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§ 1. Introduction
Formal matrix rings play a prominent role in ring and module theory. The Morita context rings

form an important class of formal matrix rings (for example, see [1]). The triangular formal matrix rings
appear frequently in the representation theory of artinian algebras and serve as a source of examples of
rings with asymmetrical properties (for example, a right artinian but not left artinian ring and so on).
Each ring with nontrivial idempotents is isomorphic to a formal matrix ring. The endomorphism ring

of a decomposable module is a formal matrix ring as well. This justifies the study of formal matrix rings.
In § 2 and § 3, we introduce the main definitions and facts on formal matrix rings. In § 4, we

obtain description of right semiartinian formal matrix rings and the right max-rings of formal matrices.
As a corollary we get description of right perfect formal matrix rings. In § 5, we study the isomorphism
problem for the formal matrix ringsMβ1,...,βn(R). Using the main theorems of § 4, we deduce the available
results of [2–4] that are connected with the isomorphism problem for formal matrix rings over R.

§ 2. The Main Definitions
All rings are assumed associative and unital, while all modules and bimodules are assumed unital.

Denote the Jacobson radical, the center, the set of zero divisors, and the group of invertible elements of
a ring R by J(R), C(R), Z(R), and U(R) respectively.
Let R1, R2, . . . , Rn be some rings, and let Mij be some (Ri, Rj)-bimodules such that Mii = Ri

for all 1 ≤ i, j ≤ n. Let ϕijk : Mij ⊗Rj Mjk → Mik be the (Ri, Rk)-bimodule homomorphisms such
that ϕiij and ϕijj are canonical isomorphisms for all 1 ≤ i, j ≤ n. Put a ◦ b = ϕijk(a ⊗ b) for a ∈ Mij
and b ∈ Mjk. Denote by K the set of all (n × n)-matrices (mij) with mij ∈ Mij for all 1 ≤ i, j ≤ n.
Simple verification shows that K is a ring under the usual operations of addition and multiplication if
and only if a ◦ (b ◦ c) = (a ◦ b) ◦ c for all a ∈Mik, b ∈Mkl, and c ∈Mlj , 1 ≤ i, k, l, j ≤ n. The ring K is
a formal matrix ring of order n, and K is denoted by K({Mij} : {ϕikj}).
Inspecting modules over formal matrix rings, it suffices to consider the matrices of order 2, since

a formal matrix ring of order n reduces obviously to a formal matrix ring of order 2. Let K =

(
R M
N S

)

be a formal matrix ring of order 2. Let X be a right R-module, let Y be a right S-module, and assume
that an R-module homomorphism f : Y ⊗S N → X and an S-module homomorphism g : X ⊗RM → Y
are defined. Put yn := f(y ⊗ n), xm := g(x ⊗ m), and require the identities (yn)m = y(nm) and
(xm)n = x(mn) for all x ∈ X, y ∈ Y , m ∈ M , and n ∈ N . In this case the group (X,Y ) of row
vectors is naturally equipped with the structure of a right K-module. It is easy to show that each right
K-module may be represented as a module of row vectors. Every homomorphism of K-modules may be
represented as a pair of an R-homomorphism and an S-homomorphism. Namely, if Γ : (X,Y )→ (X ′, Y ′)
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is a homomorphism then there are an R-homomorphism α : X → X ′ and an S-homomorphism β : Y → Y ′
such that Γ(x, y) = (α(x), β(y)). Furthermore, α(yn) = β(y)n and β(xm) = α(x)m for all x ∈ X, y ∈ Y ,
m ∈M , and n ∈ N .
Definition 2.1. The formal matrix ring K({Mij} : {ϕikj}) of order n such that Mij = R for all

1 ≤ i, j ≤ n is a formal matrix ring of order n over R denoted simply by Kn(R) or Kn(R : {ϕikj}).
Let Kn(R : {ϕijk}) be the formal matrix ring of order n over R. Put ηijk = ϕijk(1 ⊗ 1) for all

1 ≤ i, j, k ≤ n. Then a ◦ b = ϕijk(a ⊗ b) = ηijkab for all a, b ∈ R. Given a ∈ R, we have aηijk =
ϕijk(a⊗ 1) = ϕijk(1⊗ a) = ηijka. Thus, ηijk ∈ C(R), and the conditions hold:
(1) ηiij = ηijj = 1, 1 ≤ i, j ≤ n,
(2) ηijkηikl = ηijlηjkl, 1 ≤ i, j, k, l ≤ n.
Condition (1) holds, since ϕiij and ϕijj are canonical isomorphisms. By the associativity of ◦ we

have ηijkηiklabc = ηijlηjklabc for all a, b, c ∈ R. Putting a = b = c = 1 we get (2).
Simultaneously, for every set {ηijk | 1 ≤ i, j, k ≤ n} of central elements in R satisfying conditions (1)

and (2) we may put ϕijk(a⊗ b) = ηijkab for all a, b ∈ R. It is immediate that Kn(R : {ϕikj}) is a formal
matrix ring of order n over R. Thus, the formal matrix ring Kn(R : {ϕikj}) is uniquely defined by the
set of central elements {ηijk | 1 ≤ i, j, k ≤ n}. In this case, the formal matrix ring Kn(R : {ϕikj}) is
denoted by Kn(R : {ηikj}).
Remark 2.2. Given β ∈ C(R), the ordered tetrad

(
R R
R R

)
is a ring if we imply the elementwise

addition and the multiplication acting by the rule:(
a b
c d

)(
e f
g h

)
=

(
ae+ βbg af + bh
ce+ dg βcf + dh

)
.

Krylov denoted the so-obtained ring by Kβ(R) in [3], and this ring was studied in [3–6].

However, even for the matrix ring K3(R : {ηijk}) of order 3 the problem of parametrization of
multiplication becomes more difficult. It is immediate that

η123η213 = η121 = η212 = η312η321;

η321η231 = η323 = η232 = η132η123;

η132η123 = η131 = η313 = η213η231.

