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Abstract—The crystal structure and the phonon spectrum of a La2Zr2O7 crystal have been investigated in
terms of the MO LCAO approach using DFT hybrid functionals that take into account the contribution of
the nonlocal exchange within the Hartree–Fock formalism. The frequencies, symmetry species, and inten-
sities of IR and Raman active fundamental vibrations are determined. Elastic constants are calculated. The
calculations have been carried out using the new version of the CRYSTAL program—CRYSTAL17—designed
to model periodic structures within the MO LCAO approach.
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INTRODUCTION
The interest in studies of rare-earth zirconates

R2Zr2O7 (R is a rare-earth ion) is due to the variety of
their properties and applications [1–5]. One represen-
tative of this series, La2Zr2O7, has been experimentally
studied by the X-ray diffraction analysis, Raman spec-
troscopy, and IR spectroscopy methods [6–12]. The
structure and the lattice dynamics of the La2Zr2O7
rare-earth zirconate were modeled more than dozen
years ago by the molecular dynamics method [13],
and, later, within the ab initio approach in the basis of
plane waves [14, 15]. Recently, using the same
approach, other rare-earth zirconates with a
pyrochlore structure were also investigated [16]. The
band structure and elastic constants were calculated in
[14–16], but the phonon spectra were not studied. In
this case, there is no information in the literature on
the study of rare-earth zirconates, including La2Zr2O7,
in terms of the MO LCAO approach. It seems relevant
to perform such an investigation.

In this work, using the MO LCAO approach with
DFT hybrid functionals, we will study the structure
and the lattice dynamics of one of the representatives
of this series—La2Zr2O7 rare-earth zirconate with the
pyrochlore structure ( ).

CALCULATION METHODS
Our ab initio calculations were carried out within

the density functional theory (DFT) using hybrid
functionals that could take into account both local and
nonlocal (in the Hartree–Fock (HF) formalism)
exchange. Calculations were performed using the
PBE0 [17], B3PW [18], and HSE06 [19, 20] function-

als, which have been widely used in recent times [21],
and also using the PBESOL0 functional incremented
in the CRYSTAL17 program [22, 23]. The use of
hybrid functionals that could take into account both
local and nonlocal HF exchange makes it possible to
describe well compounds with ionic–covalent bonds,
their band structure, infrared (IR) and Raman spec-
tra, and elastic properties [24–26]. Recently, a com-
parative analysis of the B3LYP, PBE0, and other func-
tionals has been carried out with respect to CCSD cal-
culations (altogether, 128 functionals of different
levels were tested) [27]. It was shown that the PBE0
functional is characterized by a small error for func-
tionals of its level upon reproduction of the electron
density and other characteristics with respect to
CCSD calculations [27]. In our previous works, using
the PBE0 hybrid functional, the structure, the dynam-
ics of the crystal lattice, and the elastic properties of
rare-earth titanates R2Ti2O7 (R is a rare-earth ion)
with the structure of pyrochlore were successfully
described [28, 29].

Crystalline La2Zr2O7 was investigated for a highly
symmetric structure of pyrochlore ( , Z = 2). Ions
occupy the following positions: Zr—16c (0, 0, 0); La—
16d (1/2, 1/2, 1/2); O1—48f (x, 1/8, 1/8); O2—8b
(3/8, 3/8, 3/8) [6]. Oxygen is contained in all the
structural units of this compound, being occupying
two symmetrically nonequivalent positions. There-
fore, the reproduction of the structure and the proper-
ties of the crystal will significantly depend on the basis
set of oxygen. In this work, we used the TZVP basis set
of the type of [30], which is available on website of the
CRYSTAL program [31]. The basis set of zirconium
[32] is also available on website of CRYSTAL. This
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Table 1. Lattice constant, interionic distances (Å), oxygen displacement (x) at position 48f (rel. units) of La2Zr2O7

In parentheses after the 
name of the functional, 

the percentage of the HF 
exchange is given

Calculation 
HSE06 (25%)

Calculation 
B3PW (20%)

Calculation 
PBE0 (25%)

Calculation 
PBESOL0

(25%)
Experiment [7] Experiment [8]

Lattice constant 10.842 10.859 10.838 10.763 10.798(3) 10.805
La–O1 2.64 2.64 2.64 2.62 2.63(3) –
La–O2 2.3473 2.3510 2.3464 2.3302 2.3379(9) –
Zr–O1 2.116 2.119 2.115 2.103 2.105(18) –
La–Zr 3.8332 3.8392 3.8317 3.8053 3.8178(13) –
х 0.333 0.333 0.333 – 0.332
basis set was used by the authors of the CRYSTAL pro-
gram to calculate the structure and IR spectra of
zirconium complexes in which oxygen was a ligand of
zirconium [32]. To describe the inner shells of lan-
thanum, the ECP46MWB quasirelativistic pseudopo-
tential was used (ECP stands for the effective core
potential; 46 is the number of inner electrons replaced
by the pseudopotential; WB—quasi-relativistic [33,
34]). To describe the outer shells, 5s25p6, involved in
the formation of a chemical bond, the TZVP valence
basis set with diffuse and polarization orbitals was used
[33, 35, 36]. Both the pseudopotential and the valence
basis set (“ECP46MWB-II”) are available on the
Stuttgart website [37]. Gaussian primitives with an
exponent of smaller than 0.1 a.u.–2 were eliminated
from the valence basis set, since these calculations are
periodic. The last diffuse orbital of the type of 4f with
an exponent of 0.17033 was also eliminated. In calcu-
lations, the crystal structure was initially optimized.
Then, for the crystal structure corresponding to a
minimum of energy, the phonon spectrum (at the
Γ point) was calculated or the elastic constants were
determined. The calculation error of the self-consis-
tent field was set to be 10–10 a.u. (TOLDEE = 10), the
parameters that determine the calculation accuracy of
integrals, “TOLINTEG,” were equal to 8, 8, 8, 8, and
16. The parameters “SHRINK,” which determine the
frequency of the Monkhorst–Pack grid in the recipro-
cal space, were equal to 8. Details of the calculation
algorithm are available in [38].

