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1 1. INTRODUCTION

When metals and alloys were hot�deformed, the
process conditions such as temperature and strain rate
cause a slight difference in the mechanical properties
of the final product. Especially during hot working, the
deformation of metals such as copper or austenitic
steels with low stacking fault energies involves both
diffusional flow and dislocation motion [1, 2]. Since
the true stress–true strain relationship depends on the
strain rate, the multiple peaks on the stress�strain
curve decrease as the strain rate increases, and the
stress rises to a single peak at a high strain rate. Grain
refinement produced by dynamic recrystallization
(DRX) is important under hot strip rolling and other
tandem mill conditions. The strain is accumulated
from pass to pass until it attains and exceeds the criti�
cal strain for dynamic recrystallization. As Goetz [3]
revealed, dynamic recrystallization and dynamic
recovery compete with each other in reducing the dis�
location densities produced through plastic deforma�
tion during hot working. For metals and alloys with
high stacking fault energies such as Al and Ni,
dynamic recovery via easy cross slip or climb is suffi�
cient to reduce dislocation densities below the level for
the onset of dynamic recrystallization, and thus the
stress�strain curve, depending on the initial grain size,
displays zero or a single peak before the stress reaches

1 The article is published in the original.

its steady�state value [4]. For alloys with low stacking
fault energies, however, the stress�strain behavior
depends on the strain rate. Both the cross slip and
climb differ due to large stacking faults, and this in
turn reduces the rate of dynamic recovery. It is under�
stood that dynamic recovery is responsible for the
stress�strain behavior with zero or a single peak,
whereas dynamic recrystallization affects an oscilla�
tory nature. At a low strain rate, there is sufficient time
for the recrystallizing grains to grow before they
become saturated with high dislocation densities. With
an increase in strain rate, the difference in stress
between the recrystallized grains and the old grains
diminishes, resulting in reduced driving force for grain
growth and rendering smaller grains in the alloy [5].
The aim of the present study is to investigate the criti�
cal kinetic condition for the initiation of dynamic
recrystallization during deformation, which includes
reviewing previous micro physical models that address
the relationship between recrystallized grain size and
flow stress.

2. THEORETICAL APPROACH

2.1. Deformation Dynamics

The energy dissipated during deformation is usu�
ally assumed to be approximately equal to the amount
of heat released. However, these quantities are not
equal. The difference is small, but it plays an essential
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role in plastic deformation. From a microscopic per�
spective, two concurrent groups of processes are
responsible for the formation of the substructure dur�
ing deformation [6]. The first group involves the cre�
ation and accumulation of dislocations, which can be
quantities in terms of the stored energy. The second
group of processes includes the various relocation pro�
cesses involved in the motion, rearrangement, and
annihilation of lattice defects. The two groups of pro�
cesses are complementary because an increase in the
rate of annihilation results in a decrease of the stored
energy and vice versa [7]. A sufficient difference in
stored energy is observed between the volume within
the nucleus and the surroundings: these differences
increase with higher strain and lower recovery. More�
over, this requirement is much greater for growth
under dynamic conditions than under static condi�
tions because the continuing straining generates a sub�
structure behind the migrating boundary [8].

At a constant temperature, the strain required to
attain this critical difference increases with increasing
strain rate σ in the hot working range (10–3 ~ 103 s–1).
In contrast, in the creep range (10–8 ~ 10–3 s–1), the
strain required increases with decreasing strain rate,
because the problem is no longer the accumulation of
a substructure in the growing grain, but the insufficient
substructure outside the grain [9]. The aim of the
present study is to investigate the critical kinetic con�
dition for initiation of dynamic recrystallization dur�
ing deformation, which includes reviewing previous
microphysical models that generally address the rela�
tionship between recrystallized grain size and flow
stress; micro�structural evolution at low strain rates is
non�uniform but becomes progressively uniform as
the strain rate increases. Let us consider a ductile poly�
crystalline phase such as copper or aluminum, capable
of storing a form of mechanical energy. In a temporal
sense, the conditions of instability during local defor�
mation may be given by

(1)

where P is the compressive load and S is the surface
area of a tested material; the rate of change in P is

dP = dS + Sdσ. (2)

At a constant P, which means dS = –Sdσ, and
according to the relation, which is a consequence of
that in any case the differentials (positive by definition
in contrast to mere changes Δ in surface area and com�
pression deformation) dS and dσ are of opposite
senses because of the volume conservation,—

