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Abstract—We introduce a new wide class of error-correcting codes, called non-split toric
codes. These codes are a natural generalization of toric codes where non-split algebraic tori are
taken instead of usual (i.e., split) ones. The main advantage of the new codes is their cyclicity;
hence, they can possibly be decoded quite fast. Many classical codes, such as (doubly-extended)
Reed-Solomon and (projective) Reed—Muller codes, are contained (up to equivalence) in the
new class. Our codes are explicitly described in terms of algebraic and toric geometries over
finite fields; therefore, they can easily be constructed in practice. Finally, we obtain new cyclic
reversible codes, namely non-split toric codes on the del Pezzo surface of degree 6 and Picard
number 1. We also compute their parameters, which prove to attain current lower bounds at
least for small finite fields.
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1. INTRODUCTION

There is a well-developed theory of so-called toric codes [1, ch. 8], i.e., algebraic geometry
(Goppa) codes [1, ch. 7] on toric varieties [2] (of dimension d over a finite field Fy). These codes were
discovered in [3,4] as a generalization of Reed—Solomon codes (for d = 1). Toric codes are d-dimen-
sional cyclic (also known as multicyclic or abelian) codes [5,6]. In spite of this, sufficiently fast de-
coding methods for them are not known; inefficient decoding methods are presented in [7, Section 5].

Besides ordinary (i.e., split) tori and toric varieties, there are non-split (over ;) ones [8].
Therefore, it is natural to consider algebraic geometry codes on the latter. We call them non-split
toric codes. They have some advantages. First, [F,-point groups of non-split tori are often cyclic;
hence, the corresponding codes prove to be (simple-root) cyclic [9, Section 1.2.2]. Moreover, some
toric cyclic codes are also reversible [10]. Second, non-split tori contain more F,-points than the
split torus, i.e., more than (¢ —1)¢. In other words, non-split toric codes are longer than split ones;
hence, they may have better error-correction capabilities. Finally, many classical codes, such as
doubly-extended Reed—Solomon codes [9, Section 4.4.1] and cyclic Reed-Muller codes (and their
projective analogs [11]), are equivalent to some non-split toric codes.

The paper is organized as follows. In Section 2 we recall some results of the theory of non-split
algebraic tori and toric varieties over finite fields. In particular, Sections 2.2 and 2.4 are restricted to
dimension d < 2. Finally, Section 2.5 focuses only on del Pezzo surfaces of degree 6 [12, Section 3],
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NON-SPLIT TORIC CODES 125

where we produce many results for the surface Dg of Picard F,-number 1 (the toric del Pezzo
surface with the largest splitting field) and its anticanonical linear system. Next, in Section 3.1 we
define and study non-split toric codes by methods of algebraic, toric, and combinatorial geometries.
In particular, this allows to explicitly write out generator matrices for all toric codes and even
generator polynomials for cyclic toric codes. In Section 3.2 full classification of toric codes is
presented (up to equivalence) on P!, P2, and quadratic surfaces. Finally, in Section 3.3 we obtain
new cyclic reversible non-split toric codes on Dg and compute their parameters. According to code
tables [13] it turns out that at least for small ¢ these codes are currently the best known.

2. TORIC GEOMETRY OVER FINITE FIELDS
2.1. Algebraic Tori

Let F, be a finite field of order ¢ and characteristic p, Fy its algebraic closure, and G,, = 4\ {0}.
By definition, an algebraic group 1" over I, is said to be an algebraic torus of dimension d if there
is an isomorphism of algebraic varieties ¢: G% = T defined over some extension Fge. We may
assume ¢ to be an isomorphism in the category of algebraic groups [12, Theorem 7]. If such e is
minimal, then Fge is called the splitting field of the torus T. We say that T is split if e = 1. Note
that in the case of a cyclic group T'(F,) its order divides ¢ — 1.

Let 2 € G%, m € Z?%, and & € GL(d,Z). Throughout the paper we stick to the notation
L N and  &(x) = (201,... 2P0),

where @0 ; is the jth column of @. Besides, we assume that ¢ acts on m from the left, ie.,
&(m) = dm.

For a given T', consider its lattices of characters M = Hoqu (T, G,,) and cocharacters N = M*
with Frobenius actions @, ®' € GL(d,Z) respectively. Recall that these matrices are conjugate in
GL(d,Z). The order of & (i.e., ') is e; hence, all its eigenvalues are contained in p. = {¢ € Fy |
¢¢ = 1}. The rank, r, of T is by definition the rank of the invariant sublattice M? (i.e., N ¢t).
A torus T is said to be isotropic if r > 0, i.e., if it has nontrivial Fy-(co)characters. Otherwise, T is
said to be anisotropic.

Theorem 1 [14, Section 2.1.7]. The following properties are equivalent:

A torus T 1is split;

r=d;

All (co)characters of T are defined over Fy;
All eigenvalues of & are equal to 1.

Ll S

Theorem 2 [12, Section 1]. The map T — D is a bijection between the set of d-dimensional
Fy-tori split over Fye and the set of matrices (up to conjugation) from GL(d,Z) of order e. More
precisely, under the inverse map, a matriz @ corresponds to the geometric quotient Ty = Gﬁl /D.

Theorem 3 [12, Section 2|. For a fized d there are only finitely many (up to conjugation) finite
subgroups in GL(d,Z). In particular, there are only finitely many d-dimensional F-tori.

Theorem 4 [14, Section 2.1.7; 8, Section 9.2]. We have the following:

1. A torus T has a unique mazimal split (anisotropic) Fq-subtorus Ty (respectively, Ty);
2. Moreover, TsT, =T and |Ts N T,| < co. In other words, the map

Tsx Ty, —T, (Ps,P,)— Ps-P,,
is an Fy-isogeny. In particular,
IT(Fq)| = (¢ = 1)"[Ta(Fg)l;
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126 KOSHELEV

3. The tori Ts and T, correspond to the lattices M® and M/M? with a naturally induced action
of ®. In particular, r = dim(T}), and the splitting fields of T and T, coincide.

