found [5]
by integrating (12). It remains to understand that this system does not have solutions other than the
Eguchi—-Hanson metric. This follows from counting the free parameters. The general theory of ordinary
differential equations implies that the solution set to (12) is parameterized by two quantities, namely
A1(0) and A3(0). Fixing initial data as in the statement of the theorem, require that for ¢ = 0 the circle

in the Hopf fibration collapse, while the 2-sphere be of radius a. The variables r and ¢ are related as
r2dr
A g4

= dt.

Assume that the constant of integration vanishes. Obviously, the variable r is then defined on the segment
[a,00); while the variable ¢, on the segment [0,00). It remains to observe from the form of the metric
that As(r) = r and A1(r) = r2[1 — (a/7)%], and for r = a the initial conditions are satisfied.

The proof of the theorem is complete.
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Since (13) has a highly nonlinear right-hand side, it would be natural to consider an evolution
equation defined on some structures agreeing with the Hopf fibration. Recall that a 1-form on a manifold
of dimension 2n + 1 is called contact whenever ¢ A (dip)™ # 0. We can verify that

Aq
el A det —2—5 A e? /\5
Az

where d : AY(S3) — A"1(S3). Similarly,
1
2 Nde? =2——et N2 N ED.
Ay
Considering the equation
(x1p) = dup, (14)

where * is the Hodge star operator with respect to the orthonormal frame {e!, 2,3}, we precisely obtain
for 1) = ! the second equation of (12), and for ¢ = &2

A, Al 3 1_2 3 1
<Al+A2> Ne = —e" Ne.

Taking it into account the equation for 1) = !, we deduce from this the first equation of (12). It is obvious
that inserting 1) = €2 into (14) yields the same equation. Thus, we can state the following assertion.

Theorem 3. Consider the projective space RP3 = S3/Zy with the metric
AT(t)(e")? + A3 () + (%)) = (1) + (%)% + (£°)°

generated by three contact 1-forms e* = A;(t)e!, €2 = As(t)e
Then for suitable initial conditions the metric dt2 + A2(t) (et
Eguchi-Hanson metric.

2 and 3 = Ag( )e3 satisfying the flow (14).
) + AZ(t)((e*)? + (e*)?) is isometric to the

PROOF. Demonstration of this theorem is similar to the proof of the previous theorem, with (14)
replacing (13).

REMARK ON A RELATION TO THE HOLONOMY GROUP G2. We must mention that the flow (14) was
introduced by Hitchin (see [6] for instance) with the goal of obtaining an evolution equation on the 3-form
¢ determining a Ga-structure on a 7-manifold. He showed that for sufficiently small time ¢ the solution
¢t to (14) determines a Ga-structure.

Observe also that trivial changes of variables reduce (12) to a system written down in [7], where
some metrics with holonomy group G5 were constructed on deformations of cones over the twistor space
of a 3-Sasakian 7-manifold.

Verify now that the Dirac flow has meaningful solutions not only in the case of metrics depending
only on one conformal factor f(¢). In the case (6), when g depends on the two functional parameters A;
and As, the Dirac flow equations become

A A2
Ay = Aé,/A% ~KAY, A= ? ~ K A2 (15)

Choose the standard branches of the square root function and study (15) for K = 0:

A? A2

A3 A3
Let us show that as T' — oo the sectional curvature of g vanishes in (7', 00) for K = 0. This would follow
from the property that the metric g is asymptotically conical. For K = +1, the technique below fails to
help us analyze the behavior of solutions of the flow exactly.
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Observe that if K = 0 then (16) is invariant under the substitution
A1—>)\A1, A2—>)\A2, t—T,

where 7 is the new time related to the old time by dt = Adr. With this remark, we can split our system
into the two parts: normal and tangential. This method was used substantially in [7,8]. Rearrange the
system using the notation

dR
where R = (A1, A3) and V(R) = (i—g, 2— fé)' Then the tangential part becomes
as
= = VI(58) = (V(5),5)8 = W(S5),

where S = (a1(7),a2(7)) = 3R is the projection of R = (A;(t), A2(t)) to the unit circle. The normal
part becomes

ldx

Ndr
The zeros of W(S) determine the asymptotics at infinity of the original system. Assume firstly that
ag # 0. Formally, the right-hand side of (16) is undefined for Ay = 0; nevertheless, we can choose the
convergence of A; and Ay to a point p so that the right-hand side vanishes. These points p for more
complicated systems were called conditionally stationary [7]. The remaining zeros of W(S) are called
stationary points.

(V(S), S)dt = \dr.

Lemma. All stationary points of (16) are (£ g, ig) and £(0,1).

PROOF. Demonstration relies on easy algebraic calculations. Express W (S) in coordinates:

2 2 2 2
(6] « [0 [0

W(Oél,OéQ) = <%, — %) — (;Oq +4/2 — ;Og) (041,012).
@3 @3 @3 @3

Under the condition ag # 0, the zeros of W (S) satisfy

oq(oq — a‘;’ — a§\/2a% — a%) =0,
{ m(l—az) —a3=0.
It is not difficult to observe that the zeros of this system are listed in the statement.
Theorem 4. On the 3-sphere consider the metric
g=di’ + A3 (t)(e")? + A3(1)((*)? + (€°)) = dt® + g(t)
such that the metric g(t) is a solution to the Dirac flow with K = 0 and initial data A3(0) > A;(0) > 0.

Then g is a complete asymptotically conical metric.

PROOF. Demonstration begins with taking the sector {(A1, A2) € R? | Ay > A; > 0}. Its boundary
consists clearly of two invariant trajectories of the system. The first trajectory Aj(t) = Aa(t) =t
corresponds to the case of flat metric on R* considered above. The second trajectory A;(t) = 0 is
the degenerate three-dimensional flat metric dt? + 2t2((e?)? + (€3)?) with singularity. The structure of
trajectories of (16) in the sector is as follows: The point with coordinates (A;(t), A2(t)) moves away from
the origin because the right-hand side of (16) is strictly positive in the sector. The vector field W on the
circular arc is directed from (@, @) to (0,1). This is easy to verify, for instance, by inserting the values

o1 = 2 and ap = # into the first coordinate of W (S):

3 4 9 3
Y= -2 a3<.
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Therefore, the projection (ag, az) of (Aj, A2) moves from (?, ?) to (0,1). Therefore, the trajectory
(A1, Ag) itself starts at the origin with the initial velocity vector (1,1). This ensures the absence of

singularity at the start and completeness of the metric. Furthermore, at infinity we have

/ Ay 2 aq 2 /

Ay ap
Consequently, at infinity we can approximate the function A; by a constant and the function As, by
a linear function:
Ay (t) = const +By(t), Asx(t) = V2t + Ba(t),
where Blf(t) — 0 and BQT(t) — 0 as t — oo. Thus, the metric is asymptotically conical.
The proof of the theorem is complete.

It is not difficult to see that all coefficients of the components ﬁ; of the curvature form decrease at

least as fast as t% Hence, for K = 0 the Dirac flow defined above deforms the metric depending on two
functional parameters on the 3-sphere so that the part of the four-dimensional space swept by this sphere
has no singularities and for sufficiently large t € (T, 00) has curvature at most %
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