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§ 1. Introduction

Formal matrix rings play a prominent role in ring and module theory. The Morita context rings
form an important class of formal matrix rings (for example, see [1]). The triangular formal matrix rings
appear frequently in the representation theory of artinian algebras and serve as a source of examples of
rings with asymmetrical properties (for example, a right artinian but not left artinian ring and so on).

Each ring with nontrivial idempotents is isomorphic to a formal matrix ring. The endomorphism ring
of a decomposable module is a formal matrix ring as well. This justifies the study of formal matrix rings.

In §2 and §3, we introduce the main definitions and facts on formal matrix rings. In §4, we
obtain description of right semiartinian formal matrix rings and the right max-rings of formal matrices.
As a corollary we get description of right perfect formal matrix rings. In §5, we study the isomorphism
problem for the formal matrix rings Mg, 5, (R). Using the main theorems of § 4, we deduce the available
results of [2—4] that are connected with the isomorphism problem for formal matrix rings over R.

§ 2. The Main Definitions

All rings are assumed associative and unital, while all modules and bimodules are assumed unital.
Denote the Jacobson radical, the center, the set of zero divisors, and the group of invertible elements of
aring R by J(R), C(R), Z(R), and U(R) respectively.

Let Ri,Ry,...,R, be some rings, and let M;; be some (R;, R;)-bimodules such that My = R;
for all 1 < 4,5 < n. Let pijx : M;j ®r, My — M; be the (R;, Ry)-bimodule homomorphisms such
that ¢;i; and ;;; are canonical isomorphisms for all 1 < 4,5 < n. Put aob = g;jp(a ®b) for a € M;;
and b € Mjj,. Denote by K the set of all (n x n)-matrices (m;;) with m;; € M;; for all 1 < i,j < n.
Simple verification shows that K is a ring under the usual operations of addition and multiplication if
and only if ao (boc) = (aob)ocforall a € My, b€ My, and c € My;, 1 <i,k,1,j7 <n. The ring K is
a formal matriz ring of order n, and K is denoted by K({M;;} : {@ir;j})-

Inspecting modules over formal matrix rings, it suffices to consider the matrices of order 2, since

R M
N s)
be a formal matrix ring of order 2. Let X be a right R-module, let Y be a right S-module, and assume
that an R-module homomorphism f:Y ®¢ N — X and an S-module homomorphism g : X g M — Y
are defined. Put yn := f(y ® n), zm := g(z ® m), and require the identities (yn)m = y(nm) and
(xm)n = x(mn) for all z € X, y € Y, m € M, and n € N. In this case the group (X,Y) of row
vectors is naturally equipped with the structure of a right K-module. It is easy to show that each right
K-module may be represented as a module of row vectors. Every homomorphism of K-modules may be
represented as a pair of an R-homomorphism and an S-homomorphism. Namely, if I': (X,Y) — (X', Y”)

a formal matrix ring of order n reduces obviously to a formal matrix ring of order 2. Let K = <
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is a homomorphism then there are an R-homomorphism « : X — X’ and an S-homomorphism 3:Y — Y’
such that I'(z, y) = (a(z), B(y)). Furthermore, a(yn) = B(y)n and f(zm) = a(x)m forallz € X,y €Y,
m & M, and n € N.

DEFINITION 2.1. The formal matrix ring K ({M;;} : {@ix;}) of order n such that M;; = R for all
1 <i,j < nis a formal matriz ring of order n over R denoted simply by K, (R) or K, (R : {@ik;})-

Let K,(R : {¢ijk}) be the formal matrix ring of order n over R. Put nyr = ¢;jx(1 ® 1) for all
1 < 4,5,k <n. Then aob = pijr(a ® b) = n;rab for all a,b € R. Given a € R, we have an;p =
ijk(a ® 1) = pijr(1 ® a) = nijra. Thus, n;;, € C(R), and the conditions hold:

(1) mizg =mij; =1,1<4,5 <m,

(2) mijrming = Migimjr, 1 < 4,5,k 1 < n.

Condition (1) holds, since ¢;;; and ;;; are canonical isomorphisms. By the associativity of o we
have n;jxniriabe = nim;rabe for all a,b,c € R. Putting a =b = c =1 we get (2).

Simultaneously, for every set {n;;r | 1 < 4,7,k < n} of central elements in R satisfying conditions (1)
and (2) we may put @;jr(a ® b) = n;j,ab for all a,b € R. It is immediate that K, (R : {yix;}) is a formal
matrix ring of order n over R. Thus, the formal matrix ring K, (R : {pix;}) is uniquely defined by the
set of central elements {n;;x | 1 < 4,7,k < n}. In this case, the formal matrix ring K, (R : {@i;}) is
denoted by Ky (R : {ni;})-

REMARK 2.2. Given § € C(R), the ordered tetrad (g g) is a ring if we imply the elementwise

addition and the multiplication acting by the rule:
<a b> <e f) _ (ae+ﬂbg af + bh >
c d g h) \ ce+dg pef+dh)’
Krylov denoted the so-obtained ring by Kg(R) in [3], and this ring was studied in [3-6].
However, even for the matrix ring K3(R : {n;r}) of order 3 the problem of parametrization of

multiplication becomes more difficult. It is immediate that

M1237213 = 7121 = 7212 = 7)3127]321;