But we may require presence of the equalities η213 = η312, η123 = η321, and η132 = η231. In this case,
all relations above may be written in simpler form.
Given β1, . . . , βn ∈ C(R), we define ηijk for all 1 ≤ i, j, k ≤ n by the formula

ηijk =

⎧⎨
⎩
1, if i = j or j = k,

βj , if i, j, and k are distinct,

βiβj , if i = k �= j.
It is immediate that {ηijk | 1 ≤ i, j, k ≤ n} satisfy conditions (1) and (2); therefore, it defines a

formal matrix ring of order n over R.

Definition 2.3. Let R be a ring and β1, . . . , βn ∈ C(R), n ≥ 2. Assume that ηijk are defined
as above. The formal matrix ring Kn(R : {ϕijk}), defined by the set {ηijk}, is a formal matrix ring
depending on β1, . . . , βn; which is denoted by Mβ1,...,βn(R).

Thus, Mβ1,...,βn(R) is the set of all matrices of order n over R with the usual addition and multipli-
cation as follows:

(aij)(bij) = (cij), cij =

n∑
k=1

β
δij−δik
i β

1−δjk
k aikbkj ,

where (aij) and (bij) are two matrices of order n over R. For example,(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
a11b11 + β1β2a12b21 a11b12 + a12b22
a21b11 + a22b21 β1β2b21a12 + b22a22

)

in Mβ1,β2(R).
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§ 3. Preliminaries
Proposition 3.1. Let R be a ring, β1, . . . , βn ∈ C(R), and n ≥ 2. Then Φ :Mβ1,...,βn(R)→Mn(R)

is a ring homomorphism if Φ acts as (aij) 
→
(
β
1−δij
i aij

)
. Moreover,

(1) Φ(1) = 1;
(2) (KerΦ)2 = 0;
(3) Φ is one-to-one if and only if β1, . . . , βn are not zero divisors in R;
(4) Φ is surjective if and only if β1, . . . , βn ∈ U(R), which is equivalent to the fact that Φ is a bijection.
Proof. Given A = (aij) and B = (bij) ∈Mβ1,...,βn(R), we have AB = (cij), where

cij =
n∑
k=1

ηikjaikbkj .

Therefore, the (i, j)-element of Φ(AB) is

β
1−δij
i cij = β

1−δij
i

n∑
k=1

β
δij−δik
i β

1−δkj
k aikbkj =

n∑
k=1

(
β1−δiki aik

)(
β
1−δkj
k bkj

)
,

and it coincides with the (i, j)-element of Φ(A)Φ(B). Thus, Φ preserves multiplication as well as addition.
Hence, Φ is a ring homomorphism. It is easy to see that (1)–(4) hold. �
The two propositions below were presented in [2]. For the sake of completeness we provide them

with proofs.

Proposition 3.2 [2, Proposition 1]. Let K = Kn(R : {ηikj}) be a formal matrix ring of order n
over R, and let I = (Iij) be an ideal of K. Then
(1) Kn({R/Iij} : {ψikj}) is a formal matrix ring, where ψ : R/Iij ⊗ R/Ijk → R/Iik is defined by

ψijk(ā⊗ b̄) = ηijkab+ Iik, 1 ≤ i, j, k ≤ n;
(2) K/I ∼= Kn({R/Iij} : {ψijk}).
Proof. (1) is shown by immediate verification.
Let us prove (2). The mapping Φ : K → Kn({R/Iij} : {ψijk}) is a ring epimorphism with the kernel

Ker(Φ) = I if Φ acts by the rule Φ((aij)) = (aij + Iij). �
It is difficult to say something specific about the isomorphisms of arbitrary formal matrix rings

over R. But if R is commutative then we have

Proposition 3.3. Let Kn(R : {ηijk}) be a formal matrix ring of order n over a commutative ring R,
ηijk ∈ R, and 1 ≤ i, j, k,≤ n. Then Kn(R : {ηijk}) ∼=Mn(R) if and only if all ηijk belong to U(R).
Proof. (⇒): Define the mapping ϕ : Kn(R : {ηijk})→Mn(R) acting by the rule ϕ((aij)) = η1ijaij .

It is immediate that ϕ is a ring isomorphism.
(⇐): Denote the ring isomorphism by ϕ : Kn(R : {ηijk}) → Mn(R). Assume that R is a field.

Show that in this case all coefficients ηijk are nonzero. Indeed, let ηlpq = 0. Define the mapping
ψ : Kn(R : {ηijk}) → Mn(R) by putting ψ((aij)) = (ηlijaij). Since ηlijηljk = ηlikηijk, it is immediate
that ψ is a ring homomorphism. But Ker(ψ) �= 0; and since η111 = 1 we have ϕ(Ker(ψ)) �= Mn(R).
Hence, ϕ(Ker(ψ)) is a nonzero two-sided ideal of Mn(R). Since R is a field; therefore, Mn(R) is a simple
ring. This contradiction shows that all coefficients ηijk are nonzero.
Consider the general case. Put K = Kn(R : {ηijk}) and M = Mn(R). Assume that there is

ηabc �∈ U(R). Then ηabcR �= R is an ideal of R, and so it lies in some maximal ideal I of R. Depending on
situation, the unity ofK orM will be denoted by E. Since C(K) = RE and C(M) = RE, there exists α ∈
Aut(R) such that ϕ(rE) = α(r)E for all r ∈ R. We have K/IK ∼= Mn(R)/α(I)M . By Proposition 3.2
Kn(R/I : {ηijk}) ∼= Mn(R/α(I)), where ηijk = ηijk + I. But R/α(I) is a field, and ηabc = 0. This
contradiction shows that ηijk ∈ U(R), 1 ≤ i, j, k ≤ n. �
The ideal structure of Mβ1,...,βn(R) gives
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Proposition 3.4. Let R be a ring, n ≥ 2, and β1, . . . , βn ∈ C(R). Then I ⊆Mβ1,...,βn(R) is an ideal
if and only if I = (Iij) and the following hold:
(1) Iii ⊆

⋂
k �=i(Iik ∩ Iki), 1 ≤ i ≤ n;

(2) βiβj(Iij + Iji) ⊆ Iii ∩ Ijj , i �= j;
(3) βiIij ⊆

⋂
k �=j Ikj ;

(4) βjIij ⊆
⋂
k �=i Iik.

