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Abstract⎯The energies of mixing (interaction parameters) and temperature ranges of stability of solid solu-
tions Lu1 – xLnxVO4 (where Ln is a rare-earth element (REE), scandium, or yttrium) with the zircon structure
were calculated using the crystal-energy theory of isomorphous miscibility. It was shown that, with increasing
atomic number of REE in the Ce–Lu series, the calculated energies of mixing and critical decomposition
temperatures of the solid solutions regularly decrease. The substitution limits at various temperatures, the
thermodynamic phase stability, and the temperature of transition to a metastable state were determined. The
thermodynamic stability diagram of the REE vanadate solid solutions Lu1 – xLnxVO4 was presented. The
results of the work can be used for searching the compositions of matrices and activators of new laser and
other materials.
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INTRODUCTION
Solid solutions of rare-earth element (REE) ortho-

vanadates are used as materials for matrices and acti-
vators of optical quantum generators [1], luminescent
materials, scintillators, optical polarizers, and light-
emitting diodes [2, 3]. The most frequently used mod-
ifiers are Nd, Dy, Ho, Er, Tm, and Yb [4].

However, the physicochemical foundations of syn-
thesizing solid solutions and growing their single crys-
tals—state diagrams and, in particular, solubility
regions based on components of these systems—are
studied insufficiently. Because of this, the composi-
tions of matrices and modifying additives in studying
the laser properties of REE orthovanadates have to be
chosen either by analogy with related systems, or by
trial and error, which may lead to excessive consump-
tion of expensive reagents and an increase in the dura-
tion of the studies. As an example, one can refer to a
study [1], in which single crystals modified by neo-
dymium (1 at %) were attempted to be grown by the
Czochralski method from mixtures of three composi-
tions, containing 10, 20, and 30 at % ScVO4 and 90,
80, and 70 at % YVO4, respectively. As a result, the
crystals obtained in all the three cases contained only
~1 at % Sc.

Moreover, it is not always taken into account that
vanadate solid solutions synthesized at high tempera-

tures tend to decompose in cooling and using and can
uncontrollably change the phase composition and
properties. This may lead to degradation of materials
based on them.

Currently, among materials for solid-state lasers, of
greatest interest are REE orthovanadates. They are an
alternative to yttrium aluminum garnet as they have
higher thermal conductivity, larger width, and higher
absorption cross section [4]. Initially, materials based
on individual orthovanadates YVO4, LaVO4, and
LuVO4 were investigated [5]. Later, higher efficiency
was reached using “mixed” lutetium-containing
orthovanadates, or, more accurately, solid solutions,
e.g., LuxY1 – xVO4 [6], which were previously insuffi-
ciently studied, probably, because of the high cost of
lutetium. The possibility of the formation of solid
solutions over wide concentration ranges both
between components of matrices, and between the
matrix and activators is due to the fact that REE
orthovanadates (except lanthanum orthovanadate) are
of the same structural type—zircon type.

In this context, the purpose of this work was to pre-
dict the energies of mixing, substitution limits, and
phase stability of solid solutions Lu1 – xLnxVO4 (where
Ln is a rare-earth element, Sc, or Y) with the zircon
structure.
118