132171231 = 7)323 = 7)232 = 71327]123;

71327123 = 7131 = 7313 = 7]2137)231.
But we may require presence of the equalities 17213 = 1312, 7123 = M321, and 7132 = 1231. In this case,
all relations above may be written in simpler form.
Given f,..., B, € C(R), we define 7 for all 1 <4, j,k < n by the formula
1, ifi=jorj=k,
nijk = § Bj if 4, j, and k are distinct,
BiBj, ifi=k#j.
It is immediate that {n;jx | 1 < 4,4,k < n} satisfy conditions (1) and (2); therefore, it defines a
formal matrix ring of order n over R.
DEFINITION 2.3. Let R be a ring and f1,...,08, € C(R), n > 2. Assume that 7;j; are defined
as above. The formal matrix ring K, (R : {yijr}), defined by the set {n;;x}, is a formal matriz ring
depending on B, ..., By; which is denoted by Mg, 5. (R).

Thus, Mg, .. 3, (R) is the set of all matrices of order n over R with the usual addition and multipli-
cation as follows:

n
§ii—bi o1—0;
(aij)(big) = (cig), ey =B "By aibis,
k=1

where (a;;) and (b;;) are two matrices of order n over R. For example,
ail a2 bir b2\ _ (aubi + S1fB2a12bn a11b12 + ai2ba2
a1 a2 ba1  b22 a21b11 + az2ba1 B1B2b21a12 + bazass
in Mﬁl B2 (R)
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§ 3. Preliminaries

Proposition 3.1. Let R be a ring, (1,...,08, € C(R), and n > 2. Then ® : Mg, 5 (R) = M,(R)

is a ring homomorphism if ® acts as (a;j) — (ﬂzl % aij). Moreover,
(1) (1) = 1;
(2) (Ker ®)? = 0;
(3) @ is one-to-one if and only if 31, ..., 3, are not zero divisors in R;

(4) @ is surjective if and only if 81, ..., B, € U(R), which is equivalent to the fact that ® is a bijection.
ProoF. Given A = (a;j) and B = (b;;) € Mg, . 3,(R), we have AB = (c;;), where

n
Cij = an‘kjaikbkj-

k=1
Therefore, the (i, j)-element of ®(AB) is
n n
16, 16, Sii—0in 1—Op s, 16
B; Vej=p6 " Zﬂi TR M agbyy = Z(@l o “air) (B, b)),
k=1 k=1

and it coincides with the (4, j)-element of ®(A)®(B). Thus, ® preserves multiplication as well as addition.
Hence, ® is a ring homomorphism. It is easy to see that (1)—(4) hold. O

The two propositions below were presented in [2]. For the sake of completeness we provide them
with proofs.

Proposition 3.2 [2, Proposition 1]. Let K = K, (R : {n;}) be a formal matrix ring of order n
over R, and let I = (I;;) be an ideal of K. Then

(1) Kn({R/IL;j} : {vk;}) is a formal matrix ring, where ¢ : R/I;; ® R/Ij;, — R/I;, is defined by
Yiji(@ ® b) = nijrab + Ly, 1 < i,5,k <n;

(2) K/1I = Kn({R/1ij} : {hijr})-

PROOF. (1) is shown by immediate verification.

Let us prove (2). The mapping ® : K — K, ({R/I;;} : {¢ijr.}) is a ring epimorphism with the kernel
Ker(®) = I if ® acts by the rule ®((ai;)) = (as; + Lj). O

It is difficult to say something specific about the isomorphisms of arbitrary formal matrix rings
over R. But if R is commutative then we have

Proposition 3.3. Let K,,(R : {n;j.}) be a formal matrix ring of order n over a commutative ring R,
nijk € R, and 1 <14,j,k,<n. Then K,(R : {n;jr}) = M,(R) if and only if all n;j;, belong to U(R).

PROOF. (=): Define the mapping ¢ : K, (R : {n;jr}) = Mn(R) acting by the rule ¢((ai;)) = nija;-
It is immediate that ¢ is a ring isomorphism.

(«<): Denote the ring isomorphism by ¢ : K,(R : {njr}) — M,(R). Assume that R is a field.
Show that in this case all coefficients 7;;r are nonzero. Indeed, let 7, = 0. Define the mapping
Y Kn(R : {nijr}) — Myp(R) by putting ¥ ((ai;)) = (mujai;). Since miujmije = MikNijk, it is immediate
that ¢ is a ring homomorphism. But Ker(¢)) # 0; and since 7111 = 1 we have p(Ker(v)) # M,(R).
Hence, ¢(Ker(1))) is a nonzero two-sided ideal of M, (R). Since R is a field; therefore, M, (R) is a simple
ring. This contradiction shows that all coefficients 7;;, are nonzero.