Proof. Let I ⊆Mβ1,...,βn(R) be an ideal. Denote the matrix units of Mβ1,...,βn(R) by Eij . Since Eii
are orthogonal idempotents with sum equal to the unity, I =

∑
i,j EiiIEjj . Put Iij = EiiIEjj . Then

I = (Iij). The remaining properties and the converse statement are immediate from the ideal proper-
ties. �
Take s ∈ C(R). Put Js(R) = (s : J(R)) = {x ∈ R | sx ∈ J(R)}. By [7] we have
Theorem 3.5. Let K = Kn(R : {ηikj}) be a formal matrix ring of order n over R. Then

J(K) =

⎛
⎜⎝

J(R) Jη121(R) . . . Jη1n1(R)
Jη212(R) J(R) . . . Jη2n2(R)
. . . . . . . . . . . .

Jηn1n(R) Jηn2n(R) . . . J(R)

⎞
⎟⎠ .

Through this section we assume that R is a unital commutative ring, and β1, . . . , βn are arbitrary
fixed elements in R. Show that the formal matrix rings Mβ1,...,βn(R) may be considered as some subrings

of the classical matrix rings over a new ring that is an extension of R. Consider the free R-module R̂

over R with the basis {eA}A∈2{1,...,n} . The multiplication operation in R̂ we define by the rule(∑
r′AeA

)(∑
r′′BeB

)
=
∑

r′Ar
′′
BeAeB,

where eAeB = βA∩BeA�B, βC =
∏
k∈C βk, and β∅ = 1.

Lemma 3.6. (1) R̂ is a commutative ring under the above-introduced operations. The initial ring R

may be considered as a subring of R̂ under the embedding r 
→ re∅, r ∈ R.
(2) The mapping π : Mβ1,...,βn(R) → Mn(R̂) such that π((aij)) = (aije{i}�{j}) is an injective ring

homomorphism.

Proof. By the definition of multiplication eAeB = eBeA for all A,B ∈ 2{1,...,n}. It remains to prove
associativity. Take A,B,C ∈ 2{1,...,n}. We have

(eAeB)eC = βA∩BeA�BeC = βA∩Bβ(A�B)∩Ce(A�B)�C
= β(A∩B)∪(A∩C)∪(B∩C)e(A∪B∪C)\((A∩B)∪(A∩C)∪(B∩C)),

whence (eAeB)eC = (eBeC)eA = eA(eBeC). This yields (1).
(2) is proved by immediate verification. �
Introduce the determinant and the characteristic polynomial for A ∈Mβ1,...,βn(R), putting

det
β1,...,βn

(A) = det
R̂

(π(A)), χβ1,...,βn;A(λ) = χπ(A)(λ).

Show that detβ1,...,βn(A) ∈ R. By definition,

det
β1,...,βn

(A) = det
R̂

(π(A)) =
∑
τ∈Sn

sgn(τ)
n∏
i=1

ai,τ(i)e{i}�{τ(i)}.

Fix a permutation τ0 ∈ Sn. We have
n∏
i=1

ai,τ0(i)e{i}�{τ0(i)} =
( n∏
i=1

ai,τ0(i)

)( n∏
i=1

e{i}�{τ0(i)}
)
.
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Write τ0 as a product of disjoint cycles. Let (i1, . . . , ik) be one of these cycles. Then by the commu-
tativity for the corresponding factor from the product above we have

e{i1}�{i2} · e{i2}�{i3} · . . . · e{ik}�{i1}
= β{{i1}�{i2}}∩{{i2}�{i3}}e{i1}�{i3} · . . . · e{ik}�{i1} = · · · = βCe∅ ∈ R

for some C ∈ 2{1,...,n}.
From here, detβ1,...,βn(A) ∈ R, whence χβ1,...,βn;A(λ) ∈ R[λ]. Thus, as a corollary we obtain
Theorem 3.7. Let A,B ∈Mβ1,...,βn(R). Then
(1) detβ1,...,βn(AB) = detβ1,...,βn(A) detβ1,...,βn(B);

(2) A is invertible in Mβ1,...,βn(R) if and only if detβ1,...,βn(A) ∈ U(R);
(3) χβ1,...,βn;A(A) = 0.

Proof. Embed Mβ1,...,βn(R) into Mn(R̂) and use the facts that detβ1,...,βn(A) ∈ R and χβ1,...,βn;A(λ)
∈ R[λ] for A ∈Mβ1,...,βn(R). �

§ 4. Ring-Theoretic Properties of Formal Matrix Rings
In this section we describe right semiartinian formal matrix rings and right formal matrix max-rings.

Lemma 4.1. Let T =

(
R M
N S

)
be a formal matrix ring, and let (A,B) be a right T -module.

(1) If Soc(A) is essential in A and Soc(B) is essential in B then Soc((A,B)) is essential in (A,B).

(2) If nonzero quotient modules of the modules A and B contain maximal submodules then every
nonzero quotient module of the module (A,B) contains a maximal submodule.

Proof. (1): Let (A,B) be a right T -module, and let (A0, B0) be its nonzero submodule. Without
less of generality we may assume that A0 �= 0. Since Soc(A) is essential in A; therefore, A0 has a simple
submodule aR, where a ∈ A0. If aRM = aM = 0 then (aR, 0) is a simple submodule of the T -mod-
ule (A0, B0). Since Soc(B) is essential in B; therefore, if aM �= 0 then the S-module aM has a simple
submodule bS, where b ∈ B0. Clearly, b is of the form b = am, where m ∈ M . If bN = 0 then (0, bS)
is a simple submodule of the T -module (A0, B0). If bN �= 0 then bN = amN ⊂ aMN is a nonzero
submodule of the simple module aR. Hence, bN = aR. The simplicity of bS and aRM = bNM imply
that aRM = bS. Since aR is a simple R-module, bS is a simple S-module, aRM = bS, and bSN = aR;
therefore, (aR, bS) is a simple submodule of the T -module (A0, B0).