(3)
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(4)

where  is the conventional strain hardening rate. It

can be represented as a function of the engineering
strain 

(5)

where  =  =  – 1. Obviously,

(6)

(7)

Thus, using (3), (4), (6), and (7), we obtain

(8)

and, finally,

(9)

Equations (9), as well as (4), is typical of the defor�
mation development at dP = 0 that precedes the
moment of the possible start of dynamic recrystalliza�
tion (and shows no specific features that we are going
to deal with). Figure 1 shows the critical strain 
(note that the onset of dynamic recrystallization dur�
ing hot deformation occurs when εc is reached). In
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other words, the dynamic events are the micro�struc�
tural changes that occur during the deformation [10].

In this work, various predictive models are utilized
for modeling a stress�strain behavior. The approach is
characteristic of the critical strain for nucleation for
recrystallization and a delay time due to diffusion
taken into account in terms of critical strain.

2.2. Stress�strain Curve with Multiple Peaks

Hot working is a thermo�mechanical process that
involves features of both diffusion flow and dislocation
motion. If an insulation time is needed for the nucle�
ation of new recrystallizing grains, for the climb of dis�
locations or some other event, the ongoing of recovery
might depend on the deformation state at an earlier
time and annealing temperature. When considering a
ductile polycrystalline phase such as copper or alumi�
num capable of storing a form of mechanical energy,
the flow stress depends on average dislocation density
and evolution of dislocation format during deforma�
tion. According to Kocks [11], dislocation density (ρ)
with respect to true strain (ε) may be given by

(10)

where K1 is the rate of dislocation storage, K2 is the rate
of dislocation recovery. As is known,

(11)

where α is a materials constant, μ is the shear modu�
lus, and b is the abs. value of Burgers vector.

The Eq. (10), with taking into account (11), can be
converted to an equation for the rate of change in
stress σ with respect to strain ε, namely,

(12)

dρ
dε
����� K1 ρ K2ρ,–=

σ αμb ρ,=

dσ
dε
����� 0.5αμbK1 0.5K2σ.–=

At the steady stage of flow, when  = 0, the

steady�stage stress becomes

This means that the recovery occurs instanta�
neously and the magnitude of softening depends only
on the stress at ε. Therefore, from Eq. (12) one is
allowed to expect that an insulation time (t) can be
related to an insulation strain (εn) in the case that mul�
tiple peaks are not observed in the stress�strain curve
under deformation at a constant strain rate ( ). That
is, the influence of an insulation strain on the stress�
strain relationship involves a number of forms [12],

(13)

where ε1, ε2, and ε3 are insulation characteristics of the
alloy recovery process. For a single delay strain (εn),
stress�strain variation is described by the steady�stage
stress function (θ) and steady�stage stress (ω):

(14)

In the limit of εn = 0, Eq. (14) becomes identical to
Eq. (12), with

(15)

This equation can be solved numerically by using
the same initial condition

 (16)

Substituting (16) into (14), with (15) in mind, gives

(17)

which after integration yields

(18)

For the next iteration, Eq. (14) (to be integrated at
εn < ε < 2εn) becomes

(19)

where the steady�stage stress ω can be considered as a
functional parameter implicitly dependent on the
experimental strain rate  i.e., ω = ω( )… And so on,
ad infinitum.

The flow stress behavior of the DD equation is pre�
sented in Fig. 2, where ω varies from 3, 2, and 1.5 to 1
for a case with θ = 4, εn = 0.3, and σ0 = 0. Figure 2
shows that the flow curve begins to oscillate at a low ω,
and the number of stress peaks increases with a
decrease in ω. Regardless of the oscillation, the stress
approaches a steady�stage value set equal to ω. A sta�
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Fig. 2. Stress�strain relationship according to the solution
of a delay differential equation (DDE).
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bility analysis shows that when λ = (θεn/ω) ≤ (1/e) =
0.37, the stress σ increases monotonically from σ0 to

σss = ω. When 1/e < λ <  = 1.57, the stress displays an

oscillatory behavior with decaying amplitude; at λ =

 the oscillation becomes perpetual with a period

equal to 4εn. In Fig. 2, λ is equal to 0.4, 0.6, 0.8, and
1.2 for ω = 3, 2, 1.5, and 1, respectively. In rheology
theory, Eq. (14) with εn = 0 describes the stress�strain
relationship for a linear spring dashpot model, in
which θ becomes the spring constant and ω is equal to
3 η  where η is the viscosity of the dashpot [1]. For
hot working, θ represents a high temperature modulus.
For an alloy with low stacking fault energy, the low
strain rates provide adequate time for the recrystalliz�
ing grains to grow before they become saturated with
high dislocation density [13]. Thus, the final average
grain size at the steady stage (large strain) increases
with a decrease in the strain rate ( ).