Consider the general case. Put K = K,(R : {n;r}) and M = M,(R). Assume that there is
Nabe & U(R). Then n.p.R # R is an ideal of R, and so it lies in some maximal ideal I of R. Depending on
situation, the unity of K or M will be denoted by E. Since C(K) = RE and C(M) = RE, there exists o €
Aut(R) such that ¢(rE) = a(r)E for all r € R. We have K/IK = M,(R)/a(I)M. By Proposition 3.2
Kn(R/I : {Mijr}) = Mp(R/o(I)), where 5 = nijx + 1. But R/a(I) is a field, and 7jgpe = 0. This
contradiction shows that 7, € U(R), 1 < 4,5,k <n. O

The ideal structure of Mg, 3. (R) gives
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Proposition 3.4. Let R be aring, n > 2, and (31, ...,0, € C(R). Then I C Mg, 5. (R) is an ideal
if and only if I = (I;;) and the following hold:

(1) Lii © Mpoi(Liwe N 1), 1 < i <y

(2) BiBj(Lij + Ij3) C Iis N I, i # g

(3) Bilij © Npj iss

(4) Bilij € Niygs Li-

ProOOF. Let I C Mg, . g.(R) be an ideal. Denote the matrix units of Mg, 3, (R) by E;;. Since Ej;
are orthogonal idempotents with sum equal to the unity, I = Zl ; EiIE;;. Put I;; = E;IEj;. Then
I = (I;j). The remaining properties and the converse statement are immediate from the ideal proper-
ties. O

Take s € C(R). Put Js(R) = (s: J(R)) ={z € R| sz € J(R)}. By [7] we have
Theorem 3.5. Let K = K,,(R : {n;x;}) be a formal matrix ring of order n over R. Then

J(R) Iy (R) oo Ty (R)
J(K) — J77212 (R) J(R) t J772n2 (R)
Through this section we assume that R is a unital commutative ring, and f31,..., 3, are arbitrary

fixed elements in R. Show that the formal matrix rings Mg, g, (R) may be considered as some subrings

of the classical matrix rings over a new ring that is an extension of R. Consider the free R-module R

.....

! 1 / 1
(ZTA6A> (ZrBeB) = ZrArBeAeB,
where eqep = Banpeann, Bc = [lnec Br, and By = 1.

Lemma 3.6. (1) R is a commutative ring under the above-introduced operations. The initial ring R
may be considered as a subring of R under the embedding r — reg, r € R.

~

(2) The mapping 7 : Mg, . s,(R) — My,(R) such that 7((a;;)) = (aijeqiyag;}) is an injective ring
homomorphism.

PROOF. By the definition of multiplication eqeg = egey for all A, B € 2{1} It remains to prove
associativity. Take A, B,C € 2{L-n} - We have

(eaep)ec = BanpeanBec = BanBB(AsB)NCE(ArB)AC
= B(ANB)U(ANC)U(BNC) E(AUBUC)\((ANB)U(ANC)U(BNC))s

whence (egep)ec = (epec)ea = ea(epec). This yields (1).
(2) is proved by immediate verification. [J

Introduce the determinant and the characteristic polynomial for A € Mg, 5. (R), putting
3 detﬁ (A) = d},%t(ﬂ(A))a Xﬁh...,ﬁn;A(A) = X?T(A)(A)

15--Pn

Show that detg, . g,(A) € R. By definition,
det (A) = det(n(A) = Y sen(r) [ airierarron-
B R rE€S, i=1
Fix a permutation 79 € S,,. We have
H @i ro (i) €{i} o {ro (i)} = < H ai,To(Z’)) ( H e{i}A{To(i)}> .
i=1 i=1 i=1
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Write 79 as a product of disjoint cycles. Let (i1, ...,i) be one of these cycles. Then by the commu-
tativity for the corresponding factor from the product above we have

Clin}afiz} - Cliztafis} "+ Cin}a{i}
= Bt} afi3n{{is}alis}y{in}alis} * - -+ €fidafn} = - = Poes € R

for some C' € 2{L-n},
From here, detg, . g,(A) € R, whence x5, . g,.4(A) € R[A]. Thus, as a corollary we obtain

Theorem 3.7. Let A,B € Mg, . 3,(R). Then
(1) detg,,...8,(AB) = detg, .. 3,(A) detg, ... 3,(B);
(2) A is invertible in Mg, g (R) if and only if detg, . s,(A) € U(R);

(3) Xﬂh...,ﬂn;A(A) =0.

Proor. Embed Mg, 3, (R) into M,(R) and use the facts that detg, . 3,(A) € Rand x3,,.. 8,;4(\)
S R[)\] for A € Mﬁl,mﬁn (R) |

§ 4. Ring-Theoretic Properties of Formal Matrix Rings
In this section we describe right semiartinian formal matrix rings and right formal matrix max-rings.

R M
N S
(1) If Soc(A) is essential in A and Soc(B) is essential in B then Soc((A, B)) is essential in (A, B).

(2) If nonzero quotient modules of the modules A and B contain maximal submodules then every
nonzero quotient module of the module (A, B) contains a maximal submodule.