Lemma 1 [8, Theorem 9.1.1]. The preimage ¢~ (T(F,)) is equal to the “eigenspace”
E (@) = {z € G, (Fye) | O(2) = 2%}

associated with the eigenvalue q.
More precisely, if « is a primitive element of Fye, then
G (Fge) = {(@™,...,a") [ v; € Z/(¢° = 1)}
and
d
E,(?) = {(a”l,...,avd) ‘ Z@i,jvi = qu; (mod ¢° — 1)}
i=1
Lemma 2. Let x € E (®), m € M, and let k be the cardinality of the orbit of m under &.
Then x®° (M) = 24°™ for 0 < s < k — 1 (in particular, z™ € For).

Proof. The proposition follows from the chain of equalities

d
d 2 Pymi d s d o\
x@(m) _ Hxijzl _ H ( le ”> _ H x;gmj —2im A
i=1 j=1\i
Theorem 5. We have
IT(Fq)| = x(g) = £1 (mod g),
where x(\) = det(A — @) is the characteristic polynomial of ®. Moreover, if a torus T is non-split,
then it has strictly more Fy-points than a split one, i.e.,

IT(Fq)| > (q — 1)

Proof. The first part is proved in [8, Theorem 9.1.2]. For the second, we repeat a proof suggested
by B. Kunyavskii in a private letter. Let A1,..., A\ be all eigenvalues of @. By Theorem 1, at least
one of them is different from 1. Thus, we obtain a strict inequality

d d
IT(Fe)l = x(@) =[[la= Xl > [[(a— 1N = (e— D)% A
=1 =1

Let n,m € N, m | n, and let R,, ; be the Weil scalar restriction of G,, with respect to the
extension Fgn /Fy (see, e.g., [8, Section 3.12]). The universal property of the Weil restriction gives
the norm map Ny g Rpg = Ring [15, Section 5], which is a surjective F,-homomorphism of
algebraic tori. In particular,

Npg = Nn1q: Rug — Gm, Nn,q(P) =p.pPMH. . P(n_l),

is the usual norm map, i.e., the product of n conjugate (over F,) points. Besides, according
to [15, Lemma 5.1.ii], the restriction of N, ,, 4 to the subgroup R, 4(F,) is the norm map for the
extension Fyn /Fym. Finally, consider F,-tori

R™ = ker(Nyym.q), Tog= () jo"g.

7q -
mln

m#n

For m = 1 the former is called a norm one torus. It is interesting that for n equal to a product of
different primes, the groups T,, 4(F,) are used in cryptography [15, Section 6.
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NON-SPLIT TORIC CODES 127
Theorem 6 [14, Section 2.1.7; 15, Section 5]. We have the following:

1. Rng)a= ng)], and hence T, 4 is an anisotropic torus;

2. The splitting fields of Ry, 4, RS}], and Ty, 4 are equal to Fyn;

3. dim(T,, 4) = ¢(n) and Ty, 4(Fy) ~ Z/(®n(q)), where ¢ is the Euler function and ®,, is the n-th
cyclotomic polynomial.

2.2. Algebraic Tori of Dimensions 1 and 2

Theorem 7 [16]. There are only the following one-dimensional algebraic F-tori:

T e r @ T(Fg)
G 1 1 1 ZJ)(g—1)
T,=RY), 2 0 -1 Z/(q+1)

Theorem 8 [16]. There are only the following two-dimensional algebraic Fq-tori:

T e r  ®e GL(M) T(F,)
e, 12 (é 2) @/(a— 1))’
Ty, =13 20 (3 PJ (2Z/(q+1))?

Top=CGmxTy 2 1 ((1) _01> Z)(qg—1)xZ/(g+1)

(?é) 2/(¢ - 1)

1 -1
T?,:Rg}; 30 (1 0) Z)(@®+q+1)
0 -1 )
(1 0) Z/(¢"+1)

(?_f> 2/~ g+ 1)

o3
o
|
=
N
s}
[\]
—_

,_.

=
SN—
W
(@]

&
|
H

&

2
o
o

The paper [16] does not give values of r and T'(F,) that either are obvious or follow from Theo-
rem 6. Besides, in [16] the torus T3 (respectively, Ty) is denoted by T} (respectively, T5). We have
changed the notation, because the extension degree for T3 (respectively, T}) is 3 (respectively, 4).
Also, we will denote the matrix & for a torus T; by @;.

Besides the classification, we need the following fact.

Theorem 9 [17]. All Fy-tori of dimensions 1 and 2 are rational over F,.

2.8. Toric Varieties

We keep the notation of Section 2.1. Let T" be an [Fy-torus and V' a smooth projective [Fy-variety
(of dimension d). We say that V is a toric variety (with respect to T') if it contains 7" as an open
subset and the group operation on 7' can be extended to an action of T on V. It is called split if T
is split. Besides, let V'’ be another toric variety with respect to some torus 7”. Then a morphism
p: V. — V' is called a morphism of toric varieties if its restriction ¢: T'— T" is a homomorphism.
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128 KOSHELEV

Theorem 10. Let V' be a projective smooth Fy-variety with a faithful action of an Fy-torus T'
and an open orbit U. Then T and U are Fy-isomorphic (under the action of T'), and hence V is
a toric variety (with respect to T).

