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Abstract—Specificities of the theory of deformation interactions in polycrystalline alloys are discussed in this
work. It is shown that, in the continuous approximation, these interactions are completely determined by the
dilatation components of elastic and inelastic strain fields created by the systems of grain boundaries and the
system of impurity atoms. Formulas and estimates for various types of deformation interactions are presented.
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INTRODUCTION

Deformation interactions between the structural
elements of alloys significantly affect their behavior
under many physicochemical and thermomechanical
actions [1–5]. The theory of these interactions for
chemically homogeneous single-crystal alloys has
been developed in detail for quite a long time by vari-
ous authors (see reviews [1–4]).

Polycrystalline alloys have structural features that
significantly complicate the overall picture of interac-
tions in the materials. One of the most important of
these is the presence of an excess volume density field
in polycrystals that appears due to the presence of
grain boundaries. The excess volume significantly
changes the atom and ion density distribution that in
turn, completely determines all the properties of the
electron-phonon subsystem of the alloy that affect the
main channels of interparticle interactions [5–8].

In addition, grain boundaries always cause local
segregations of impurity atoms [6], making the alloy
chemically inhomogeneous. This means that when
determining the physical parameters characterizing the
deformation properties of polycrystalline alloys, certain
refinements should be required. For example, the coef-
ficients of impurity-concentration and vacancy-con-
centration expansion of the crystal lattice of an inho-
mogeneous alloy can become coordinate-dependent
rather than constant as in a homogeneous alloy.

Of no less importance is the study of deformation
interactions in polycrystals in connection with their
effect on the structure of intercrystalline segregations
[9] and a number of other surface phenomena that

determine the kinetics of phase transformations with
the participation of grain boundaries [10].

The aim of this work is a theoretical study of the
dependence of deformation interactions on the excess
volume density distribution within the microscopic
theory of polycrystalline alloys.

1. FUNDAMENTALS OF THE THEORY
1.1. Hamiltonian of a Polycrystalline Alloy

The fundamental principle of applying the meth-
ods of statistical physics to the theory of alloys is that
the results of theoretical calculations should always be
represented as statistical averages over an ensemble of
atomic systems that takes into account all significant
random deviations of the structure of alloys from their
average values. In thermodynamic equilibrium, the
probability distribution of these deviations is com-
pletely determined by the Hamiltonian of the alloy.

For example, consider the Hamiltonian of a double
substitution alloy A–B with a simple cubic lattice. The
atoms of the basic element is denoted by symbol A,
and the impurity atoms, by symbol B. A generalization
of the theory to the case of complicated crystal lattices
with an arbitrary basis does not cause fundamental
difficulties [1]. In the approximation of central pair
atomic interactions, this Hamiltonian is usually writ-
ten in the following form [1–3]:
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Here,  {I, J = A, B} are the interaction
potentials of an atom of species I located at a point 
of a cell n of the crystal lattice with an atom of species
J located at a point  of a cell  and H0 is a constant
independent of the positions of the atoms, but includ-
ing their proper energies. The summation in expres-
sion (1) is carried out over all lattice cells of the poly-
crystalline alloy. We have if an atom of species I
is at the point  and  otherwise. For a substitu-
tion alloy without vacancies, at each site, we have

(2)

The operators  at any m-th site of the lattice can
take random values 0 and 1. The radius vector

(3)
depends on the function  that defines the dis-
placement of the atom from the equilibrium position
in the cell of the ideal lattice of the base metal. This
displacement characterizes the elastic component of
the strain field generated by all defects in the crystal
structure of the alloy.

The presence of grain boundaries and dislocations
in the alloy also suggests the presence of irreversible
deformations associated with the displacement of the
positions of the unit cells of the crystal lattice relative
to their positions in the ideal lattice [8].

Expression (1) has several significant drawbacks.
First, it does not correspond to the complete set of
microscopic states of the atomic system of alloys and,
therefore, cannot serve as the basis for a statistical
description of their properties. The point is that the
operators  determine the positions of atoms at the
point  with a probability equal to unity. However, in
reality, the point  corresponds only to the average
position of the atom, in which it spends most time in
thermal vibrations that always exist in the alloy at
finite temperatures.