PrOOF. (1): Let (A, B) be a right T-module, and let (Ap, By) be its nonzero submodule. Without
less of generality we may assume that Ay # 0. Since Soc(A) is essential in A; therefore, Ay has a simple
submodule aR, where a € Ag. If aRM = aM = 0 then (aR,0) is a simple submodule of the T-mod-
ule (Ao, Bp). Since Soc(B) is essential in B; therefore, if aM # 0 then the S-module aM has a simple
submodule bS, where b € By. Clearly, b is of the form b = am, where m € M. If bN = 0 then (0,bS)
is a simple submodule of the T-module (Ag, By). If bN # 0 then bN = amN C aMN is a nonzero
submodule of the simple module aR. Hence, bN = aR. The simplicity of bS and aRM = bNM imply
that aRM = bS. Since aR is a simple R-module, bS is a simple S-module, aRM = bS, and bSN = aR;
therefore, (aR,bS) is a simple submodule of the T-module (Ao, By).

(2): Let (X,Y) be a proper submodule of (A, B). By hypothesis, if (A/X)M # B/Y then B has
a maximal submodule Y’ such that (A/X)M C Y'/Y. In this case, it is easy to see that (4/X,Y’/Y)
is a maximal submodule of (A/X,B/Y). Analogously, if (B/Y)M # A/X then (A/X,B/Y) has
a maximal submodule. Assume that (A/X)M = B/Y and (B/Y)N = A/X. By hypothesis, A has
a maximal submodule Ag such that X C Ag. Consider a submodule By of B such that By/Y = {b €
B/Y | bN C Ao/X}. Clearly, By/Y # B/Y and (Ag/X)M C By/Y. Show that By is a maximal
submodule of the S-module B. Let b ¢ By/Y. Then bN ¢ A¢/X, and so bN + Ag/X = A/X,
bNM + (Ag/X)M = (A/X)M = B/Y. Thus, bS + By/Y = B/Y for every b € (B/Y)\ (By/Y).
Hence, (B/Y)/(Bo/Y) is a simple S-module. Since (Ag/X)M C By/Y and (By/Y)N C Ao/X; there-
fore, (Ao/X,By/Y) is a submodule of the T-module (A/X,B/Y). It is easy to note that the right
T-module ((A/X)/(Ao/X),(B/Y)/(By/Y)) is of the length at most 2. Hence, (X,Y) lies in a maximal
submodule of (4, B). O

Lemma 4.1. Let T = ( > be a formal matrix ring, and let (A, B) be a right T-module.

A ring R is right semiartinian provided that each nonzero right R-module has a simple submodule.
If every nonzero right module over R has a maximal submodule then R is a right max-ring.
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R M

Theorem 4.2. For a formal matrix ring T = ( N S

) the following are equivalent:

(1) T is a right semiartinian ring;
(2) R and S are right semiartinian rings.

PrOOF. (1) = (2) Let A be a nonzero right R-module. Use a construction from [5]. Consider a right
T-module (A, Hompg(N, A)) such that the mappings A® M — Hompg(N,A), a®@m — (n — a(mn)), and
Homp(N,A) @ N — A, f ® n+— f(n), are homomorphisms of module multiplication.

By hypothesis, the right T-module (A, Hompg(N, A)) has a simple submodule (X,Y). If X = 0 then
for every f € Y we have f(N) = fN = 0. Hence, Y = 0, which is impossible. Thus, X # 0, and
the simplicity of (X,Y) implies that X is a simple submodule of the R-module A. By the above, each
nonzero right R-module has a simple submodule. Therefore, R is a right semiartinian ring. Analogously
we can show that S is a right semiartinian ring.

The implication (2) = (1) follows from Lemma 4.1. [

R M

Theorem 4.3. Given a formal matrix ring T = ( N S

), the following are equivalent:

(1) T is a right Max-ring;

(2) R and S are right Max-rings.

PRrROOF. (1) = (2): Let A be a nonzero right R-module. Use a construction from [5]. Consider
a right T-module (A, A ® M) such that the identical automorphism A ® M — A ® M and the mapping
(A M)® N — A, (a ® m)n = amn, are homomorphisms of module multiplication.

By hypothesis, the right 7-module (4, A ® M) has a maximal submodule (X,Y). If X = A then
obviously Y = A ® M, which is impossible. Thus, X # A, and the maximality of (X,Y’) implies that X
is a maximal submodule of the R-module A. By the above, each nonzero right R-module has a maximal
submodule. Hence, R is a right Max-ring. Analogously we can show that S is a right Max-ring.

The implication (2) = (1) follows from Lemma 4.1. O
R M
N S
MN = 0 and NM = 0, and it was done in [1] in the case that the right modules Mg and Np are
finitely generated.

Description of right perfect formal matrix rings ( was obtained in [5] in the case that

R M

Corollary 4.4. For a formal matrix ring T = ( N S

) the following are equivalent:

(1) T is a left perfect ring;
(2) R and S are left perfect rings.

PrROOF. (1) = (2): If T is a left perfect ring then 7' is a semiperfect right semiartinian ring by [8,
6.48]. Then R and S are left perfect rings by Theorem 4.2.

(2) = (1): If R and S are left perfect rings then T is a semiperfect right semiartinian ring by
Theorem 4.2. Then T is a left perfect ring by [8, 6.48]. O

A ring R is right quasi-invariant provided that every maximal right ideal of R is an ideal.

R M

Corollary 4.5. If a formal matrix ring T = (N g

) has the rings R and S quasi-invariant then

the following are equivalent:

(1) T is a right max-ring;

(2) the quotient rings R/J(R) and S/J(S) are strictly regular and the ideals J(R) and J(S) are right
t-nilpotent.