Proof. The orbit U is a T-torsor; hence, T" and U are isomorphic over I, and the variety V'
is geometrically rational. By the theorem in [18, Section 2], it has an Fg-point. On the other
hand, [19, Proposition 4| guarantees the existence of an Fy-point on U, and thus 7" and U are
[Fy-isomorphic. A

Throughout the paper we will use the following notation:
Mr=M®zR, Nr=NQgzR, p(V) =rank(Pic(V)), V=V ®gpec(r,) Spec(Fy),

and TDiv(V) is the set of T-invariant F,-divisors on V. Turning to the standard terminology of
the toric geometry (see, e.g., [2]), consider the following sets:

Poly: Pairs (P,®), where P C My is a full-dimensional smooth convez lattice polytope and @ €
GL(M) is a finite-order matrix such that ¢(P) = P;

Fan: Triples (3,®, D), where ¥ is a projective smooth fan in N invariant under a finite-order
matrix @ € GL(N). In other words, for any cone o € ¥, we have ®(¢) € X. Finally, D is a
(very) ample @-invariant integral combination of rays from ¥;

Split: Triples (V,®, D), where V is a split toric Fy-variety, @ is an automorphism of V' (as a toric
variety), and D € TDiv(V) is a (very) ample @-divisor;

Tor: Triples (V,T,D), where V is a toric F,-variety with respect to an Fy-torus 7', and D €
TDiv(V) is a (very) ample divisor.

It is well known that these sets correspond to each other under the following maps (the split
case is discussed in [2]):

1. The map
Poly — Fan, (P,®)+— (Xp,d' Dp),

where ¥ p and Dp are, respectively, the normal fan [2, Theorem 2.3.2] and integral ray combi-
nation [2, Section 4.2] corresponding to P;
2. The map
Fan — Split, (,8,D) (Vs,®,D),

where Vs is the split toric variety [2, Section 3.1] corresponding to ¥ and @ is an automorphism
of G¢, from Section 2.1 extended to Vi;
3. The map
Split — TOI‘, (Vz, Sp, D) — (VZ@, qu, D),

where
Vg = Vs /9, Ty =Ge /@

are geometric quotients of Vs, and G¢, by the automorphism @. The toric variety V¢ is called
the Demazure model of the torus Tg.

Theorem 11 [12, Sections 1 and 2]. All Fy-forms of Vs (without a toric structure) are toric
varieties, i.e., they look like Vs, g for @ € Aut(X). Besides, for ' € Aut(X) the varieties Vs ¢ and
Vs are Fy-isomorphic (as toric varieties) if and only if the matrices @ and ¢’ are conjugate in
Aut(X). Finally, Vs, and Vs ¢ are isomorphic over Fge.

Conversely, consider a matric @ € GL(N) and the torus Tg. There is a projective smooth fan
in Nr invariant under @. In other words, there is a toric Fy-variety with respect to Tp.
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Py P:D e N
1

b=1 b =-1

Fig. 1. Actions on primitive vectors of the fan Yp:.

Let 2" be the set of invariant cones of ¥ with respect to a matrix @ € Aut(X). Also, for
o € ¥ we denote by o* C Mg the cone dual to o, and by Tg , the torus corresponding to the
restriction of @ to the sublattice M, = —c* No* N M (of dimension d — dim(o)).

Theorem 12 [20, Theorem 1.3.2, Corollary 1.3.6]. There is a natural bijective correspondence
VE,Q”(Fq) = |_| Tsﬁ,o(Fq)-
cex®t
In particular, for an anisotropic torus Ty we have the equality Vs, (Fy) = To(Fy).

Theorem 13 [12, Section 1]. The natural embedding Pic(Vy) — Pic(Vx) is an isomorphism.
In other words, any divisor on Vs, is equivalent to some F,-divisor. At the same time, there is a nat-
ural isomorphism between the Gal(F,/F,)-module Pic(Vx ¢) and @-module Pic(Vx). In particular,

p(Vs.g) = rank(Pic(Vs)?).
Theorem 14 [8, Theorem 4.3.1; 20, Section 1.3]. There is an exact sequence of P-modules
0 - M — TDiv(Vy) — Pic(Vx) — 0;
passing to invariants, we obtain an induced sequence of groups
0 — M? — TDiv(Vz)? — Pic(Vy)? — Pic(Tp) — 0.

Moreover, the group
Pic(Ty) ~ HY(P, M)
is finite, and hence the number of ®'-orbits on X(1) is r(Ts) + p(Va o).

When considering toric codes, we will be interested in the image of TDiv(Vx)? in Pic(Vx)®,
which we denote by TPic(Vy,®). In particular,

TPiC(VE, I) = PiC(Vz).

2.4. Projective Line P! and Toric Surfaces

It is well known that P! is a unique one-dimensional projective smooth toric variety. Let x,y be
its homogeneous coordinates. Prime G,,-invariant divisors on P! are only the points P, = (0 : 1)
and Py = (1:0).

Theorem 15 [2, Example 2.4.10]. The fan of P! and all possible actions on it are represented
i Fig. 1. More precisely,
Aut(Zpr) = (1) ~ Z/2.

Besides, it is clear that
Pic(P') = Z[P,],  TPic(P',~1) = Z[D,,],
where D, , = P, + P,.

From now on we will discuss toric surfaces. We will need the notation V(fi,..., f,) for the
algebraic variety generated by some family of Fy-polynomials fi,..., f,, n € N.
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130 KOSHELEV

Fig. 2. Actions on primitive vectors of the fan ¥p2.

Theorem 16 [21, Section 4.1]. A toric Fy-surface can be obtained by a sequence of blowings up
at Fy-orbits of torus-invariant points starting from Fq-minimal surfaces that are Fq-forms of

1. P2
2. P! x P!,
3. Hirzebruch surfaces Fy, for m > 1;
4. The del Pezzo surface of degree 6 and Picard F,-number 1.
Projective plane P2. Recall that forms of P? (over any field) are called Severi-Brauer surfaces.
According to Chatelet [22, Proposition 4.5.10] and Katz [18, Section 2], we have the following.
Lemma 3. There are no Severi-Brauer surfaces over F, different from P2.

Let z,y, 2z be homogeneous coordinates of P2. It is well known that P? is a split toric surface
and all its prime torus-invariant divisors are the lines L, = V(x), L, = V(y), and L, = V(2).