The statistical description assumes that the real
positions of atoms should be determined by calculat-
ing the probability density  of the position of an
atom of species J in a cell number n. We define it as
follows:

(4)

Here,  is a continuous positive-definite func-
tion localized in a region  occupied by the atom in
the cell n, with the normalization:

(5)

where V is the volume of the alloy.
Another drawback of expression (1) is that the

operators  are not related to the impurity concentra-
tion distribution that is the main characteristic of the
structure of any alloy. However, the use of the func-
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Îc n

nr
nr

( )Jp n r

{ }= =−ˆ( ) c ( , .),J J J J A Bp fn n nr r r

−( )Jf nr r
Ωn

{ }− = = , ,( ) 1,J
V

A Bd Jf nr r r
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tions  makes it possible to correctly pass in
expression (1) from the operators  to physically
well-defined continuous microscopic fields of atomic
density and impurity concentration, describing f luc-
tuations of the main structural parameters in the com-
plete statistical ensemble of the alloy [11].

Thus, using expressions (4) and (5), we can define
the microscopic density distribution of atoms of spe-
cies J by the expression

(6)

In this notation, the Hamiltonian of the alloy is
represented in the following form:

(7)

where

(8)

(9)
is the energy of effective chemical interaction of impu-
rity atoms surrounded by atoms of the base metal,

(10)

(11)
is the density of nodes in the alloy lattice, and

(12)

is the microscopic impurity concentration.
The macroscopic distribution of the impurity

concentration is defined as the statistical average of
quantity (12) over the Gibbs ensemble with Hamilto-
nian (7) [11]:

(13)

The upper sign “~” in the potentials in (7)–(9)
means that they coincide with the corresponding
interatomic potentials at  and are equal to zero
at  [1]. We neglect the dependence of atomic
potentials on  and .

1.2. Continuous Approximation
The analysis of model (7)–(13) in the coordinate

system S0 associated with the ideal lattice of the base
metal encounters significant mathematical difficulties
due to the fact that the crystallites of the polycrystal
are randomly mutually misoriented. We will therefore
consider a number of transformations that bring this
expression to a form more convenient for calculations.

It is customary to study the structure of irreversible
(plastic) strain fields in the continuum approximation
[12]. A possible method for constructing a continuous
model is as follows.
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Fig. 1. (a) Atomic structure of unrelaxed {210} tilt grain
boundary in a simple cubic lattice between crystallites K1
and K2. (b) Steps formed by elementary cells of crystallite K1.
(c) Steps formed by the unit cells of the K2 crystallite.
Explanations are given in the text.
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We replace the unknown function  in for-
mula (7) by the expression

(14)

As a result, we obtain a model of the alloy in which
the matrix of the base metal is replaced with a contin-
uum, the elastic properties of which coincide with the
macroscopic elastic properties of the crystal lattice of
the metal. The impurity atoms are randomly distrib-
uted over the entire volume of the polycrystal, as in the
lattice version represented by formula (1).

In such a continuum, the chaotic misorientation of
crystallites is quantitatively characterized only by
changes in the density of the nodes  in the crystal
lattice of the polycrystal in comparison with the den-
sity of the nodes  in the ideal lattice of the base
metal:

(15)
In the coordinate system S0, the density of nodes of

the crystal lattice in the bulk of all crystallites is equal
to the density of nodes n0 of the ideal lattice (see
Fig. 1a). Thus, the quantity  is nonzero only at
the points of mating of misoriented undeformed crys-
tallites. Hence,  is uniquely determined by the
excess volume density distribution  introduced
into the polycrystal by unrelaxed grain boundaries (see
Appendix):

(16)

Here,  is the volume of a polycrystal in a small
neighborhood of the point r in the absence of an elas-
tic field, and  is the volume of an ideal lattice with
the same number of atoms A. The effect of dislocations
on  is negligibly small [7, 8] and is not considered
further. From (15) and (16), we find

(17)

1.3. Elastic Strains in the Alloy
To determine the elastic displacements , we

expand expression (7) in a Taylor series in  in the
quadratic approximation. Taking into account expres-
sions (15)–(17), we obtain
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Here,
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is the elastic energy of the ideal lattice of pure metal A,
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strain tensors, respectively, (i, j = 1, 2, 3); the repeated
subscripts in formula (19) and henceforward mean the
summation;

(20)

is the energy of the unrelaxed system of boundaries
(for compactness of formulas, the difference of argu-
ments in the potentials is suppressed);
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is the total energy of effective chemical interaction of
impurity atoms;

(22)

is the energy of chemical interaction of the system of
grain boundaries with the impurity subsystem of the
alloy, caused by changes in the atomic density at the
boundaries;

(23)

is the energy of the elastic field in the system of grain
boundaries and impurity atoms. The subscript j in the
potentials after a comma means the differentiation
with respect to xj.