PRrROOF. The equivalence (1) < (2) follows from Theorem 4.3 and [9, Theorem 26.8]. [J

R M

LetT:(N g

) be a formal matrix ring. A bimodule M is N-regular (N-fully right idempotent)
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provided that m € mNm for every m € M (m € mNmS). Analogously, the notions of M-regularity and
M-full right idempotency of a bimodule N are defined.

A right semiartinian ring is a right SV-ring if every simple right module over this ring is injective.

Theorem 4.6. Let T = (]J\%f {g) be a formal matrix ring, let M be a finitely generated right
S-module, and let N be a finitely generated right R-module. Then the following are equivalent:

(1) T is a right SV -ring;

(2) R and S are right SV -rings, M is N-regular, and N is M-regular;

(3) R and S are right SV -rings, M is N-fully idempotent, and N is M-fully idempotent.

PRrOOF. The implication (1) = (2) follows from [10, Theorems 2.7 and 2.9].

The implication (2) = (3) is obvious.

(3) = (1): By hypothesis, the ideal I = MN of R is finitely generated as a right ideal. By [10,
Theorem 2.7] R is a regular ring. Hence, I = eR, where e is an idempotent in R. Since (1—e)Re = 0 and
J(R) = 0, e is a central idempotent. Analogously, the ideal J = NM of S is of the form J = fS, where f is
a central idempotent in S. By hypothesis M = (MN)M =IM =eM and M = M(NM)=MJ = Mf,
whence M may be considered as an eRe-f R f-bimodule. Analogously, N may be considered as an fRf-
eRe-bimodule. Then we have the isomorphism

R M eRe R M R
2(1—-e)Rx(1—f)Sx cReFRI )
(N S ) (1—e) (1=1) (fRfNeRe IRf

Since R and S are right SV-rings, (1—e)R and (1— f)S are right SV-rings as well. Since M N = eRe

and NM = fRf; therefore by [5, Theorem 8.5] the Morita ring 7" = clie ereMry is equivalent
#Rf NeRe IRf
to eRe. Hence, T" is a right SV-ring. Thus, T is a right SV-ring. 0

Theorem 4.7. Let K = K,,(R : {n;;j1}) be a formal matrix ring with values in some ring R. Then

(1) K is a right semiartinian ring if and only if R is a right semiartinian ring;

(2) K is a right max-ring if and only if R is a right max-ring;

(3) K is a right SV -ring if and only if R is a right SV -ring and {n;;i} C U(R).

PROOF. The assertions (1) and (2) follow from Theorems 4.2 and 4.3 respectively.

(3): Let K be a right SV-ring. Then R is a right SV-ring by Theorem 4.6. By [10, Theorem 2.7],
K is a regular ring. Hence, by [11, Theorem 29| for arbitrary 1 < 4,5 < n there is r € R such that
1 = ¢;i5i(1®7) = nir. Thus, 1,5 are invertible. Since n;j; = n;jxn;ik for every 1 <k < n, {n;jr} C U(R).
If R is a right SV-ring and {n;;x} C U(R) then K = M,(R) by Proposition 3.3, and K is a right
SV-ring. 0O

§ 5. The Isomorphism Problem for the Rings Mg, ... g, (R)
Since Mg, g,(R) = M1 g,3,(R) = Kg,5,(R), as a corollary we have
Theorem 5.1 [1, Corollary 4.11]. Let R be a commutative ring such that Z(R) C J(R), and let
8,7 € R. Then M g(R) = M (R) if and only if v = va(B), where v € U(R) and a € Aut(R).
Thus, it suffices to consider the case n > 3. Start with the simplest facts and gradually proceed to

the main result of this section. The following proposition was given in [2] without proof.

Proposition 5.2. Let R be a ring, n > 3, and (31,2, ..., 0, € C(R).

(1) Ifvq,...,v, € U(R)NC(R) and o € Aut(R) then Mg, 3. (R) = Mma(ﬁl),...,vna(ﬁn)(R)'

(2) If m € S, then M/Blymaﬁn (R) = M/Bﬂ(l)v"'vgﬂ(n)(R)'

(3) If m1,...,m, € Sp and the decomposition of the unity 1 = a; + az + - -+ + a,, into the sum of
orthogonal idempotents a; is given then Mg, 5, (R) = M, . ~,(R), wherey; =377 Br (naj, 1 <i <n.
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PROOF. (1) Define the mapping

O: M51,~~~,ﬁn (R) — leﬁlmn,vnﬁn (R)

by the rule ©((ai;)) = ((v%*laij)). It is easy to see that © is a bijection, which preserves ad-

7

dition. Moreover, for A = (a;;) and B = (b;;) in Mg, . g,(R) we have AB = (c;j), where ¢;; =
S ory Bfij_éik ;%jkaikbkj, and the (i, j)-element of ©(AB) is equal to

n

ii—1 P Opi—1

vl ey = (0ifB)" 0 (o B) O (07 aa) (0 b)),
k=1

which coincides with the (i, j)-element of ©(A)O(B). So, © preserves multiplication, whence Mg, 3, (R)
= My, 6,,....un8, (R). Therefore, My g,).... a(8.) (R) = My, 0(8)),....vna(8,) (R). However, it is easy to see that
(aij) — (a(aij)) gives an isomorphism between Mg, 3 (R) and Ma(ﬂl),...,a(ﬁn)(R)- Thus, Mg, . g, (R) =