Table shows the chemical composition of 99.92%
electrolytic copper. True stress�strain curves of elec�
trolytic copper B (B means that Cu B has 46 ppm of
oxygen) obtained at 650 and 850°C and at different
strain rates [14] are shown in Figs. 3a and 3b.

In Fig. 3a, the strain rate below 0.03 s–1 exhibited a
peak during initial deformation followed by steady
stage flow. At a strain rate lower than 0.01 s–1, multiple
peaks occurred before the steady stage was reached. At
strain rates higher than 0.1 s–1, the curves exhibited a
strain hardening feature. On the other hand, in the
higher temperature range of 750–950°C, the flow
curves exhibited softening at all strain rates (typically
shown for 850°C in Fig. 3b).

The beginning of dynamic recrystallization
(noticeable softening after the peak stress) was first
noticed on the hot flow curve at 650°C and 0.03 s–1 for
electrolytic copper. Subsequent peak stresses after the
maximum stress peak (cyclic or multiple peak
dynamic recrystallization) were noticed at the slowest
strain rate at 850°C on the hot flow curve (see Fig. 3b).

Dynamic recrystallization was only of single peak
type at the highest strain rates (0.3, 0.1 s–1) at these
temperatures, which is a general feature typical of the
dynamic recovery case. Figure 3 shows the stress�
strain curves obtained from the experimental test and
the critical (delay differential equation) data [14]. It
seems fair to conclude that the DD equation shows
most of the basic physics associated with the flow
behavior of metals and alloys during hot working,

π
2
��

π
2
��,

ε· ,

ε·

especially of metals and alloys with low stacking fault
energies [14]. Clearly, further testing of the model is
needed for improvement.

2.3. Dynamically Recrystallized Microstructure

In order to describe the microstructure evolution,
the main input parameters of the models are the defor�
mation parameters (ε,  T), the pauses parameters
(t and T), and grain size (D). The output parameters
include the recrystallization fraction X, the time t0.5

(strain ε0.5) for 50% recrystallization, and the critical
strain εc, etc. [15].

However, the integration of the recrystallization
model into the flow stress based on the dislocation
theory is hampered by different types of recrystalliza�
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tion. From Johnson–Mehl–Avrami theory [16], the
recrystallization in a two stage process is considered,
which consists of the nucleation and the grain growth.
The nuclei are meant to occur only during deforma�
tion. Then, the difference between a dynamic recrys�
tallization (DRX) and other types of recrystallization
was in the fraction of the new grain while incorporat�
ing deformation data. The final microstructure after
0.80�t strain was refined for electrolytic coppers, even
though some coppers were subjected to multiple peaks
in the DRX. The micrograph of Fig. 4 shows the final
microstructure after hot compressing from 650 and
850°C at different strain rates. The micrographs at a
lower temperature and higher strain rates show incom�
plete DRX, even though the onset of DRX from the
hot flow curve was not evident. The dynamically
recrystallized grain size was smaller as the strain rate
increased. For example, by observing the micrographs
in Fig. 4, it can be seen that the microstructure is finest
for 0.3 s–1 and is coarsest for 0.001 s–1. Therefore, for
the conditions under which the complete DRX takes
place, a coarser microstructure was the typical trend as
the strain rate was slower.

Introduce the constant β, which is dependent on
temperature and grain size. Subgrain boundaries pro�
duced during hot working are strain rate sensitive and
thus the average subgrain size may increase with
increasing strain at a certain strain rate. Taking tem�
perature effects into consideration, we utilize a creep
power law type and write

(20)

where A is the dimensional ([σ]) pre�exponential con�
stant, Q is the activation energy for self diffusion, m is

ω Aε· m mθ
RT
������⎝ ⎠
⎛ ⎞exp βε· m

,= =

the strain rate sensitivity, and β represents (as was
mentioned above) dimensional ([σ]) constants whose
values depend on temperature and grain size. It is
obvious that lnω = lnβ + m ln  = lnσss, where accord�
ing to (15)