(2): Let (X,Y ) be a proper submodule of (A,B). By hypothesis, if (A/X)M �= B/Y then B has
a maximal submodule Y ′ such that (A/X)M ⊂ Y ′/Y . In this case, it is easy to see that (A/X, Y ′/Y )
is a maximal submodule of (A/X,B/Y ). Analogously, if (B/Y )M �= A/X then (A/X,B/Y ) has
a maximal submodule. Assume that (A/X)M = B/Y and (B/Y )N = A/X. By hypothesis, A has
a maximal submodule A0 such that X ⊂ A0. Consider a submodule B0 of B such that B0/Y = {b̄ ∈
B/Y | b̄N ⊂ A0/X}. Clearly, B0/Y �= B/Y and (A0/X)M ⊂ B0/Y . Show that B0 is a maximal
submodule of the S-module B. Let b̄ /∈ B0/Y . Then b̄N � A0/X, and so b̄N + A0/X = A/X,
b̄NM + (A0/X)M = (A/X)M = B/Y . Thus, b̄S + B0/Y = B/Y for every b̄ ∈ (B/Y ) \ (B0/Y ).
Hence, (B/Y )/(B0/Y ) is a simple S-module. Since (A0/X)M ⊂ B0/Y and (B0/Y )N ⊂ A0/X; there-
fore, (A0/X,B0/Y ) is a submodule of the T -module (A/X,B/Y ). It is easy to note that the right
T -module ((A/X)/(A0/X), (B/Y )/(B0/Y )) is of the length at most 2. Hence, (X,Y ) lies in a maximal
submodule of (A,B). �
A ring R is right semiartinian provided that each nonzero right R-module has a simple submodule.

If every nonzero right module over R has a maximal submodule then R is a right max-ring.
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Theorem 4.2. For a formal matrix ring T =

(
R M
N S

)
the following are equivalent:

(1) T is a right semiartinian ring;
(2) R and S are right semiartinian rings.

Proof. (1)⇒ (2) Let A be a nonzero right R-module. Use a construction from [5]. Consider a right
T -module (A,HomR(N,A)) such that the mappings A⊗M → HomR(N,A), a⊗m 
→ (n 
→ a(mn)), and
HomR(N,A)⊗N → A, f ⊗ n 
→ f(n), are homomorphisms of module multiplication.
By hypothesis, the right T -module (A,HomR(N,A)) has a simple submodule (X,Y ). If X = 0 then

for every f ∈ Y we have f(N) = fN = 0. Hence, Y = 0, which is impossible. Thus, X �= 0, and
the simplicity of (X,Y ) implies that X is a simple submodule of the R-module A. By the above, each
nonzero right R-module has a simple submodule. Therefore, R is a right semiartinian ring. Analogously
we can show that S is a right semiartinian ring.
The implication (2)⇒ (1) follows from Lemma 4.1. �

Theorem 4.3. Given a formal matrix ring T =

(
R M
N S

)
, the following are equivalent:

(1) T is a right Max-ring;
(2) R and S are right Max-rings.

Proof. (1) ⇒ (2): Let A be a nonzero right R-module. Use a construction from [5]. Consider
a right T -module (A,A⊗M) such that the identical automorphism A⊗M → A⊗M and the mapping
(A⊗M)⊗N → A, (a⊗m)n = amn, are homomorphisms of module multiplication.
By hypothesis, the right T -module (A,A ⊗M) has a maximal submodule (X,Y ). If X = A then

obviously Y = A⊗M , which is impossible. Thus, X �= A, and the maximality of (X,Y ) implies that X
is a maximal submodule of the R-module A. By the above, each nonzero right R-module has a maximal
submodule. Hence, R is a right Max-ring. Analogously we can show that S is a right Max-ring.
The implication (2)⇒ (1) follows from Lemma 4.1. �
Description of right perfect formal matrix rings

(
R M
N S

)
was obtained in [5] in the case that

MN = 0 and NM = 0, and it was done in [1] in the case that the right modules MS and NR are
finitely generated.

Corollary 4.4. For a formal matrix ring T =

(
R M
N S

)
the following are equivalent:

(1) T is a left perfect ring;
(2) R and S are left perfect rings.

Proof. (1) ⇒ (2): If T is a left perfect ring then T is a semiperfect right semiartinian ring by [8,
6.48]. Then R and S are left perfect rings by Theorem 4.2.
(2) ⇒ (1): If R and S are left perfect rings then T is a semiperfect right semiartinian ring by

Theorem 4.2. Then T is a left perfect ring by [8, 6.48]. �
A ring R is right quasi-invariant provided that every maximal right ideal of R is an ideal.

Corollary 4.5. If a formal matrix ring T =

(
R M
N S

)
has the rings R and S quasi-invariant then

the following are equivalent:
(1) T is a right max-ring;
(2) the quotient rings R/J(R) and S/J(S) are strictly regular and the ideals J(R) and J(S) are right

t-nilpotent.

Proof. The equivalence (1)⇔ (2) follows from Theorem 4.3 and [9, Theorem 26.8]. �
Let T =

(
R M
N S

)
be a formal matrix ring. A bimodule M is N -regular (N -fully right idempotent)
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provided that m ∈ mNm for every m ∈M (m ∈ mNmS). Analogously, the notions of M -regularity and
M -full right idempotency of a bimodule N are defined.
A right semiartinian ring is a right SV -ring if every simple right module over this ring is injective.

Theorem 4.6. Let T =

(
R M
N S

)
be a formal matrix ring, let M be a finitely generated right

S-module, and let N be a finitely generated right R-module. Then the following are equivalent:
(1) T is a right SV -ring;
(2) R and S are right SV -rings, M is N -regular, and N is M -regular;
(3) R and S are right SV -rings, M is N -fully idempotent, and N is M -fully idempotent.