Theorem 17 [2, Example 3.1.9]. The fan of P? and all possible actions on it (up to conjuga-
tion) are presented in Fig. 2. More precisely,
Aut(Sp2) = (L) x (Pg.) =~ S3.
Finally, it is clear that
Pic(P?) = TPic(P?, &) = Z[L.],  TPic(P? &3) = Z[D,,.],

where D, . = L, + L, + L..

Quadratic surfaces. Consider two different points P;, P, € P? and the line L between them.
Successive blowings up at the points P; and P» and blowing down the proper preimage of L result
in an Fy-surface Q. If P; and P» are Fg-points, then @ is called a hyperbolic quadratic surface H.
Otherwise, i.e., if P; and P are Fg -conjugate, then @ is called an elliptic quadratic surface £.

Theorem 18. First, £ is a unique nontrivial Fq-form of H. Furthermore, there are the follow-
ing Fq-isomorphisms:

H ~ P! x P! ~ V(zy — 2t), E~ RFqQ/Fq (PY) ~ V(zy — Q(z,1)),

where x,y,z,t are homogeneous coordinates of P3, the surface Rqu/Fq (P1) is the Weil scalar re-
striction, and

22 — at? (where a € Fy, Va ¢ Fy) if p#2,
22 + 2t + at® (where a € Fy, Trg, p,(a) =1) if p=2.

Q(Z, t) = {

Proof. The classification of F-forms follows from [23, Lemma 15.3.1; 12, Section 3]. On the
other hand, the existence of isomorphisms is discussed, for example, in [24, Section 2.2.1; 25, Ex-
ample 3.8]. A
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Fig. 3. Actions on primitive vectors of the fan ¥4.

Let 2,y and u, v be two pairs of homogeneous coordinates on P! x PL. The action of G2, on H is
naturally induced from the action of G,, on P!, and the corresponding prime G2 -invariant divisors
are the lines

L, = {P,} x P!, L, ={P,} x P!, L, =P x {P,}, L,=P!' x {P,}.

Theorem 19 [2, Example 3.1.12]. The fan of H and all possible actions on it (up to conjuga-
tion) are presented in Fig. 3. More precisely,

Aut(Xy) = (D4) x (®s,.) ~ Dy.

Note that in geometric terms @9 . is the involution (P, Q) — (Q, P).

Lemma 4. We have F,-isomorphisms (without a toric structure)
H Vs do0 = Ve @4 ExVay @y ™ Vg o4

Proof. It suffices to explicitly realize all toric F,-forms of H. The first part of the lemma is
obvious, because P! x P! is a toric surface with respect to the tori T, and Th;. On the other
hand, by the universal property of the Weil restriction, the action of G,, (respectively, T3) on P!
is transferred to the action of Ts . (respectively, Ty) on RFq2 /F,(P'). Thus, the second part is also
true. A

Finally, it is easily proved that

Pic(H) = Z[Ly] & Z[L,], TPic(H,P2.a) = Z[Dyy| @ Z[Dy,),
TPic(H, Pap) = Z[Ly) ® Z[ Dy ), Pic(€) = TPic(H, P2.c) = Z[Dy.»),
TPic(H,Ds) = Z[Dyy ],
where

Dw,y — Lx + Lyy Du,v = Lu + Lva Dy,v = Ly + Lva Dw,y,u,v = Dw,y + Du,v-
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Fig. 4. Actions on primitive vectors of the fan ¥p_ m > 0.

Hirzebruch surfaces I, for m > 0. These surfaces are defined by the equation

Fy = V(umy - vmm) - P?x:y:z) . P%uv)

The projection f: F,, — P%u: ») is a unique P!-fibration on F,,. It is easily proved that there are no
nontrivial F,-forms for F,, and that I, is a split toric surface. Its torus-invariant prime divisors
have the form

Fu = V(U,.’E), Fv = V('U,y), Y= V(.’E,y), S = V(Fmvz)

The curves F, and F, are fibers of f over the points P,, P, € P!, respectively. On the other hand,
the curves ¥ and S are images of the sections for f with self-intersections —m and m, respectively.

Consider the matrix
1 0
bp,, = (m _1> € GL(M)

and note that it is conjugate to @y if 2 | m and to Po . if 24 m.

Theorem 20 [2, Example 3.1.16]. The fan of F,, and all possible actions on it are presented
i Fig. 4. More precisely,
Aut(Sr,,) = (Ph ) ~Z/2.

Finally, it is easy to check that

Pic(F,,) = Z[S] & Z[F,], TPic(Fy,, Pr,,) = Z[S| ® Z]| D],
where
_JFu At Fy if 2 [ m, D 2F,  if2|m,
m= 2+m2_1(Fu+Fv) it 2t m, " \S—F, if2tm.

It is also worth noting that a divisor r1S + roF,, is (very) ample if and only if r1,79 > 0.

2.5. Del Pezzo Surfaces of Degree 6

In this subsection we will use the above notation for P? and basic facts from [12, Section 3].
Consider the points

P,=(1:0:0), P,=(0:1:0), P,=(0:0:1).

It is well known that simultaneous blowing up P? at these points results in an Fy-surface Dy of
degree 6 and that such a surface is unique over F,. Furthermore, D; is a toric surface, because the
points P, P,, and P, are torus-invariant.
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Fig. 5. Actions on primitive vectors of the fan ¥p, .

Let By, Ey, and E, be exceptional curves associated with the points Py, P, and P;, respectively,
and let L., Ly, and L. be proper preimages of the lines L,, L,, and L., respectively. These six
curves are unique torus-invariant prime divisors on D;. Furthermore, the divisor

Hy=FE,+E,+E.+ Ly +L,+ L.

is anticanonical and gives an Fy-embedding Dy < IPS.