Moya(r)....oma(pn) (B)-

(2) Define the mapping © : Mig, 5, (R) = My, o(8,),....0na(3,) (R) by the rule ©((a;;)) = (
It is easy to see that © is a bijection, which preserves addition. Moreover, for A = (a; ) and B =
Mg, ,....3,(R) we have AB = (c;;), where

SN S S
cij = > BB M aibiy,
k=1
and the (7 (i), 7(j))-element of ©(AB) is equal to

- m)w() Sn(iym(k) gl— 5«( k),
7r(z w(j) Z ﬁ ! /8 ! 7r()7r(k) bw(k)ﬂ(j)a
7 (k)=1

which coincides with the (7 (i), 7(7))-element of O(A)O(B).
(3) We have

Mpg, gy.....8, (R) = Ma, g1 ,a28s,....01 80 (@1R) X -+ X M, 81,0,80,....a08, (anT)
= Mayfr, (1,015, 2018y () (G R) X0 X M5 1) 0By 2),00s0 By () (A0 1)
:Mﬁﬂl(1)a1+~~-+,6’,rn(1)an,Bﬂl(2)a1+~~-+ﬂwn(2)anﬁﬂl(n)al-&-"--&-ﬂﬂn(n)an(R)' U

A ring is normal provided that its all idempotents are central.

Lemma 5.3 [2, Theorem 20]. Let R be a normal ring, let T' be a ring, n > 3, and [, ..., 3, € C(R).
Then l‘fM07._.70(R) = Mﬂl,.-.,ﬁn (T) then 61 =---= (3, =0.
N

n

We have a stronger result:

12

Lemma 5.4 [5, Lemma 9.2]. Let R be a normal ring, let T be a ring, and n > 3. Then if My o(R)
N

Ko(T : {nir;}) then all n;j;, are zero, except for the cases when either i = j or j = k.

Let R be a ring, n > 37 ﬂu’% € C(R)7 1< < n, and let Sl = Mﬂl,...,ﬂn(R)a SQ = M’n,...,’yn(R)-
Let E;; be the matrix units of S, let Fj; be the matrix units of Sy, let I C S; be the ideal generated by
{Ei;j | i # j}, and let J C Sy be the ideal generated by {F;; | i # j}.
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Lemma 5.5. Let R be a commutative ring, and let © : S; — S be an isomorphism. Then ©(I) = J.

PROOF. Assume that there are 7 7& J such that Fij € @(I) Then Fzz(Fzz + Fl]) — (F'“ + F”)F”
Fij ¢ ©(I). It shows that (Fj; + Fy;) modulo the ideal ©([) is not central in So/©(I). Denote f;(R) =
> k=1, k1 BeR. Tt is easy to see that

518 (R) R R
I R B2B (R) R
R R . /GTL/B[T'L](R)

But So/O(I) = S1/1 = @_, R/BrBix(R), and the last ring is commutative; a contradiction. There-
fore, J C ©(I). The proof of the fact that I C ©~!(J) is analogous. We have J C ©(I) and J 2 O(I),
whence ©(1) =J. O

By Proposition 5.2 it is immediate that M . o(R) and Mgy, gas.....3q, () are isomorphic for every
——
decomposition of the unity 1 = a3 + a2 + -+ + an, n > 3, into the sum of orthogonal idempotents a;.

Moreover, for a commutative ring R we have

Theorem 5.6. Let R be a commutative ring, n > 3, 3,71,...,7 € R, and anng(3) C J(R). Then
Mg, 0(R) = My, 4o....yn (R) if and only if v; = o(B)v;a; for all i = 1,n, where o € Aut(R), v; € U(R),
—

and 1 =a1 +as + -+ + a, is a decomposition of the unity into the sum of orthogonal idempotents a;.

PROOF. («): Sufficiency follows from Proposition 5.2.
(=): The argument is analogous to the proof of Theorem 16 from [2]. Denote K1 = Mgg . o(R) and
——

Ky =My, 1o,y (R). Let © : K1 — Ky be an isomorphism. The matrix units of K; denote by E;;, and
the matrix units of Ko denote by F;;. For every r € R we have rE € C(K;) and O(rE) € C(K32). Then
there is s € R such that O(rE) = sE. Define a mapping o : R — R and put a(r) = s. The so-obtained
mapping is an automorphism of R.

Let I = 8K, be an ideal of K, and let ©(I) = a(8)K> be an ideal of K3. Then

Mgy, .o(R/BR) = K1 /1 = K3/O(I) = My, 5,...5,(R/(B)R).
——

n

By Lemma 5.3 there are y1,y2,...,yn € R such that

1 = a(B)y1, 72 = By, - -, Yn = a(B)yn.

Put z; = o !(y;), i = I,n. Then there exists an isomorphism ¥ : Ky — Mgy, gy, gz, (R). The
automorphism of R corresponding to the isomorphism W o © is identical. Now, denote the isomorphism
Vo ® by ©, and Mgy, 8s,.... gz, (R) by Ko.