Proof. The implication (1)⇒ (2) follows from [10, Theorems 2.7 and 2.9].
The implication (2)⇒ (3) is obvious.
(3) ⇒ (1): By hypothesis, the ideal I = MN of R is finitely generated as a right ideal. By [10,

Theorem 2.7] R is a regular ring. Hence, I = eR, where e is an idempotent in R. Since (1−e)Re = 0 and
J(R) = 0, e is a central idempotent. Analogously, the ideal J = NM of S is of the form J = fS, where f is
a central idempotent in S. By hypothesis M = (MN)M = IM = eM and M =M(NM) =MJ =Mf ,
whence M may be considered as an eRe-fRf -bimodule. Analogously, N may be considered as an fRf -
eRe-bimodule. Then we have the isomorphism

(
R M
N S

)
∼= (1− e)R× (1− f)S ×

(
eRe eReMfRf

fRfNeRe fRf

)
.

Since R and S are right SV -rings, (1−e)R and (1−f)S are right SV -rings as well. SinceMN = eRe

and NM = fRf ; therefore by [5, Theorem 8.5] the Morita ring T ′ =
(

eRe eReMfRf
fRfNeRe fRf

)
is equivalent

to eRe. Hence, T ′ is a right SV -ring. Thus, T is a right SV -ring. �
Theorem 4.7. Let K = Kn(R : {ηijk}) be a formal matrix ring with values in some ring R. Then
(1) K is a right semiartinian ring if and only if R is a right semiartinian ring;
(2) K is a right max-ring if and only if R is a right max-ring;
(3) K is a right SV -ring if and only if R is a right SV -ring and {ηijk} ⊂ U(R).
Proof. The assertions (1) and (2) follow from Theorems 4.2 and 4.3 respectively.
(3): Let K be a right SV -ring. Then R is a right SV -ring by Theorem 4.6. By [10, Theorem 2.7],

K is a regular ring. Hence, by [11, Theorem 29] for arbitrary 1 � i, j � n there is r ∈ R such that
1 = ϕiji(1⊗ r) = ηijir. Thus, ηiji are invertible. Since ηiji = ηijkηjik for every 1 ≤ k ≤ n, {ηijk} ⊂ U(R).
If R is a right SV -ring and {ηijk} ⊂ U(R) then K ∼= Mn(R) by Proposition 3.3, and K is a right
SV -ring. �

§ 5. The Isomorphism Problem for the Rings Mβ1,...,βn
(R)

Since Mβ1,β2(R) =M1,β1β2(R) = Kβ1β2(R), as a corollary we have

Theorem 5.1 [1, Corollary 4.11]. Let R be a commutative ring such that Z(R) ⊆ J(R), and let
β, γ ∈ R. Then M1,β(R) ∼=M1,γ(R) if and only if γ = vα(β), where v ∈ U(R) and α ∈ Aut(R).
Thus, it suffices to consider the case n ≥ 3. Start with the simplest facts and gradually proceed to

the main result of this section. The following proposition was given in [2] without proof.

Proposition 5.2. Let R be a ring, n ≥ 3, and β1, β2, . . . , βn ∈ C(R).
(1) If v1, . . . , vn ∈ U(R) ∩ C(R) and α ∈ Aut(R) then Mβ1,...,βn(R) ∼=Mv1α(β1),...,vnα(βn)(R).
(2) If π ∈ Sn then Mβ1,...,βn(R) ∼=Mβπ(1),...,βπ(n)(R).
(3) If π1, . . . , πn ∈ Sn and the decomposition of the unity 1 = a1 + a2 + · · · + an into the sum of

orthogonal idempotents ai is given thenMβ1,...,βn(R)
∼=Mγ1,...,γn(R), where γi =

∑n
j=1 βπj(i)aj , 1 ≤ i ≤ n.
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Proof. (1) Define the mapping

Θ :Mβ1,...,βn(R)→Mv1β1,...,vnβn(R)

by the rule Θ((aij)) =
((
v
δij−1
i aij

))
. It is easy to see that Θ is a bijection, which preserves ad-

dition. Moreover, for A = (aij) and B = (bij) in Mβ1,...,βn(R) we have AB = (cij), where cij =∑n
k=1 β

δij−δik
i β

1−δjk
k aikbkj , and the (i, j)-element of Θ(AB) is equal to

v
δij−1
i cij =

n∑
k=1

(viβi)
δij−δik(vkβk)1−δjk

(
vδik−1i aik

)(
v
δkj−1
k bkj

)
,

which coincides with the (i, j)-element of Θ(A)Θ(B). So, Θ preserves multiplication, whenceMβ1,...,βn(R)∼=Mv1β1,...,vnβn(R). Therefore, Mα(β1),...,α(βn)(R) ∼=Mv1α(β1),...,vnα(βn)(R). However, it is easy to see that
(aij) 
→ (α(aij)) gives an isomorphism between Mβ1,...,βn(R) and Mα(β1),...,α(βn)(R). Thus, Mβ1,...,βn(R) ∼=
Mv1α(β1),...,vnα(βn)(R).

(2) Define the mapping Θ :Mβ1,...,βn(R)→Mv1α(β1),...,vnα(βn)(R) by the rule Θ((aij)) = ((aπ(i)π(j))).
It is easy to see that Θ is a bijection, which preserves addition. Moreover, for A = (aij) and B = (bij) in
Mβ1,...,βn(R) we have AB = (cij), where

cij =
n∑
k=1

β
δij−δik
i β

1−δjk
k aikbkj ,

and the (π(i), π(j))-element of Θ(AB) is equal to

cπ(i)π(j) =
n∑

π(k)=1

β
δπ(i)π(j)−δπ(i)π(k)
π(i) β

1−δπ(j)π(k)
π(k) aπ(i)π(k)bπ(k)π(j),

which coincides with the (π(i), π(j))-element of Θ(A)Θ(B).