Theorem 21. The fan of D1 and all possible actions on it are presented in Fig. 5, where

he = (—1)Poc = PaPr. Py
More precisely,
Aut(Sp,) = Aut(Sp2) X (Paq) = (Pg) X (P.c) = Dg.
Note that in geometric terms @5, is the standard quadratic transform
P2 - P? (z:y:2)— (yz:zz:iazy)=(zt:yt:27h

lifted to D;.

We will denote by D; (respectively, Dj.) the toric surface Vs, o, (respectively, Vop, @), ,)-
We stress that the surfaces Dy and D5 . are not isomorphic over F,, but they both contain the
torus Ty .. Furthermore, for a toric surface S, let us denote by Bl,, . 4, (S) blowing up S at some
[F-orbits (of cardinalities aq, ..., ay,, n € N) of torus-invariant points. In general, this blowing up,
of course, depends on a choice of Fy-orbits with given cardinalities. According to Theorems 12
and 14 and Fig. 5, we have the following.

Theorem 22. All del Pezzo Fy-surfaces of degree 6 are presented in Table 1. In particular,
D¢ is a unique Fy -minimal surface among them.

From now on we focus on the surface Dg, because toric codes on it seem to have the best
parameters compared to those on other del Pezzo surfaces of degree 6. First of all,

PiC(DG) = TPiC(Dl, @6) = Z[Ho],

and the polygon Pp, with the action of &g is presented in Fig. 6. The following lemma is an
elementary exercise.
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Table 1. Del Pezzo F -surfaces of degree 6.

D ID(Fy)| p(D)
Dy = Bly,1,1(P?) = Bly 1 (H) ¢ +4q+1 4
Dy = Bly(H) @ +2¢+1 3
Ds. = B1172(P2) = Bh,l((c;) q2 +2q¢+1 3
D; .. = Bl(£) ¢ +1 2
D3 = Bl3(P?) P +q+1 2
De P —q+1 1
RN
\\ \\ 1 ‘
\\ 0 \

Fig. 6. The polygon Py, with the action of &s.

Lemma 5. Forr € N, the set
{0,00}u{1<i, 0<j,i+j<r}CcM

consists of representatives of all orbits under the action of $¢ on P.pg, N M. Furthermore, nonzero
points in this set represent orbits of cardinality 6. In particular,

|Prrg " M| =3r(r+1)+ 1.

Let P = {Py, P», P3} be a set of noncollinear [F4-conjugate points on P2 and Q = {Q1,Q2} a set
of different IF,-conjugate points on P2, In particular, these five points are in general position; hence,
we can consider a uniquely defined nondegenerate conic C passing through them. For ¢, € {1,2,3}
(i #j), k € {1,2}, we denote by L; j, M, and N the lines passing through P; and P;, Q1 and Qo,
and P; and Qy, respectively. Furthermore, let

3,2
L= ,Cl,g + £1,3 + £2,3, N = Z Afj,k-

Jk=1

All these geometric objects are presented in Fig. 7.

Since the lines Nj j are conjugate to each other and any toric F,-surface is uniquely defined by
the Frobenius action on its prime torus-invariant divisors, we have the following.

Lemma 6. The surface Dg is obtained by blowing up P? at the orbits P and Q followed by
blowing down the proper preimages M and C of the curves M and C, respectively.

We will denote by B the corresponding blowing-up surface (which is a del Pezzo surface of
degree 4), and by ¢, (respectively, ¢g4), the blowing up (down) map. In other words, we have the
diagram

P? < B £ D,

Next, let

PM :de(M)7 PC:SOd(C)v Soud:SOuOQD;l’
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Fig. 8. Points Py and Fc and curves Ep and Eg,.

and let
L'=L 9+ L3+ L5,

be the proper preimage of £ under ¢,4. Finally, let
Ep = Ep, + Ep, + Ep,, Eq = Eq, + Eq,
be the exceptional divisors associated with P and Q, respectively, and
Ep = (¢a)u(Ep) = By, + Bpy + By, Ef = (¢a).(Eq) = B, + Ep,

(see Fig. 8 for clarity). Note that there are bijective correspondences

Dﬁ\(E;JuE’Q)@W\(MUC)
15(Fq) \ {Prm, Pe} = Dg(F )\{PM>PC}—>P2( g) \(MUC).

The lines N j, are not tangents to C; hence, their proper preimages N & C B do not intersect C

(or M, of course). Therefore, ./\/'j k —> ©d (N k), and we will not make any difference in the notation.
It is easily seen that N are exceptional curves on Dg, and thus

3,2
Ho= Y Nji €Div(Ds) (or Div(B)).
Gok=1
Lemma 7. The set of hyperplane F,-sections on Dg C PS has the form
|Ho| = ¢ya(L) — 2Ep — 3Eq,
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where the incomplete linear system
L=|N-2P -3Q|

by definition consists of plane (possibly reducible) Fy-sextics passing through P with multiplicity 2
and through Q with multiplicity 3.

Proof. Indeed, it is easily proved that
(L) — 2Bp — 3Eq = |¢5(N) — 2Ep — 3Eq| = | Hy| € Div(B),
and hence
¢na(l) = 2Ep — 3Eq = (¢a)« (3, (L) — 2Ep — 3Eq) = (¢a)«(|Hol) = |Ho| C Div(Ds).

For better understanding of direct and inverse images of divisors on algebraic varieties, see, e.g.,
[26, Sections IL.5, I1.6, IV.2]. A

According to the formula in [26, Example V.3.9.2] (a version of the Pliicker formula) for the
genus of an absolutely irreducible curve, one can easily check the following fact.