ENERGIES OF MIXING (INTERACTION PARAMETERS) 119
CALCULATION

Choice and Substantiation of a Method
for Calculating the Energy of Mixing

Recently [7], the interaction parameters (energies
of mixing) in the related systems La1 – xLnxPO4 (Ln =
Eu, Gd) that were determined by various authors in
2007–2017 have been compared. Using the ab initio
(2014), strainenergy (2007), dropcalorimetry (2007),
ab initio/strainenergy (2016), and dropsolution (2017)
methods, the parameters for La1 – xEuxPO4 were found to
be 13.4, 5.2, 14 ± 8, 6.2, and 2.5 ± 2.6 kJ/mol, respec-
tively, and the parameters for La1 – xGdxPO4 were 16.5,
6.77, 24 ± 9, 8.6, and 11.4 ± 3.1 kJ/mol, respectively,
with the average values for these systems being 8.3 and
13.5 kJ/mol. Obviously, the most reliable results are given
by the average value. However, for La1 – xEuxPO4, the
closest to the average value (8.3 kJ/mol) was the
value obtained by the ab initio/strainenergy method
(6.2 kJ/mol), whereas for La1 – xGdxPO4, the closest
to the average value (13.5 kJ/mol) was the value found
by the dropsolution method (11.4 kJ/mol); i.e., none
of the analyzed methods cannot be preferred. There-
fore, to calculate the energy of mixing in the related
systems La1 – xLnxPO4, we previously [8] used a funda-
mentally different calculation method, which was ear-
lier developed by Urusov based on the crystal-energy
theory of isomorphous miscibility [9, 10]. By this
method, we calculated the energies of mixing that
were closer to the average values: for La1 – xEuxPO4
and La1 – xGdxPO4, they were 9.8 and 13.9 kJ/mol,
respectively, with the average values for these systems
being 8.3 and 13.5 kJ/mol. Therefore, in this work, we
used Urusov method, a feature of which is that it takes
into account not only the deformation energy in the
substitution of structural units of different sizes, but
also the energy determined by the difference in chem-
ical bonds between components of systems as gov-
erned by the difference in their ionicity. This method
was not previously used for calculating the REE sub-
stitutions because the accuracy (±0.05) of the REE
electronegativities on the Pauling scale was insuffi-
cient to calculate the differences in ionicity between
chemical bonds in the above and related systems.

Main Formulas of the Urusov Method

If components are isostructural, the enthalpy of
mixing is [9]

Because the relative difference of the cation–tetra-
hedral anion interatomic distances ΔR/R1 in compo-
nents of the systems (Table 1) is less than 0.1, the
energy of mixing Qmix can be calculated in the approx-
imation of regular solutions as
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where x1 and x2 are the mole fractions of components.
It can be represented as the sum of two contributions,
Qε and QR, which characterize the differences in ionic-
ity and in sizes of replaced structural units, respec-
tively:

where m = 2 is the number of structural units of com-
ponents of the systems in the pseudobinary approxi-
mation of the zircon structure; zm = zx = 3 are the for-
mal (integer) charges of replaced and common struc-
tural units in components, respectively; α = 1.723 is
the reduced Madelung constant calculated by the
Templeton formula; C = 113 kJ/mol is the empirical
parameter, which depends on the compressibility and
other characteristics of crystal [9]; C ' = C/1390; n = 6
is the coordination number of the replaced structural
unit in the pseudobinary approximation of the struc-
ture; R is the Ln–VO4 cation–tetrahedral anion inter-
atomic distance [11]; ΔR and ΔR/R1 is the difference
and relative difference of the interatomic distances in
components of the systems, respectively; R1 is the
interatomic distance in the smaller-cation component
of the system; and Δε is the difference in ionicity
between the chemical bonds in lutetium vanadate and
other REE vanadates. The ionicity ε of the chemical
bond in REE vanadates was determined from the dif-
ference of the electronegativities (EN) of the cation
and the anion according to the literature data [12]. The
calculation was made using the EN values of REE cat-
ions that have been obtained quite recently by the
valence-bond method based on the crystallographic
data on more than 1000 lanthanide compounds [13].
The obtained values were normalized to the Pauling
scale. The NE of Eu turned out to be significantly
overestimated and, therefore, was taken to be the aver-
age value between the values for Sm and Gd. The EN
of the  ion was taken to be equal to the EN of oxy-
gen (3.76) as recommended in the literature [14].

Table 1 presents some initial data and calculation
results.