(3) We have

Mβ1,β2,...,βn(R)
∼=Ma1β1,a2β2,...,a1βn(a1R)× · · · ×Manβ1,anβ2,...,anβn(anR)

∼=Ma1βπ1(1),a1βπ1(2),...,a1βπ1(n)(a1R)× · · · ×Manβπn(1),anβπ3(2),...,anβπn(n)(anR)∼=Mβπ1(1)a1+···+βπn(1)an,βπ1(2)a1+···+βπn(2)an,βπ1(n)a1+···+βπn(n)an(R). �

A ring is normal provided that its all idempotents are central.

Lemma 5.3 [2, Theorem 20]. Let R be a normal ring, let T be a ring, n ≥ 3, and β1, . . . , βn ∈ C(R).
Then if M0,...,0︸︷︷︸

n

(R) ∼=Mβ1,...,βn(T ) then β1 = · · · = βn = 0.

We have a stronger result:

Lemma 5.4 [5, Lemma 9.2]. Let R be a normal ring, let T be a ring, and n ≥ 3. Then ifM0,...,0︸︷︷︸
n

(R) ∼=

Kn(T : {ηikj}) then all ηijk are zero, except for the cases when either i = j or j = k.
Let R be a ring, n ≥ 3, βi, γi ∈ C(R), 1 ≤ i ≤ n, and let S1 = Mβ1,...,βn(R), S2 = Mγ1,...,γn(R).

Let Eij be the matrix units of S1, let Fij be the matrix units of S2, let I ⊆ S1 be the ideal generated by
{Eij | i �= j}, and let J ⊆ S2 be the ideal generated by {Fij | i �= j}.
962



Lemma 5.5. Let R be a commutative ring, and let Θ : S1 → S2 be an isomorphism. Then Θ(I) = J .

Proof. Assume that there are i �= j such that Fij �∈ Θ(I). Then Fii(Fii + Fij) − (Fii + Fij)Fii =
Fij �∈ Θ(I). It shows that (Fii + Fij) modulo the ideal Θ(I) is not central in S2/Θ(I). Denote β[l](R) =∑n
k=1, k �=l βkR. It is easy to see that

I =

⎛
⎜⎜⎝
β1β[1](R) R . . . R

R β2β[2](R) . . . R
...

...
. . .

...
R R . . . βnβ[n](R)

⎞
⎟⎟⎠ .

But S2/Θ(I) ∼= S1/I ∼=
⊕n
k=1R/βkβ[k](R), and the last ring is commutative; a contradiction. There-

fore, J ⊆ Θ(I). The proof of the fact that I ⊆ Θ−1(J) is analogous. We have J ⊆ Θ(I) and J ⊇ Θ(I),
whence Θ(I) = J . �
By Proposition 5.2 it is immediate that Mβ,0,...,0︸ ︷︷ ︸

n

(R) and Mβa1,βa2,...,βan(R) are isomorphic for every

decomposition of the unity 1 = a1 + a2 + · · · + an, n ≥ 3, into the sum of orthogonal idempotents ai.
Moreover, for a commutative ring R we have

Theorem 5.6. Let R be a commutative ring, n ≥ 3, β, γ1, . . . , γn ∈ R, and annR(β) ⊆ J(R). Then
Mβ,0,...,0︸ ︷︷ ︸

n

(R) ∼= Mγ1,γ2,...,γn(R) if and only if γi = α(β)viai for all i = 1, n, where α ∈ Aut(R), vi ∈ U(R),

and 1 = a1 + a2 + · · ·+ an is a decomposition of the unity into the sum of orthogonal idempotents ai.
Proof. (⇐): Sufficiency follows from Proposition 5.2.
(⇒): The argument is analogous to the proof of Theorem 16 from [2]. Denote K1 =Mβ,0,...,0︸ ︷︷ ︸

n

(R) and

K2 = Mγ1,γ2,...,γn(R). Let Θ : K1 → K2 be an isomorphism. The matrix units of K1 denote by Eij , and
the matrix units of K2 denote by Fij . For every r ∈ R we have rE ∈ C(K1) and Θ(rE) ∈ C(K2). Then
there is s ∈ R such that Θ(rE) = sE. Define a mapping α : R → R and put α(r) = s. The so-obtained
mapping is an automorphism of R.

Let I = βK1 be an ideal of K1, and let Θ(I) = α(β)K2 be an ideal of K2. Then

Mβ̄,0,...,0︸ ︷︷ ︸
n

(R/βR) ∼= K1/I ∼= K2/Θ(I) ∼=Mγ̄1,γ̄2,...,γ̄n(R/α(β)R).

By Lemma 5.3 there are y1, y2, . . . , yn ∈ R such that

γ1 = α(β)y1, γ2 = α(β)y2, . . . , γn = α(β)yn.

Put xi = α−1(yi), i = 1, n. Then there exists an isomorphism Ψ : K2 → Mβx1,βx2,...,βxn(R). The
automorphism of R corresponding to the isomorphism Ψ ◦Θ is identical. Now, denote the isomorphism
Ψ ◦Θ by Θ, and Mβx1,βx2,...,βxn(R) by K2.
Simultaneously, we can consider the ideal I = βx1K2 + βx2K2 + · · · + βxnK2 in K2; Θ

−1(I) =
βx1K1 + βx2K1 + · · · + βxnK1 is an ideal of K1, and K2/I ∼= K1/Θ

−1(I). Again by Lemma 5.3 there
are η1, η2, . . . , ηn ∈ R such that β = βx1η1 + βx2η2 + · · ·+ βxnηn.
Consider the ideal

I =

⎛
⎜⎜⎝
0 R . . . R
R 0 . . . R
...
...
. . .

...
R R . . . 0

⎞
⎟⎟⎠ .
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Find Θ(I). By Lemma 5.5

J =

⎛
⎜⎜⎝
0 R . . . R
R 0 . . . R
...
...
. . .

...
R R . . . 0

⎞
⎟⎟⎠ ⊆ Θ(I).