Lemma 8. The only decompositions into irreducible components for F,-curves from L. are the
following:

6: A sextic with up =2, pug = 3;

5+ M: A quintic with pp = pg =2 and M,

44 C: A quartic with pp =1, pg = 2, and C;

3+C+ M: A cubic with pp = pg =1, C, and M;

2+4+2-C: A conic with pp =0, ug = 1, and two copies of C;

24+2-M+C: A conic with up = 1, ug = 0, two copies of M, and C;

2-C+ M+ 1: Two copies of C, M, and a line;

M+1+4+2+2W: The line M, another line, and two F,-conjugate conics with pp = 1 such that M
s tangent to each of them at exactly one point from Q;

2 +2+2M: A conic and two Fy-conjugate conics as in the previous case;

3-C: Three copies of C;

2-C+2-M: Two copies of C and two copies of M;

L+ 3-M: The lines L; ; and three copies of M;

N: The lines Nj;

Degenerate cases: Other decompositions not containing F-curves different from M and C.

In particular, in all cases there is no more than one absolutely irreducible Fy-curve (of geometric
genus g < 1) different from M and C. Moreover, for this curve we have g = 1 only in cases 6,
54+ M, 4+C, and 3+ C + M with no singular points outside P and Q.

According to Lemmas 7 and 8 and properties of blowing up [26, Section V.3], we obtain the
following.

Corollary 1. A complete classification of hyperplane Fy-sections on Dg C PS is presented in
Table 2.

Corollary 2. For q > 5, every elliptic F,-curve is isomorphic over Iy to some hyperplane
section on Dg C PO.

Proof. On the one hand, the classification of elements from |Hy| (Corollary 1) does not depend
on the choice of point sets P and Q. On the other hand, for ¢ > 5 any elliptic F4-curve K
contains such sets. Indeed, let S be the set of points from E(F,s) that are collinear with their
[F,-conjugates. By the Bézout theorem, the cardinality of this set is bounded by 3(q% + q), because
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Table 2. Classification of hyperplane F-sections on Dg C P°.
Sel H = ¢5(S) — 2B} — 35}, H(E,)| e (H) e (H)
6 0 0
An elliptic curve or a rational curve [9, Theorem 3.3.12]
5+ M . . . . 1 0
with a unique singular point (of mul- or <gq+2,
4+C tiplicity 2) respectively 0 1
3+C+M 1 1
2+2-C A rational curve smooth outside Pag 0 2
24+42-M+C 2 1
and Pc <g4+2
2-C+M+1 =1 1 2
M+1+2+20 Three rational curves smooth out- 3 9
side Pyq and P, two of them being
2 +2+20 F,-conjugate <q+4 2 2
3-C EpL 1 0 3
2.C+2-M Eq 2 2 2
L+3- M L 1 3 0
N Hy 0 0 0
Degenerate cases One or two Fg4-orbits of conjugate <4

smooth rational curves

the collinearity equation for three conjugate points is obviously of degree ¢% 4+ ¢q. Applying the
Hasse bound [9, Section 3.3.3], we see that

|[E(F)\ S| > ¢® —3¢° — [2¢v/q] —3q+1 >0,
|E(F2) \ E(Fy)| > ¢* — 3¢ — |2y/q] > 0,

for g > 5. A

3. TORIC CODES
3.1. Definition and Main Properties

This subsection is based on the result of Sections 2.1 and 2.3. Consider a triple (V, T, D) € Tor
and the corresponding triples (Vx,®, D) € Split, (Pp,®) € Poly. Let ¢: V5 = V be an Fye-iso-
morphism (of toric varieties) and T'(IFq) = {Fo,..., Ph—1}.

The evaluation map

Ev: H'(V,D) - Fy, Ev(f) = (f(R),---. f(Pa1)),
is well defined, because T'N Supp(D) = @. We will assume that the map is injective, i.e., in the
linear system |D| there is no F,-curve that completely contains T'(F,). By definition, a toric code
is the image
Co(V,T,D) = Im(Ev).

It is said to be split if the torus T is split.

We would like to rewrite this definition more constructively. Recall that the usual Frobenius map
on V corresponds (by means of ¢) to the action of @ on Vx. At the same time [2, Proposition 4.3.3],
we have

*

)
H(V,D) = H(Vs, D),  H°(Vg,D) =TF,[{z™ | m € Ppn M}
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Hence, ¢* is an isomorphism of F,-spaces H(V, D), and

L(Pp,®) :=H(Vx, D {Z Cmx™ ‘ cm € Fge, cl, = Cqs(m)}.

Therefore, by Lemma 1, the code Cy(V,T, D) is also equal to the image of the evaluation map
L(Pp,®) — Fy at the points of E,(®), which we continue to denote by Fy, ..., P, 1.

The code C4(V, T, D) is nondegenerate and has no repetitions. Indeed, D is a very ample divisor;
hence, for a basis f1,..., fr of H*(V, D), the map

ep: VPP op(P) = (fi(P):...: fu(P)),

is an embedding. Therefore, Cy(V,T, D) can be defined as an algebraic geometry (Goppa) code
corresponding (in the sense of [9, Theorem 1.1.6]) to the projective system ¢p(T(F,)) without
multiple points. Linearly equivalent divisors define equivalent Goppa codes, and hence we may
assume D to be an effective divisor from TPic(V, ®).

Remark 1. By the definition, the length n and dimension k of a code Cy(V,T, D) are equal to
|T'(Fy)| and |Pp N M|, respectively.
Theorem 23. Let C = Cy(V,T,D) and C' = Cpe(V,G%, D). Then

C = (Cr,@)lg, = (C'lg ), @)

In other words, any toric code C is a result of successive puncturing |9, Section 1.1.6] of the split
toric code C' at the coordinate set Ey(P) and the restriction [9, Section 1.2.3] to F, (or in the
reverse order).

Proof. The right-hand equality is true, because the code operations of puncturing and subfield
restriction are always commutative. The left-hand equality follows from the easily proved relations

C ®Fq qu = C]/Eq(@)7 (O ®Fq FqE) |]Fq = C A

Remark 2. Theorem 23 allows us to think about non-split toric codes as high-dimensional
analogs of BCH codes [9, Section 1.2.2]. However, the idea of considering subfield-subcodes of
toric codes has already arisen in [27].