Calculation of the Decomposition
Temperatures of Solid Solutions

Table 1 shows that the relative differences of the cat-
ion–tetrahedral anion interatomic distances in all the
systems are significantly less than 0.1. Hence, it follows
[9] that the curve of the decomposition temperatures of
the solid solutions versus composition is virtually sym-
metrical, and the solubility regions can be calculated by
the Becker solution for regular solutions [16]:
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Table 1. To the calculation of the energies of mixing (kJ/mol) and critical decomposition temperatures of solid solutions
Lu1 – xLnxVO4

* The interatomic distance for promethium vanadate was determined as the arithmetic mean of the distances for neodymium and
samarium vanadates.

** For the systems Lu1 – xLnxVO4, the EN of Lu, Sc, and Y are 1.431, 1.415, and 1.340, respectively [15].

Composition Ln R, Å ΔR/R1 EN εLn Δε
QR, 

kJ/mol
Qε, 

kJ/mol
Qmix, 

kJ/mol
Tcr, K

Lu1 – xLnxVO4 Ce 3.776 0.0489 1.00 0.800 0.070 29.18 29.34 58.53 3490
Pr 3.760 0.0444 1.10 0.785 0.055 24.06 18.11 42.18 2520
Nd 3.741 0.0392 1.12 0.780 0.050 18.75 14.97 33.72 2010
Pm* 3.725 0.0347 1.14 0.775 0.045 14.70 12.12 26.82 1600
Sm 3.709 0.0303 1.16 0.770 0.040 11.20 9.58 20.79 1240
Eu 3.696 0.0267 1.18 0.766 0.036 8.70 7.76 16.46 980
Gd 3.685 0.0236 1.21 0.760 0.030 6.80 5.39 12.19 730
Tb 3.668 0.0189 1.19 0.764 0.034 4.36 6.92 11.28 670
Dy 3.652 0.0144 1.25 0.752 0.022 2.53 2.90 5.43 320
Ho 3.640 0.0111 1.25 0.752 0.022 1.50 2.90 4.40 260
Er 3.633 0.0092 1.26 0.750 0.020 1.03 2.39 3.42 200
Tm 3.621 0.0058 1.29 0.744 0.014 0.41 1.17 1.58 90
Yb 3.609 0.0025 1.32 0.738 0.008 0.08 0.38 0.46 30
Lu 3.600 – 1.37 0.730 – – – – –

Lu1 – xLnxVO4** Sc 3.502 0.028 1.415 0.721 0.005 9.57 0.15 9.60 570
Y 3.643 0.012 1.340 0.734 0.018 1.76 1.94 3.69 220
where Td is the decomposition temperature of solid
solution; Qmix is the energy of mixing, which was taken
to be constant in each of the systems; and R is the uni-
versal gas constant.

With increasing atomic number of REE, the con-
tributions QR and Qε to the energy of mixing and their
sums Qmix regularly decrease (Table 1), which is due to
a decrease in the difference between the sizes of
replaced structural units and between the ionicities of
the chemical bond in components. Note that the con-
tribution Qε reaches 50% of Qmix and is taken into
account, although if the difference between the ionic-
ities of the chemical bond in components is less than
0.05, Qε may be ignored [9]. In our case, Qε should be
taken into account because the size parameter ΔR/R1
is small (<0.05).

The critical decomposition temperatures Tcr were
calculated by the equation [9]

where k is the Boltzmann constant, and N is the Avo-
gadro constant.

As Table 1 shows, Tcr regularly decreases with
increasing atomic number of REE. The energy of mix-
ing and critical decomposition temperature for the
yttrium-containing systems are close to the respective
values for the holmium- and erbium-containing sys-

cr mix 2 ,( )Т Q kN=
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tems because of the insignificant differences between
their ionic radii.

If the energy of mixing is known, then the decom-
position temperature of the solid solution in regions
with limited solubility of components can be calcu-
lated by the Becker equation from a given substitution
limit. The calculation error was reported [9] to be
about ±100 K.