Simultaneously, we can consider the ideal I = Bz1Ky + Bz2Ks + -+ + Br,Ky in Ky; ©71(I) =
Br1 K1 + BraKy + -+ + Bx, K1 is an ideal of K7, and K3/I = K1/©71(I). Again by Lemma 5.3 there
are 11,72, . .. ,Mn € R such that 8 = fxim + Branz + -+ + Brpny.

Consider the ideal

0 R ... R
R 0 R
I= Do . :
R R ... 0
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Find ©(I). By Lemma 5.5

R R ... 0

Indeed, we claim that the inclusion is, in fact, equality. Let C' = diag(c1,ca,...,c,) € O(I). As O() is
an ideal of Kg, CFH = Can S @(I) Denote A = (aij) = 6_1(F11). Since (ClFH)FH = ClFH,
(c1A)A = c1A in K;. By 1A € I we have cia11 = ciagg = -+ = c1ap, = 0. Denote by A the matrix
obtained from A by zeroing the main diagonal. Then ¢; A = 01;1. We have cjA = 1A% = ¢ (:4\1)3 =0.
Indeed, the components c; (;1)3 are some sums of the summands of the form pa;,i, @i ipQigis. Let aiqiy,
@i,iy, and a;,;, be nonzero. Then one of the numbers 7; and iy is different from the unity; for example, ;.
BY Nigizis = 0, PQigiy QiyiyQigis 1S zero. Thus, ¢; = 0. Analogously, we infer that C' is zero.

Since O(I) is an ideal of S; therefore, (Bz;)(Bx;) = 0 for all ¢ # j. Let U;; = O(E;;) for all
1<4,7 <n,and let

fl(i) * *
* f (@) *
Uii = 2
* * f,(f)

The equalities hold in Sy: Efz = Ej, EyEjj = 0forall ¢ # j, and 1 = Eyq + Eog + -+ + Epy,.
The analogous equalities for U;; give 1 = f,il) +f ,Ez) 4+ 4+ f,gn) for all 1 < k < n, where f,gl) are some
orthogonal idempotents.

Note that S5 = @” Ui;R. Since E;j € I for all ¢ # j; therefore, U;; € J for all ¢ # j. Hence,

R 0 ... 0

0 R —_ —_— —_—

: : . : - UllR@U22R@"'@UnnR7
0o 0 ... R

where ﬁ\“ = diag( fi), 2(1‘)’ ey qul))

In particular, we have Fj; = wlﬁn + wgﬁgg + - 4 wnﬁnn for some wi,...,w, € R. Thus, we
obtain fl(l) = w1f1(1) and wlf,gl) = 0 for £k > 2. Hence, fl(l)f,gl) = wlfl(l)f,gl) = 0. An analogous
argument shows that fi(k)f](k) =0 for all k and ¢ # j. Denote f¥) = fl(k) + f2(k) + -4 f,sk). Then
Uie(1 — f®) = Upie (1 — f®) + Uss, — Up) (1 — f®)) = (Ups, — Upe) (1 — f9) € J.

Si(rllge by the corresponding equality for the preimages U R N J = 0; therefore, Ug(1 — f (k)) =0,
and f\%) =1.

The equality ©(I) = J implies O([?) = J?, and I? = <0 0

0 L
trix of order n — 1 with the zero diagonal elements and the off-diagonal elements equal to BR, J? =

Zi,j:l 2 k=1 PrpkiR.
i#] k#i,j
In particular, B3Es3 € I?, whence SUsz € J2. Let fUsz = (aij), where a; = 0 for all 1 < i <n, and
aij = 27;:1 ﬁxkal(f) for all 7& j Since 5U23 = /6(U22U23) = U22(/6U23) and ﬂUgg = (ﬁUgg)Ugg; therefore,
ki,
BUy3 = (fi(z)f§3)aij). An analogous argument shows that for all k # [, k,1 > 2, the (i, j)-element of SUy;

belongs to the ideal £ f\" 3R.

), where I; is a square ma-

964



Since Bx1Fys € J2 = O(I?), we have

,6:61F23 = @( Z ,Uij/BEij) = Z HijﬂUij

for some p;; € R.
For the (2, 3)-element of 31 Fb3 we obtain

xm:&( 3 f;’fé”m)

§,j=2, ij
for some \;; € R.
It is easy to see that ( 2(“) z)Eh))( 2(22) 35]2)) =0 for (i1, 1) # (i2, j2); therefore,

0.j=2,i#] §,j=2, %] §,j=2,i#]
‘We have shown that
Bz Zﬂl’l( > fg(i)féj)) =5x1<2f2i)( > féj)>) =: Bx1 fo3.
§,j=2, i#] i=2 =2, j#i

An analogous argument gives that for every k > 3

Bay = ﬁm( 3 fé")f,i”) =ﬂm1(zf§”( 3 f,ﬁ”)) =: Bz for,
0j=2,i#] i=2 §=2,j#i
whence Bz1 = Bz * (HZ:3 fgk). Immediate verification shows that

n

[L o= 32 g gl = 37 17,

k=3 TESn 1 mE€Sn—1

where fl(w) = f2(1+7r(1))f§1+7r(2)) .. .f7(,,1+7r(n_1)). We have fl(m)fl(m) = 0 for m # 7 as well. Moreover, if
we introduce the analogous idempotents

i=k—1 i=n
£ :< I fi“”(”))( I ff””“”)
=1

i=k+1

for Bay then f7f%) =0 for all k # I and 7,0 € S,_;. Also,

n

1:( 1(2)+f2(2)+"'+f7g2))"~(f1(n)+f2(n)+"'+f7sn)): ( Z f;ﬁ”)).