Let O(my),...,0(m;_1) be all orbits under the action of & on Pp N M, k; = |O(m;)|, and let
{bm}?i:_ol be a basis of the F,-space Fx;. Furthermore, by Try, , we denote the trace map with
respect to the extension I x; /F,.

One can easily prove the following result.

Lemma 9. The set
1—1,k;—1

ki—1
qs DS (my;
{3 urmn)
s=0
is a basis of the Fq-space L(Pp,®P).

From Lemmas 2 and 9 we immediately obtain the following.
Theorem 24. A generator matriz of a code Cy(V,T, D) has the form

i=0, j=0

Tryg,q(bo,0Fo"™) Tryg,q(bo,0P1™) Tryg,q(b0,0P,")
Tryg,q(bo1 Po™) Trig,q(bo1 P™) Trig,q(bo1 Ppy)
Trr, gl Po ") Ty g P ) o Ty Ok Pri'y)
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In the rest of Section 3.1 we will assume that T'(F,) = (P) < Fy. is a cyclic group, Ps = P*° for

0<s<n-—1,and b;; = bgj is a normal basis of Fqki JFq for 0 <i <1—1. A proof of the following
lemma can easily be obtained from that of Proposition 4.1.22 in [9].

Lemma 10. C,(V,T, D) is a simple-root (i.e., p{n) cyclic code.
Theorem 25. The parity-check polynomial of the cyclic code Cy(V, T, D) is

-1 ki—1 ‘
h(z) = H hp-m;(z), where hp-m;(x)= H (z — p~¥'(mi)
i=0 =0

is the minimal (over Fy) polynomial of P~™:.

Proof. By definition, the parity-check polynomial is equal to the quotient of ™ — 1 by the
generator polynomial g. At the same time, g is equal to the greatest common divisor of the basis
polynomials

n—1 )
BZ'J'(QJ‘) = Z Trkivq(bgj Psmi)l‘s.
s=0
Let n;; = ord (P ~1) and
n—1 ni¢—1 .
. : _ =41 ifn;; =1
g, — pmid'-1)ys — T pmia—1)ys _ T i ,
! 820 ( ) Nt g) ( ) 0 otherwise.
In particular, Sg = n = +1. Thus,
kil
—m: J
Bi,j(P mz)_ Zbg St;«éO
t=0

and h(P~™) = 0. Finally, deg(hp-m,;) = k;, and hence deg(h) = k; i.e., we have found all roots of
the polynomial h. A

Recall that a cyclic code is said to be reversible if its generator (or, equivalently, parity-check)
polynomial is self-reciprocal.

Corollary 3. If Pp is a centrally symmetric polytope (i.e., —Pp = Pp), then C4(V,T,D) is a
reversible code.

Among centrally symmetric polytopes, we highlight so-called del Pezzo polytopes, which are
discussed in [19]. At the same time, the theory of cyclic reversible (or, equivalently, LCD) codes
can be found in [10, 28, 29].

3.2. Toric Codes on P! and Some Toric Surfaces

We keep the notation of Section 2.4.
Theorem 26. The codes

RSq(r) = Cq(PlmavrPy)7 PRS,(r) = CCI(PlvTQ? ;Dx,y)

are all possible (up to equivalence) toric codes on P, and their parameters are presented in Table 3.

The code RS,(r) is known as a (punctured) Reed—-Solomon code; PRS,(r) is equivalent to the
so-called projective (doubly extended) Reed—Solomon code, because for even r the divisors rP, and

;Dr,y are equivalent. Moreover, according to Theorem 23, it is a (nonprimitive, non-narrow sense)
BCH code. Finally, the polytope of ;Dr,y is clearly the closed line segment {—;, ;}, hence, by
Corollary 3, the code PRS,(r) is reversible.
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Table 3. Toric codes on P!.

n k d Restrictions Reference
RS, () qg—1 S "o 0<r<qg-1 [9, Section 1.2.1]
PRSy(r) g+1 O0<r<gqg+1,2|r [9, Section 4.4.1

Table 4. Toric codes on P2.

n k d Restrictions Reference
C,(P?,G2%,,rL,) (g —1)* n—r(g—1) O0<r<qg-—1 [4, Theorem 1.3]
(r+1)(r+2) .
C,(P2, To ., 7L,) ¢ -1 9 n—rq 0<r<g [30, Sections 2 and 3]
1
C, (P2, T3, TDWM) +q+1 n—(rq+1) 0<r<q+l, [11, Section 2]

3 3|r

Theorem 27. All possible (up to equivalence) toric codes on P? are presented in Table 4.

The second code of Table 4 is known as a (punctured) Reed—Muller code; the third is equivalent
to the so-called projective Reed—Muller code, because for 3 | r the divisors rL, and ;Dgw,z are
equivalent.

Theorem 28. The codes
2 ™ 2
C = Cq(Hy Gm, TlLy + T2Lv)a Coy = Cq(Ha 154, 9 Dm,y + 9 Du,v)a

T T
C’2.b = Cq(H7 T2.b7 TlLy + 22 Du,v)7 02.0 = Cq(ga T2.ca TDy,v)a C14 = Cq(g, T47 2Dw,y,u,v)

are all possible (up to equivalence) toric codes on quadratic surfaces, and their parameters are
presented in Table 5.

It is easily proved that
Cl = qu("f’l) & qu("f’g), 02.(1 = PRSq(rl) ® PRSQ(T2)7 C2.b = RSQ(Tl) ® PRSQ(T2)7

where ® denotes the tensor (Kronecker) product of codes. At the same time, Cs . is a primitive
narrow-sense BCH code by [31, Proposition 4.2]. Finally, Cy is a reversible code by Corollary 3,
T . T T T T
because the polygon of 2Dm7y,u7v is clearly the closed square {—2, 2] X [—2, 2}.
Lemma 11 [4, Theorem 1.5]. All possible (up to equivalence) split toric codes on Hirzebruch
surfaces B, for m > 0 are of the form

Cq(IE‘m,Gzn,rlS +roFy), where 0 <ry,ro,mri+re<q-—1,
and their parameters are

(r1 + 1)(mry + 2ry + 2)

n:(q_1)27 k= 2 )

d=n—(q—1)(mry +ro).