Formulas (18)–(23) were obtained within the lin-
ear theory of elastoplastic deformations, taking Vegard
law [1] into account. The nonlinear version of the the-
ory is more cumbersome, but does not cause any fun-
damental difficulties. Equating to zero the variation of
expression (18) with respect to elastic displacements,
we obtain the equation for the mechanical equilibrium
of the alloy:

(24)

Relationships (18), (23), and (24) allow us to make
a number of general statements that do not depend on
the model of an elastic medium. Multiplying scalarly
Eq. (24) by the displacement vector, after the integra-
tion over the volume, we obtain

(25)

With the help of the divergence theorem [4], expres-
sion (23) is transformed to

(26)

The functions  and  are related to the
elastic and inelastic local variations in the volume of
the alloy, respectively. Thus, expressions (15) and (26)
imply that, in the continuum approximation, the
interactions of the main types of defects in polycrystals
occur only with the help of dilatation deformation
fields.

Expressions (15)–(22), (25), and (26) and the
solutions of Eq. (24) with the boundary conditions
uniquely determine all types of deformation interac-
tions within the continuous model of polycrystalline
alloys.
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2. ISOTROPIC MEDIUM MODEL
Despite the fact that many alloys in the single-crys-

tal state exhibit the properties of elastic anisotropy,
their polycrystalline analogs, as a rule, do not possess
such properties [6]. It is therefore of considerable
interest to study the features of deformation interac-
tions within the model of an elastoplastic isotropic
body. In this case, Eq. (24) is greatly simplified and
allows exact analytical solutions.

Indeed, in an elastically isotropic medium,
(27)

Here, λ and μ are the Lamé coefficients [3, 7] and Δ is
the Laplace operator. Under the condition (27),
Eq. (24) has an exact solution for an elastic dilatation
field in an unbounded medium:

(28)

 Substituting this quantity into formu-
las (18), (25), and (26), we obtain the exact expression
for the Hamiltonian of a polycrystalline alloy in the
isotropic approximation:

(29)
Here,
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is the total energy of an elastically relaxed system of
grain boundaries,

(31)

is the potential of elastic interaction of elementary
fragments of grain boundaries,

(32)

is the elastic energy of interaction of the system of
boundaries with the impurity subsystem of the alloy,

(33)

is the elastic interaction potential of an elementary
fragment of the grain boundary with an impurity
atom,

(34)

is the elastic energy of interaction of atoms in the
impurity subsystem of the alloy, and

(35)

is the potential of elastic interaction of impurity atoms.
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3. DISCUSSION OF THE RESULTS
3.1. Lattice Representation

Formulas (29)–(35) can be written in the lattice
representation. Let us show this using expressions (34)
and (35). Taking into account relationships (2)–(6),
assuming in the summation that ,
we obtain

(36)

(37)

These representations make it possible to separate
in the total elastic energy (36) of the impurity subsys-
tem the terms associated with the elastic self-action of
impurity atoms, 

(38)

(39)

The Fourier transform of the potential  is

(40)

where  is the Fourier transform of the potential

3.2. Concentration Expansion of Alloys

After statistical averaging of the second term in for-
mula (28) over the Gibbs ensemble and using defini-
tion (13), we find the statistical averaged distribution
of the dilatation created in the alloy by the impurity
subsystem:

(41)

The volume average of this quantity is

(42)

Taking into account that the experimentally mea-
sured impurity expansion coefficient of a chemically
homogeneous alloy is determined by the formula

 [1], we obtain

(43)

In the analysis of the deformed state in chemically
inhomogeneous alloys, it should be taken into account
that there is a spectrum of impurity expansion coeffi-
cients. Indeed, passing in formula (41) to the Fourier
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components of the corresponding functions, we
obtain

(44)

Here, k is the wave vector, ck is the amplitude of the
concentration wave [1, 2], and  and 
are the Fourier transforms of the functions 
and , respectively. Note that concentration
waves are defined formally, only as terms of the Fourier
series of the concentration field  This definition is
not related to any physical processes in alloys [2].