k=1 weS,_1

Put a = Zﬂesn_l féﬂ). Then Bz = Bxrar for all 1 <k <mand 1=ay+ -+ a,, where a; are some
orthogonal idempotents. In the beginning of the proof we demonstrated that 8 = Bx1m1 + Bxane + -+ +
Bxpny for some 1, ...,n, € R, whence Brpnrar = Bay for all 1 < k < n.

Put vy = zgar + (1 — ag) and & = nrar + (1 — ax). We have Bup&, = Bagmrar + 6(1 — ax) =
Bag + B(1 —ax) = B B(1 — vkx) = 0.

Since anng(8) C J(R); therefore, (1 — vgéx) € J(R), whence 1 — (1 — vx&g) = v € U(R) and
v € U(R). It is easy to see that Sz = Bugag. O
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Corollary 5.7. Let R be a commutative ring, n > 3, 3,71,-.-,vn € R, and
M@O,u.,O(R) = Mnm,...,%(R)-
——

n

Then the following hold:

(1) If B is not a zero divisor in R then there are o € Aut(R), vy, ...,v, € U(R), and a decomposition
of the unity 1 = a; + ag + - - - + a,, such that v; = a(B)v;a;, i = 1, n.

(2) If R is an integral ring then there are o € Aut(R) and v € U(R) such that v; = o(B)v and y; =0
for some 1 <i<mnandi#j.

The following results were given in [2] without proofs.

Theorem 5.8 [2, Theorem 21]. Let R be a commutative ring, n > 3, B3,71,...,7 € R, and
anng(8?) C J(R). Then Mg g 3(R) = My, ~,.... 4. (R) if and only if 7; = a(B)v; for all i = 1,n, where
——

a € Aut(R) and v; € U(R).
PROOF. («): The sufficiency follows from Proposition 5.2.
(=): Let S; = Mpgg . g(R), S2 = My, 1,..~,.(R), let E;; be the matrix units of Sy, let Fj; be

the matrix units of So, and let © : 51 — 52 be some given isomorphism. The argument analogous to
the argument from the proof of Theorem 5.6 shows that we may assume that Sy = Mgy, . g4, (R) for
some x1,...,Ty € R.

Let I C S; be the ideal generated by {E;; | ¢ # j}, and let J C Sy be the ideal generated by
{F;; | i # j}. By Lemma 5.5 we have ©(I) = J. Since 8%E € I, 3?F € J as well. For the (1,1)-element
of 3?E considered as an element in J, we have 32 = B2z u; or 52(1 —x1p1) = 0 for some p; € R. Tt is
known that anng(3%) C J(R), whence (1 —x1p1) € J(R), 1 — (1 —z101) = z141 € U(R), and x1 € U(R).
The proof of the fact that xo,...,z, € U(R) is analogous. [

Theorem 5.9. Let R be a commutative ring such that Z(R) C J(R). Letn > 3 and 3,71, ..., € R.
Then

Mﬂyﬁ77B(R) = M’Yla’Y?vnv’yn (R)
—

n

if and only if v; = a(B)v; for all i = 1,n, where a € Aut(R) and v; € U(R).

PROOF. («): Sufficiency follows from Proposition 5.2.

(=): If 32 # 0 then anng(3?) C J(R), and the theorem holds by Theorem 5.8. Let 3% = 0. Use the
same notation as under the proof of Theorem 5.8. We may assume that So = Mg, . gz, (R) for some
Tly...,Tn € R.

Show that z; € U(R). The proof of invertibility of the remaining z; is analogous. Since 3% = 0;
therefore, I N diag(R,...,R) = diag(0,...,0) and J N diag(R,...,R) = diag(0,...,0), J > FnJ =
Br1Fo3sR® -+ @ Br1FonR = B T.

Put I 5 A = (a;;) = ©71(Fy). We have B210~1T) = ©71(FyJ) = AL

For i # j we get

ﬂxl@fl(T) =Al> AEij = ﬂzakiEkja
k=1

since apr = 0 for all 1 < k < n.

Hence, Bar; = Bxiug; for some ug; € R. Thus, A = x1U, whence 8Fy = [O(A) = O(BA) =
O(Bz1U) = f210(U), and we have 8 = Bz1y; for some y; € R. It is easy to verify that 1 € U(R). O
[

The class of formal matrix rings with 7;;; = s1*%* =% =%k and s € C(R) was considered in [4]. This
formal matrix ring is denoted by M,,(R; s). Note that M, (R;s) = M, s(R).
~—

n
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Corollary 5.10 [4, Theorem 18]. Let R be a commutative ring such that Z(R) C J(R). Let s,t € R

and n > 3. Then M,,(R; s) = M, (R;t) if and only if t = va(s), where v € U(R) and o € Aut(R).
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