Indeed, we claim that the inclusion is, in fact, equality. Let C = diag(c1, c2, . . . , cn) ∈ Θ(I). As Θ(I) is
an ideal of K2, CF11 = c1F11 ∈ Θ(I). Denote A = (aij) = Θ−1(F11). Since (c1F11)F11 = c1F11,

(c1A)A = c1A in K1. By c1A ∈ I we have c1a11 = c1a22 = · · · = c1ann = 0. Denote by Â the matrix

obtained from A by zeroing the main diagonal. Then c1A = c1Â. We have c1A = c1A
3 = c1(Â)

3 = 0.

Indeed, the components c1(Â)
3 are some sums of the summands of the form pai0i1ai1i2ai2i3 . Let ai0i1 ,

ai1i2 , and ai2i3 be nonzero. Then one of the numbers i1 and i2 is different from the unity; for example, i1.
By ηi0i1i2 = 0, pai0i1ai1i2ai2i3 is zero. Thus, c1 = 0. Analogously, we infer that C is zero.

Since Θ(I) is an ideal of S2; therefore, (βxi)(βxj) = 0 for all i �= j. Let Uij = Θ(Eij) for all
1 ≤ i, j ≤ n, and let

Uii =

⎛
⎜⎜⎜⎝
f
(i)
1 ∗ . . . ∗
∗ f

(i)
2 . . . ∗

...
...

. . .
...

∗ ∗ . . . f
(i)
n

⎞
⎟⎟⎟⎠ .

The equalities hold in S1: E
2
ii = Eii, EiiEjj = 0 for all i �= j, and 1 = E11 + E22 + · · · + Enn.

The analogous equalities for Uii give 1 = f
(1)
k + f

(2)
k + · · · + f (n)k for all 1 ≤ k ≤ n, where f

(i)
k are some

orthogonal idempotents.

Note that S2 =
⊕
i,j UijR. Since Eij ∈ I for all i �= j; therefore, Uij ∈ J for all i �= j. Hence,
⎛
⎜⎜⎝
R 0 . . . 0
0 R . . . 0
...
...
. . .

...
0 0 . . . R

⎞
⎟⎟⎠ = Û11R⊕ Û22R⊕ · · · ⊕ ÛnnR,

where Ûii = diag
(
f
(i)
1 , f

(i)
2 , . . . , f

(i)
n

)
.

In particular, we have F11 = w1Û11 + w2Û22 + · · · + wnÛnn for some w1, . . . , wn ∈ R. Thus, we

obtain f
(1)
1 = w1f

(1)
1 and w1f

(1)
k = 0 for k ≥ 2. Hence, f (1)1 f

(1)
k = w1f

(1)
1 f

(1)
k = 0. An analogous

argument shows that f
(k)
i f

(k)
j = 0 for all k and i �= j. Denote f (k) = f

(k)
1 + f

(k)
2 + · · · + f (k)n . Then

Ukk(1− f (k)) = Ûkk(1− f (k)) + (Ukk − Ûkk)(1− f (k)) = (Ukk − Ûkk)(1− f (k)) ∈ J .
Since by the corresponding equality for the preimages UkkR ∩ J = 0; therefore, Ukk(1 − f (k)) = 0,

and f (k) = 1.

The equality Θ(I) = J implies Θ(I2) = J2, and I2 =

(
0 0
0 I1

)
, where I1 is a square ma-

trix of order n − 1 with the zero diagonal elements and the off-diagonal elements equal to βR, J2 =∑n
i,j=1
i�=j

∑n
k=1
k �=i,j

βxkFijR.

In particular, βE23 ∈ I2, whence βU23 ∈ J2. Let βU23 = (aij), where aii = 0 for all 1 ≤ i ≤ n, and

aij =
∑n
k=1
k �=i,j

βxka
(k)
ij for all i �= j. Since βU23 = β(U22U23) = U22(βU23) and βU23 = (βU23)U33; therefore,

βU23 = (f
(2)
i f

(3)
j aij). An analogous argument shows that for all k �= l, k, l ≥ 2, the (i, j)-element of βUkl

belongs to the ideal f
(k)
i f

(l)
j βR.
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Since βx1F23 ∈ J2 = Θ(I2), we have

βx1F23 = Θ

( n∑
i,j=2, i�=j

μijβEij

)
=

n∑
i,j=2, i�=j

μijβUij

for some μij ∈ R.
For the (2, 3)-element of βx1F23 we obtain

βx1 = β

( n∑
i,j=2, i�=j

f
(i)
2 f

(j)
3 λij

)

for some λij ∈ R.
It is easy to see that

(
f
(i1)
2 f

(j1)
3

)(
f
(i2)
2 f

(j2)
3

)
= 0 for (i1, j1) �= (i2, j2); therefore,

( n∑
i,j=2, i�=j

f
(i)
2 f

(j)
3 λij

)( n∑
i,j=2, i�=j

f
(i)
2 f

(j)
3

)
=

( n∑
i,j=2, i�=j

f
(i)
2 f

(j)
3 λij

)
.

We have shown that

βx1 = βx1

( n∑
i,j=2, i�=j

f
(i)
2 f

(j)
3

)
= βx1

( n∑
i=2

f
(i)
2

( n∑
j=2, j �=i

f
(j)
3

))
=: βx1f23.

An analogous argument gives that for every k ≥ 3

βx1 = βx1

( n∑
i,j=2, i�=j

f
(i)
2 f

(j)
k

)
= βx1

( n∑
i=2

f
(i)
2

( n∑
j=2, j �=i

f
(j)
k

))
=: βx1f2k,

whence βx1 = βx1 ∗
(∏n

k=3 f2k
)
. Immediate verification shows that

n∏
k=3

f2k =
∑
π∈Sn−1

f
(1+π(1))
2 f

(1+π(2))
3 . . . f (1+π(n−1))n =

∑
π∈Sn−1

f
(π)
1 ,

where f
(π)
1 = f

(1+π(1))
2 f

(1+π(2))
3 . . . f

(1+π(n−1))
n . We have f

(π1)
1 f

(π2)
1 = 0 for π1 �= π2 as well. Moreover, if

we introduce the analogous idempotents

f
(π)
k =

( i=k−1∏
i=1

f
(1+π(i))
i

)( i=n∏
i=k+1

f
(1+π(i−1))
i

)

for βxk then f
(π)
k f

(σ)
l = 0 for all k �= l and π, σ ∈ Sn−1. Also,

1 =
(
f
(2)
1 + f

(2)
2 + · · ·+ f (2)n

)
. . .
(
f
(n)
1 + f

(n)
2 + · · ·+ f (n)n

)
=

n∑
k=1

( ∑
π∈Sn−1

f
(π)
k

)
.