RESULTS AND DISCUSSION

Investigation of the Dependence of the Decomposition 
Temperature on the Atomic Number of REE

Using the calculated Td values, their dependences
on the atomic number of REE were constructed
within the substitution limits x = 0.01–0.20 (Fig. 1),
and the critical (maximal) decomposition tempera-
tures of the solid solutions (x = 0.5) were presented.
These dependences also allow one to evaluate the
thermodynamic stability of the solid solutions.

For example, at T > Tcr (in the region above the
points x = 0.5), the unlimited solid solutions in the
systems are thermodynamically stable throughout the
concentration range 0 < x < 1. In the region below the
points x = 0.5 at T < Tcr, the unlimited solid solutions
are thermodynamically unstable and can decompose
into phases with limited solubility.
F INORGANIC CHEMISTRY  Vol. 64  No. 1  2019
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Fig. 1. Dependences of the calculated decomposition temperatures of solid solutions in the systems Lu1 – xLnxVO4 on the atomic
number of REE (thermodynamic phase stability diagram) at x = 0.01, 0.02, 0.05, 0.10, 0.20, and 0.50.
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From the other dependences, either the decompo-
sition temperature can be estimated by specifying the
substitution limit, or the limit of substitution of a REE
for lutetium in the limited solid solutions can be esti-
mated by specifying the melt temperature. In the sec-
ond case, the point of intersection of the isotherm
drawn from a given decomposition temperature with
the vertical drawn from the atomic number of a REE
enables one to find the composition range in which
there is a substitution limit, and the interpolation
between the two nearest points of the histogram gives
the substitution limit. The substitution limit can be
refined by constructing the dependence of the decom-
position temperatures calculated by the Becker equa-
tion on a given composition for a specific system.

It is known that, with decreasing temperature, the
mobility of structural units of a solid solution
decreases (because of a decrease in the diffusion rate),
and the solubility regions shrink [9]. This occurs until
the diffusion rate is so low that the solubility regions
virtually cease to shrink; i.e., spontaneous quenching
happens, and the solid solutions become metastable. If
it is assumed that the quenching temperature is close
to the minimal temperature of the onset of the interac-
tion of components in the solid phase that leads to the
formation of a solid solution, then the quenching tem-
perature and the metastability region in the system can
be estimated.
RUSSIAN JOURNAL OF INORGANIC CHEMISTRY  Vo
Estimation of the Metastability Region
of Solid Solutions of REE Orthovanadates

In the literature, there are pretty much data on the
conditions of the synthesis of orthovanadates LnVO4

and their solid solutions  by various
methods; but, in most cases, intermediate and final
synthesis temperatures are presented. However, these
temperatures can probably significantly exceed initial
temperatures because the former depend less strongly
on the synthesis method. In particular, in the synthesis
in the solid phase [17, 18, 20–22] and by annealing
components obtained from the liquid phase [19], the
temperature is 953–1473 K; and in the synthesis by the
sol–gel method [3] and by magnetron sputtering of
thin film [23], it was 1273 K.

In the synthesis from the complex compounds
(NH4)[LnIII(EDTA)] ⋅ xH2O and
(NH4)3[VV(O)2(EDTA)] ⋅ 0.5H2O using vacuum to
remove the solvent, the reactions of the formation of
REE orthovanadates and solid solutions based on
them were studied by high-temperature X-ray powder
diffraction analysis with stepwise increasing tempera-
ture in 100-K increments [24]. The authors consid-
ered that this procedure can give a homogeneous (with
two complexes distributed at the molecular level) pre-
cursor, which ensures that the interaction temperature
is lower than that in other synthesis methods.

1– 4'Ln Ln VOx x
l. 64  No. 1  2019
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Fig. 2. X-ray powder diffraction patterns of the synthesis of
YVO4 from precursors as recorded at room temperature
(RT) after annealing at 573 (two reference signals are
seen), 773, 873, 973, and 1073 K, and also at room tem-
perature again after annealing at 1073 K [24].
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Fig. 3. Dependence of the intensity of reflections (200),
(312), and (112) of the zircon structure on temperature in
the YVO4 synthesis.
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It was reported [24] that, as the precursors were
heated to produce YVO4, the reaction product began
to crystallize at 773 K, and the final temperature was
1073 K (Fig. 2).