Formula (43) can be represented as

 This definition makes it pos-

sible to introduce for each concentration mode its own
volume expansion coefficient by the formula

(45)

The physical meaning of the coefficient  is that
this coefficient, rather than the coefficient  deter-
mines the dilatation field distribution created by the
concentration mode ck in the r-space:  =

The quantities  may be considered as Fourier
transforms of the local concentration expansion coef-
ficient of the lattice,

(46)

that depends on spatial coordinates.
A vacancy in a chemically pure metal can also be con-

sidered an impurity atom. In this case, formula (43) will
determine the expression for the vacancy expansion
coefficient of the lattice:

(47)

3.3. Volume Expansion of Polycrystals

The first term in formula (28) shows that grain
boundaries can also affect the crystal lattice parame-
ters due to the elastic deformation they generate in the
bulk of the material:

(48)

The volume average of this quantity, taking into
account formula (47), is equal to:

(49)

Here,  and  is the excess volume of the
alloy with unrelaxed boundaries.
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The total excess volume of the polycrystal consists
of the unrelaxed and elastic parts:

(50)

For metals,  [3]. In a unit volume of
nanocrystalline Fe with a grain size D ≈ 10 nm, the
total area of the grain boundaries per unit volume of
the material is  The mean excess volume per
unit surface area of the grain boundary is  ≈ 0.064a

[13]. Hence, we find  ≈ 4.8 × 10–3 and
 ≈ 2.4 × 10–3. This estimate is in good agree-

ment with the experimental data on the change in the
lattice parameter in nanocrystalline iron, given in [14]:

 = 0.9 × 10–3 ≈  = 

On the other hand, it is known that measurements
of the impurity concentration in nanomaterials are
mainly performed using X-ray data on variations in the
crystal lattice parameter. For D ≤ 3–5 nm, the quantity

 can take the values  ≈ (1–2) × 10–2 [8]. Since, for
substitutional alloys, α ≈ 10–2 [1], this means that, for
any value of impurity concentration c0, the changes in
the lattice parameters of the alloy introduced into
nanomaterials by the grain boundaries can be compa-
rable to changes introduced by impurities. At unlike
signs of the effects of impurities and the grain bound-
aries on the expansion of the lattice, the lattice param-
eter can have nonmonotonic behavior in the experi-
mentally observed grain size reduction processes [15].
Similar effects can arise under the action of impurity
on the structure and excess volume of the grain
boundaries.

3.4. Estimating the Range of Elastic Interaction 
of Impurity Atoms

Formulas (35)–(40) show that the elastic interac-
tion of point defects is determined by the nonlocal
potential  =  the value of which in
an isotropic medium depends on the distance 
This potential is a convolution of the potentials

 entering in formula (35).
Using the Morse potentials as an example, it can be

shown analytically that the radius of action of the con-
volution of potentials cannot be smaller than the min-
imum radius of the action of one of the potentials
entering into it. This means that the radius of action of
the elastic potential  is the same as that of
the potential 

Let us therefore pay attention to the fact that inho-
mogeneous dilatation  created by a point defect
always causes additional shear stresses, the range of
which can be much larger than the range of atomic
potentials [3]. However, shear stresses do not contrib-
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ute to the interaction energy of impurity atoms and
therefore do not affect the radius of their interaction.

3.5. Estimation of the Magnitude 
of the Elastic Interaction of Impurity Atoms

Estimating the elastic interaction energy of impu-
rity atoms in interstitial alloys [1] is of greatest interest
for researchers. It can be carried out in the long-wave
approximation by setting  and

 in formulas (34) and (35). Then
 ≈ 

From the inequality  that
is satisfied well for the Morse potentials, we find

(51)

(52)

Here,  and  are the atomic density and the heat
of vaporization of a unit volume of chemically pure
substance B, respectively.

This expression should be compared with the
energy of effective chemical interaction of impurity
atoms in chemically homogeneous interstitial alloys.
Replacing  with  in formula (21), we obtain

(53)

This result is in good agreement with the estimate
given in [1].