Put ak =
∑
π∈Sn−1 f

(π)
k . Then βxk = βxkak for all 1 ≤ k ≤ n and 1 = a1 + · · ·+ an, where ak are some

orthogonal idempotents. In the beginning of the proof we demonstrated that β = βx1η1 + βx2η2 + · · ·+
βxnηn for some η1, . . . , ηn ∈ R, whence βxkηkak = βak for all 1 ≤ k ≤ n.
Put vk = xkak + (1 − ak) and ξk = ηkak + (1 − ak). We have βvkξk = βxkηkak + β(1 − ak) =

βak + β(1− ak) = β β(1− vkξk) = 0.
Since annR(β) ⊆ J(R); therefore, (1 − vkξk) ∈ J(R), whence 1 − (1 − vkξk) = vkξk ∈ U(R) and

vk ∈ U(R). It is easy to see that βxk = βvkak. �
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Corollary 5.7. Let R be a commutative ring, n ≥ 3, β, γ1, . . . , γn ∈ R, and
Mβ,0,...,0︸ ︷︷ ︸

n

(R) ∼=Mγ1,γ2,...,γn(R).

Then the following hold:
(1) If β is not a zero divisor in R then there are α ∈ Aut(R), v1, . . . , vn ∈ U(R), and a decomposition

of the unity 1 = a1 + a2 + · · ·+ an such that γi = α(β)viai, i = 1, n.
(2) If R is an integral ring then there are α ∈ Aut(R) and v ∈ U(R) such that γi = α(β)v and γj = 0

for some 1 ≤ i ≤ n and i �= j.
The following results were given in [2] without proofs.

Theorem 5.8 [2, Theorem 21]. Let R be a commutative ring, n ≥ 3, β, γ1, . . . , γn ∈ R, and
annR(β

2) ⊆ J(R). Then Mβ,β,...,β︸ ︷︷ ︸
n

(R) ∼= Mγ1,γ2,...,γn(R) if and only if γi = α(β)vi for all i = 1, n, where

α ∈ Aut(R) and vi ∈ U(R).
Proof. (⇐): The sufficiency follows from Proposition 5.2.
(⇒): Let S1 = Mβ,β,...,β︸ ︷︷ ︸

n

(R), S2 = Mγ1,γ2,...,γn(R), let Eij be the matrix units of S1, let Fij be

the matrix units of S2, and let Θ : S1 → S2 be some given isomorphism. The argument analogous to
the argument from the proof of Theorem 5.6 shows that we may assume that S2 = Mβx1,...,βxn(R) for
some x1, . . . , xn ∈ R.
Let I ⊆ S1 be the ideal generated by {Eij | i �= j}, and let J ⊆ S2 be the ideal generated by

{Fij | i �= j}. By Lemma 5.5 we have Θ(I) = J . Since β2E ∈ I, β2E ∈ J as well. For the (1, 1)-element
of β2E considered as an element in J , we have β2 = β2x1μ1 or β

2(1− x1μ1) = 0 for some μ1 ∈ R. It is
known that annR(β

2) ⊆ J(R), whence (1−x1μ1) ∈ J(R), 1− (1−x1μ1) = x1μ1 ∈ U(R), and x1 ∈ U(R).
The proof of the fact that x2, . . . , xn ∈ U(R) is analogous. �
Theorem 5.9. LetR be a commutative ring such that Z(R) ⊆ J(R). Let n ≥ 3 and β, γ1, . . . , γn ∈ R.

Then
Mβ,β,...,β︸ ︷︷ ︸

n

(R) ∼=Mγ1,γ2,...,γn(R)

if and only if γi = α(β)vi for all i = 1, n, where α ∈ Aut(R) and vi ∈ U(R).
Proof. (⇐): Sufficiency follows from Proposition 5.2.
(⇒): If β2 �= 0 then annR(β2) ⊆ J(R), and the theorem holds by Theorem 5.8. Let β2 = 0. Use the

same notation as under the proof of Theorem 5.8. We may assume that S2 = Mβx1,...,βxn(R) for some
x1, . . . , xn ∈ R.
Show that x1 ∈ U(R). The proof of invertibility of the remaining xi is analogous. Since β

2 = 0;
therefore, I ∩ diag(R, . . . , R) = diag(0, . . . , 0) and J ∩ diag(R, . . . , R) = diag(0, . . . , 0), J � F21J =
βx1F23R⊕ · · · ⊕ βx1F2nR = βx1T .
Put I � A = (aij) = Θ−1(F21). We have βx1Θ−1(T ) = Θ−1(F21J) = AI.
For i �= j we get

βx1Θ
−1(T ) = AI � AEij = β

n∑
k=1

akiEkj ,

since akk = 0 for all 1 ≤ k ≤ n.
Hence, βaki = βx1uki for some uki ∈ R. Thus, βA = x1U , whence βF21 = βΘ(A) = Θ(βA) =

Θ(βx1U) = βx1Θ(U), and we have β = βx1y1 for some y1 ∈ R. It is easy to verify that x1 ∈ U(R). �
The class of formal matrix rings with ηijk = s

1+δik−δij−δjk and s ∈ C(R) was considered in [4]. This
formal matrix ring is denoted by Mn(R; s). Note that Mn(R; s) =Ms,...,s︸︷︷︸

n

(R).
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Corollary 5.10 [4, Theorem 18]. Let R be a commutative ring such that Z(R) ⊆ J(R). Let s, t ∈ R
and n ≥ 3. Then Mn(R; s) ∼=Mn(R; t) if and only if t = vα(s), where v ∈ U(R) and α ∈ Aut(R).
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