However, as is seen from Fig. 2, the X-ray powder
diffraction patterns at 773 K already show the lines of
the reaction products (with indices (200), (312), and
(112)), the intensities of which increase with a further
increase in temperature. Consequently, the reaction of
the formation and crystallization of YVO4 begins not
at 773 K, but at a lower temperature.

Using the intensities of the brightest reflections
(200), (112), and (312) (Fig. 2), their temperature
dependences were constructed (Fig. 3). The extrapo-
lation of this dependence to the abscissa axis gives the
temperature of the onset of the reaction and crystalli-
zation of YVO4, which is ~720 K.

Because of the similarity of the properties of
yttrium and REE orthovanadates and also solid solu-
tions based on them, one can believe that, near 720 K,
the diffusion rate in them is such that not only can the
reaction of the formation of YVO4 occur with increasing
RUSSIAN JOURNAL O
temperature, but also the decomposition of solid solu-
tions can cease on cooling below 720 K. Therefore, one
can assume that, in the systems Lu1 – xLnxVO4 with
REE from Ce to Eu, the unlimited solid solutions,
which are thermodynamically stable at temperatures
above the critical temperature (3490–980 K), become
thermodynamically unstable and can decompose to
form limited regions with decreasing temperature in
the range between Tcr and 720 K. This occurs if the dif-
fusion rate and time are high enough for stable nuclei
of a new phase to emerge and begin to grow. At tem-
peratures below 720 K, these solid solutions become
metastable.

In the systems with REE from Dy to Yb, the critical
decomposition temperatures (320–30 K) are much
lower than 720 K, and the unlimited solid solutions
should not decompose on cooling and are metastable.
The difference of the critical temperature for the sys-
tems with Gd (730 K) and Tb (670 K) from the
quenching temperature (720 K) does not exceed the
calculation error; therefore, the decomposition tem-
perature of an unlimited solid solution in these sys-
tems is difficult to predict.

Comparison of the Obtained Results with Literature Data
Previously, in the systems Lu1 – xYxVO4 [6],

Lu1 ‒ xScxVO4 [25], and, probably, Lu1 − xYbxVO4 [26]
(which was studied mainly by Raman spectroscopy),
the unlimited miscibility of components was experi-
mentally detected. This agrees with the calculation
results, according to which the critical decomposition
temperatures of the solid solutions for these systems
are 220, 570, and 30 K, respectively (Table 1). Hence,
continuous series of solid solutions in these systems
are thermodynamically stable at temperatures above
the critical temperatures and are thermodynamically
F INORGANIC CHEMISTRY  Vol. 64  No. 1  2019
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Fig. 4. Dependence of the calculated decomposition tem-
peratures of solid solutions in the system Lu1 – xNdxVO4
on the mole fraction x of Nd; and experimental synthesis
temperatures for Lu0.99Nd0.01VO4 at 1423 K [27] and 1473 K
[19], and Lu0.98Nd0.02VO4 at 1273 K [18].
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Fig. 5. Dependence of the calculated decomposition tem-
peratures of solid solutions in the systems Lu1 – xEuxVO4
and Lu1 – xSmxVO4 on the mole fraction x of REE; and
experimental temperatures for two stages of the synthesis
of Lu0.95Eu0.05VO4 (453 and 773 K) and Lu0.97Sm0.03VO4
(453 and 773 K).
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metastable at temperatures below the critical tempera-
tures.