In interstitial alloys, α0 ~ 1 [1] and  ~ 1 [6], and
it can be assumed that  Hence, the quantity

 can take equal and even greater values than .
This means that the elastic interaction of impurity
atoms in interstitial alloys is not only comparable in
magnitude with their direct chemical interaction, but
can be stronger.

The same data on elastic and chemical interactions
of impurities in real alloys are given in [1]. This allows
us to conclude that the isotropic part of the elastic inter-
action of point defects, represented by formulas (34)–
(40), makes the main contribution to the deformation
interaction of impurities in real alloys.

3.6. Energy of Interaction of Boundaries

Let us consider the expression for the interaction
energy of two plane-parallel grain boundaries. From
formulas (20) and (30), we find:
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Here, superscripts 1 and 2 mark the distributions of
the specific excess volume at the first and second
boundaries, respectively, the variable z is equal to the
distance between the planes, the vectors  and  lie in
the mismatched planes of boundaries 1 and 2, respec-
tively, and Hi is the thickness of the ith boundary (see
Figs. 1b and 1c) {i = 1, 2}.

The first term in (54) describes the direct chemical
interaction of the boundaries, and it is always negative,
since at distances  For the same rea-

son, the potential  is positive (see formula (31)).

Since the mean values of  (j = 1, 2) are also pos-
itive, w1, 2(z) < 0. Thus, the interaction of the boundar-
ies reduces the total energy of the system of grain
boundaries. As z → 0, the interaction of the boundar-
ies becomes stronger; therefore, the total energy of the
parallel boundaries will decrease with decreasing dis-
tance between them.

In conclusion, it should be noted that the main
result of this work is that the potentials of deformation
interactions of structural defects of polycrystalline
alloys in it have been represented explicitly for the first
time via simple functional dependences on the excess
volume density distribution, the field of microscopic
concentration of impurities, and real potentials of pair
interatomic interactions.

This made it possible to reveal a number of import-
ant features characterizing deformation interactions
within the isotropic continuous model that most ade-
quately simulates the structure of polycrystalline
alloys. They include the existence of nonlocal elastic
and inelastic interactions in all elements of the defect
subsystem of the alloy and the presence of functional
dependences of the main parameters of volume
expansion on the potentials of interatomic interactions
of chemical components of the alloy.

The dependence of the results on the microscopic
concentration field makes it possible to construct a
complete statistical ensemble for an isotropic contin-
uum and explicitly take into account the effect of f luc-
tuations of strain fields and their interactions on most
processes of structural and phase transformations in
polycrystalline alloys without imposing significant
restrictions on the smoothness of the distributions of
the macroscopic impurity concentration 

CONCLUSIONS

(1) Deformation interactions in polycrystalline
alloys significantly depend on the distribution of
excess volume in the system of grain boundaries.

(2) In polycrystalline alloys, the volume expansion
coefficients of the crystal lattice can depend on the
spatial coordinates.

ρ 'ρ

> ≤�, ( ) 0.AAr a W r

�

el ( )ggw r

ε( )( )j

V r

( ).с r
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(3) In nanocrystalline alloys, volumetric changes
caused by the system of grain boundaries can be com-
parable with volumetric changes from impurities.

(4) The isotropic part of the elastic interaction of
point defects makes the main contribution to the
deformation interaction of impurities in real alloys.

APPENDIX

EXCESS VOLUME OF BOUNDARIES
Let us consider the excess volume density distribu-

tion  for a single unrelaxed plane special bound-
ary with the tilt {n10},  (Fig. 1а) [13]. The
boundary connects crystallites K1 and K2 along the
planes A1 and A2. In Fig. 1b, the shaded square abcd

shows the volume occupied by an atom in an ideal lat-
tice. Therefore, the broken line  is the upper
boundary of crystallite K1 and the line  is the
lower boundary of crystallite K2 (Fig. 1c). Hence, the
distribution of excess volume per 1 m2 of the boundary
is determined by the difference

(55)

From definition (16), we find

(56)

Here, H is the width of the zone of irreversible volume
changes. The form of functions  and  on the
length of the period l for boundaries with an inclina-
tion angle θ and a relative displacement of crystallites
by an arbitrary vector  (y0 is the distance
between planes A1 and A2, Fig. 1a) is determined by the
formulas (see Figs. 1b and 1c):

(57)

(58)

Here,  is the mean excess volume per 1 m2 of
the unrelaxed boundary (see Fig. 1c) [13].
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