Remark 3. The author examined non-split toric codes on Hirzebruch surfaces and came to a
conclusion that they are of little interest.

3.8. Toric Codes on del Pezzo Surfaces of Degree 6

We keep the notation of Sections 2.5 and 3.1. Among all del Pezzo surfaces of degree 6, the
surface Dg seems to be the most appropriate for considering toric codes on it, because its splitting
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Table 5. Toric codes on quadratic surfaces.

n k d Restrictions Reference
g—1-m
Ci (g—1)? (>< 1" 12) 0<ri,rm<q—1 [4, Theorem 1.4]
2 (q+1—r1) 0<ry,re <q+1,

Coa (q+1)2 (ri+1)(r2+1) X (q+1—r2) e N [31, Remark 3.2]
T

c (g—1—171) 0<r; <q-1, 2

20 q2—1 X (g+1—r9) 0<rya<qg+1
Ca.c 0<r<gqg—1 [31, Proposition 4.2]
(r+1)? n—r(g+1)
Cy P +1 O<r<gq?2|r [31, Proposition 4.7]

field is the largest. In other words, this surface is “the most non-split.” For comparison, see
non-toric and split toric codes on the surface D; in [32] and [33, Example 5.2], respectively.

Let 5 € FZ@ be an element of order n = ¢> — g + 1, and let Ps = (B,B7). It is clear that
Eq(®6) = (P3) ~ (B)

and Péi’j ) = B34 for (i,7) € M. We also recall that hgi denotes the minimal (over Fy) polynomial
of 8, where 0 <i<n—1.

In the next theorem we use the quantity /Ny(1), i.e., the maximum possible number of Fy-points
on an elliptic curve. It is known [9, Theorem 3.4.49] that

_ Ja+12v4d] if Vg &N, p<g, andp|[2/4q],
Ng(1) = .
q+ [2y/q] +1 otherwise.

Elliptic curves for which the number of F,-points attains N, (1) are called Fy-optimal (Fq-mazimal
if \/q € N). Such curves are interesting in themselves, because algebraic geometry codes on them
are so-called almost MDS codes with rather large lengths [9, Section 4.4.2].

m
Theorem 29. Consider r € N such that rNy(1) < n and for any partition r = Y r; > m (with
r; € N) we have the inequality =1

m(q+1)+ L2\/QJ§:QZ‘ < 1Ng(1), gi =3ri(r; — 1) + 1.
i=1

Then the toric code Cy, = Cy(Ds,Ts,7Hy) has parameters
n=¢—q+1, k=3@r+1)+1,  d>n-—7rNy().

Moreover, if the point Pg in the definition of Cq, is taken as a generator of E4(®s), then Cq, is
a cyclic reversible code with the parity-check polynomial

h(z)=(x—1) H hgi+ja ().
1<4; 0<j
it <r

m
Proof. The length n is obvious. First, we will estimate the minimum distance d. Let D = > C;

i=1
be the decomposition into irreducible (over F,;) components for an arbitrary element of the linear
system |rHy|. The Picard group of the surface Dg is generated by Hy; hence, C; ~ r;Hy, r; € N
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m

and Y r; = r. In particular, the arithmetic genus g; of a curve C; is 3r;(r; — 1) + 1 (see, e.g.,
i=1

[26, Exercise V.1.3]). Therefore, by [34, Proposition 2.3] we obtain

ICi(F)| < g+ 9(C)|2va] +1+gi — g(Cy) < g+ gil2v/q) + 1.

Moreover, if r = m (i.e., r; = g; = 1 for 1 < i <m), then |C;(F,)| < Ny(1) by Corollary 1. Thus,

|D(F,)| < Z |Ci(Fg)| < rNy(1),
i=1

and we get the desired bound on d, since T'(F;) = Ds(F,). At the same time, the dimension k
follows from Lemma 5 and the inequality 7Ny(1) < n.

The cyclicity of C,, is implied by Lemma 10. The polygon P,p, = 7Pp, (see Fig. 6 for r = 1) is
centrally symmetric; therefore, the reversibility of C, , follows from Corollary 3. Finally, we obtain
the desired parity-check polynomial by Lemma 5 and Theorem 25. A

Theorem 29 and Corollary 2 immediately imply the following.

Corollary 4. For g > 5, the code Cq 1 is an [n,7,n — Ny(1)]4 code.

Remark 4. For small ¢ the codes C, 1 have parameters
[21,7,11]5, [43,7,30]7, [57,7,43]s, [73,7,57].

The codes C71, Cg1, and Cy; have already been found (by a non-exhaustive computer search)
in [35-37], respectively. According to the Brouwer—Grassl tables [13], they are the best currently
known for given ¢, n, and k. Thus, it seems that codes C,, (at least for r = 1) are also good enough
for larger values of q.

Remark 5. By Corollaries 1 and 2 and the Deuring—Waterhouse theorem [9, Theorem 3.3.12],
we know all weights of a code Cq 1 for ¢ > 5. In particular, its minimum-weight codewords (up to
multiplication by an element of IF‘;) bijectively correspond to Fg-optimal elliptic curves from |Hp.
However, in this linear system there are many different (as sets) elliptic curves that are Fy-isoge-
nous, i.e., have the same number of F -points. Nevertheless, by the reversibility of any code C,,
for full computation of its spectrum it suffices to solve a system of linear equations derived from
the MacWilliams identity [9, Theorem 1.1.17].
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