As far as we know, in the literature, there are almost
no data on the energies of mixing and substitution lim-
its of REE for lutetium for solid solutions of orthova-
nadates with the zircon structure with limited misci-
bility of components. Of course, this complicates the
estimation of the reliability of the performed calcula-
tions. However, there are data on the compositions
and annealing temperatures of solid solutions
Lu0.99Nd0.01VO4 at 1423 K [27] and 1473 K [19] and
Lu0.98Nd0.02VO4 at 1273 K [18]. The graphic depen-
dence of the calculated decomposition temperatures
of solid solutions Lu1 – xNdxVO4 on the mole fraction
of Nd (Fig. 4) shows that the experimental points cor-
responding to solid solutions Lu0.99Nd0.01VO4 (at 1423
and 1473 K) and Lu0.98Nd0.02VO4 (at 1273 K) are much
above the calculated curve of the decomposition of
solid solution.

Consequently, our calculation results do not con-
tradict experimental data in the fact that the previously
obtained solid solutions [18, 19, 27] are thermody-
namically stable.

Recently, many works have been published (e.g.,
[5, 28, 29]) that described solid solutions of lutetium
orthovanadates Lu1 – xLnxVO4 that were produced by
mild hydrothermal synthesis from tartaric acid solu-
tions, citric acid solutions, or similar media at rela-
tively low temperatures (from 453 K).

However, by the example of a number of systems
with REE Tm, Er, Sm, and Eu, it was shown [30] that,
actually, samples produced at these temperatures con-
tain vanadium that was partially reduced to V4+, and
also carbonyl groups and crystal lattice defects, which
are removed on heating in the temperature range 523–
RUSSIAN JOURNAL OF INORGANIC CHEMISTRY  Vo
723 K. Therefore, to complete the synthesis of solid
solutions Lu1–xLnxVO4, the samples were additionally
annealed at 773 K. In effect, it was assumed that the
product of the synthesis at 453 K is not Lu1 – xLnxVO4
but a phase with different composition, albeit with the
zircon structure.

For this reason, we performed calculations by the
example of Lu0.95Eu0.05VO4 and Lu0.97Sm0.03VO4,
which showed (Fig. 5) that solid solutions with such
compositions at 453 K are indeed impossible to syn-
thesize because they can be thermodynamically stable
at temperatures above 600 and 670 K, respectively, as
was confirmed by their synthesis at 773 K [30].

The calculation also corroborated that the synthe-
sized [30] Lu0.95Eu0.05VO4 and Lu0.97Sm0.03VO4 are
within regions of solid solutions, which, at the synthe-
sis temperatures (773 K), extend to x = 0.13 and x =
0.05, respectively. Thus, calculations can be useful
when experimental investigations give contradictory
results.

CONCLUSION
Urusov’s quantitative crystal-energy theory of iso-

morphous miscibility was used to calculate the ener-
gies of mixing and decomposition temperatures of
solid solutions Lu1 – xLnxVO4 formed by the isomor-
phous substitution of REE, scandium, or yttrium for
lutetium in orthovanadates with the zircon structure.
It was shown that the contributions made to the energy
of mixing by the differences in sizes in replaced struc-
tural units and in ionicity of the chemical bond in
components are virtually equal. With increasing
atomic number of REE, the calculated energies of
mixing and critical decomposition temperatures of the
l. 64  No. 1  2019
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solid solutions regularly decrease, which is due to the
decrease in the ionic radii of REE in the series from Ce
to Lu and in the difference in ionicity of the chemical
bond in components of the systems. The thermody-
namic phase stability diagram of solid solutions of
orthovanadates Lu1 – xLnxVO4 was constructed, using
which either the limit of substitution of a REE for lute-
tium can be estimated from a given temperature, or the
decomposition temperature can be estimated from a
given substitution limit. The temperature of transition
of the solid solutions to the metastable state was esti-
mated. The obtained calculation results do not contra-
dict the published experimental data on solid solutions
Lu1 – xLnxVO4. The results of this work can be used for
creating new laser, luminescent, and other materials
based on LuVO4 modified by rare-earth elements.
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