Thus, for the flow stress at the steady stage (ss),
(with deleted but implied sub indices “ss”) we have

σ = β  In going to differentials in the equation
lnσ = lnβ + mln  namely, d lnω = md ln  we obtain
for m the expression

(21)

thus, m can be determined as the slope of a logarithmic
plot of the measured stress versus strain rate. Keeping
in mind an expression for the strain rate in the disloca�
tion creep

(22)

where K3 is the material constant and n is the grain�
size�insensitive (GSI) power law exponent constant
(both determined from (20)), for the dependence of
the recrystallized grain size D on the flow stress at the
steady stage, one can obtain [17]

(23)

where K4 is the material constant, m is determined
in (21), and ΔQ is proportional to the difference
between the activation energies for the bulk and the
grain boundary diffusion.

The development of a steady stage subgrain struc�
ture involved a dynamic balance between the flux of
dislocations gliding and climbing into subgrain walls
and the climb controlled annihilation of dislocation at
the nodal point in the subboundary network [17].
Accordingly, the relationship between the subgrain
size ds and flow stress ω at a steady stage is determined
by the product of dislocation generation rate and
mean slip distance, and by the climb velocity in the
subgrain wall. The flux term is directly related to the
creep behavior of the material, whereas the nodal
annihilation term embodies the diffusivity for climb in
subboundaries. Figure 5a shows grain size reduction
by dynamic recrystallization or grain growth on the
stress�strain curve for 6/4 Brass at 600°C from
McQueen and Baudelet [18]. Associated with this
evolution, a balance is required between grain size
reduction and grain growth, at a reduced stress com�
pared with the flow stress required for dislocation
creep without recrystallization at the same strain and
temperature. In Fig. 5b, the high temperature stress�
strain curve with a clean peak followed by weakening
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Fig. 4. (a) After 650°C, 0.3 s–1 and ε = 0.8, (b) after 650°C,
0.001 s–1 and ε = 0.8, (c) after 850°C, 0.3 s–1 and ε = 0.8,
(d) after 850°C, 0.001 s–1 and ε = 0.8 [14].
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might accordingly be interpreted as demonstrating the
onset of steady stage dislocation creep peak stress, fol�
lowed by dynamic recrystallization and strain soften�
ing until a balance has been achieved between grain
size reduction and grain growth at conditions corre�
sponding to the dislocation creep and diffusion creep
(GSS, i.e., grain�size�sensitive) field boundary. The
process other than dynamic recrystallization can result
in material (GSI) weakening, according to Rutter
(1999) [19], such as geometrical softening caused by
the development of a crystallography or recrystallized
grain. That is, the investigation of recrystallization
should thus include deformation tests on fine grained
starting material in order to test for the progressive

evolution suggested in Fig. 5. It is assumed that the
nucleation rate depends on the strain ε, the strain rate

 the temperature T, and the grain size D.

Figure 6 shows evidence for a temperature depen�
dence of subgrain size versus stress relation as has been
already represented for α�Fe (Fig. 6a, Orlova, 1972)
[20] and stainless steel 316 (Fig. 6b, Sherby, 1973)
[21]. Thus, at a constant stress, the subgrain size was
observed to be larger if the deformation temperature
was higher. This suggests that at a constant stress and
increasing temperature, the subgrain size increases. It
was found that the expected increase depended on
applied stress (at m = 0.66, see Fig. 6a), which was a
direct parameter dependent on temperature.

3. SUMMARY

A series mathematical model has been developed
for prediction of the flow stress and microstructure
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evolution during hot deformation. Multiple stress
peaks should appear when a large ratio of the charac�
teristic strain occurs for nucleation of recrystallization
to the characteristic strain for completion of recrystal�
lization. The model, expressed in the DD equation,
displays most of the basic physics associated with the
flow behavior of metals and alloys during hot working,
especially those with low stacking fault energies; low
strain rates provide adequate time for the recrystal�
lized grains to grow before they become saturated with
high dislocation density. Thus, the final average grain
size at the steady stage (large strain) increases with a
decrease in the strain rate. During large strain defor�
mation, grain size reduction accompanying disloca�
tion creep might be balanced by grain growth at the
(virtual) boundary between dislocation creep and dif�
fusion creep. The D – σ relationship at a steady stage
will then correspond to the equation delineating the
creep field boundary and in general will be tempera�

ture dependent and in the form of D =  (23)

with  (22).
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