DISCUSSION OF RESULTS

The results of calculations of the crystal lattice are
given in Table 1. The hybrid functionals reproduce
quite well the crystal structure of lanthanum zir-
conate. The HSE06 functional, which calculates the
HF nonlocal exchange using the screening of the Cou-
lomb potential, yields quite acceptable results. It seems
that the separation of the exchange contribution to
HSE06 into the short-range (SR) and long-range
(LR, which is neglected) contributions, has been done
successfully. The HSE06 functional is based on the
OP
PBE0 functional; correspondingly, the share of the
HF exchange in it is the same—25% [19]. Using this
approximation, i.e., screening, reduces considerably
the computation time; for example, the calculation of
the crystal structure with the HSE06 functional
requires a fivefold shorter amount of time than the cal-
culation with the PBE0 functional. Such a decrease in
the cost of computer resources deteriorates the results
insignificantly—the discrepancy between the calcu-
lated and experimental values of the lattice constant
increases by only 0.004 Å in comparison with the
PBE0 calculation (Table 1). The PBESOL0 functional
differs from the PBE0 functional in that it uses PBE-
SOL instead of the PBE local exchange-correlation
functional [39]. The calculation with this functional
underestimates the lattice constant, the discrepancy
with experiment is comparable with that of the PBE0
and HSE06 calculations (Table 1). The B3PW func-
tional gives the maximum discrepancy with experi-
ment (Table 1), which may be caused by a lower frac-
tion of HF the exchange. We note that, upon modeling
of rare-earth titanates R2Ti2O7, the PBE0 functional
reproduced the lattice structure much better than
B3LYP [28]. In general, the calculation of the crystal
structure of La2Zr2O7 reproduces well the interionic
distances and the lattice constant.

The lanthanum zirconate under investigation,
La2Zr2O7, has the structure of pyrochlore, and its
phonon modes at the Γ point are as follows: Γ = A1g +
Eg + 2F1g + 4F2g + 3A2u + 3Eu + 8F1u + 4F2u. Among
these modes, the F1u mode is translational, the 4F2u,
3Eu, 3A2u, and 2F1g modes are “silent,” which are IR
and Raman inactive. The A1g + Eg + 4F2g modes are
Raman active (Raman modes), and seven F1u modes
are IR active.

The results of our calculations of phonon modes at
the Γ point are given in Table 2. The frequencies and
symmetry species of phonon modes were determined
from the ab initio calculation. From the analysis of
displacement vectors obtained by the ab initio calcula-
tion, the degrees of participation of ions in each mode
were determined (the “Ions participants” column).
TICS AND SPECTROSCOPY  Vol. 127  No. 5  2019
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Fig. 1. Raman spectrum of La2Zr2O7. The calculation was
made for the excitation radiation at a wavelength of 488 nm
and T = 298 K (PBE0 functional).
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Calculations predict that vibrations of structural units
are strongly mixed. It is interesting that, in this case,
modes in which only oxygen ions participate can be
distinguished. For example, in the F1u IR active mode
with a frequency of 246 cm–1 (the wavenumber was
determined in accordance with the PBE0 calculation),
only oxygen ions participate. Moreover, O1 ions occu-
pying position 48f, which is characterized by displace-
OPTICS AND SPECTROSCOPY  Vol. 127  No. 5  2019

Fig. 2. Results of modeling of the IR spectrum of La2Zr2O7. (cal
F1u symmetry species.
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ment x, predominantly participate in this mode. We
note that the most intense Raman mode—F2g

(308 cm–1)—involves the participation of O1 and O2
ions, with the participation of O1 ions being predomi-
nant. In the Eg Raman mode with the frequency at
325 cm–1, only O1 ions participate. In accordance
with our calculations, this is the second intense mode
in the Raman spectrum (Table 2; Fig. 1). In the A1g
and F2g Raman modes, which are located at frequen-
cies of 506 and 758 cm–1, respectively, also only O1
ions participate. In the F2g modes (413 and 536 cm–1),
only oxygen ions are involved, with the involvement of
O2 ions in positions 8b (3/8, 3/8, 3/8) being predom-
inant.

In general, we can note that only oxygen ions par-
ticipate in Raman-active modes. Moreover, in the A1g
and Eg modes, only oxygen O1 ions that are located at
the 48f position are involved. Thus, the behavior of
these modes can carry information on displacement x
of oxygen in this position under the influence of exter-
nal actions on the crystal.

In IR active modes (F1u), all ions participate: La,
Zr, O1, and O2, but with different degrees of partici-
pation in each particular mode. (Ions, the degree of
participation of which is insignificant, are not shown
in the column “Ions participants.”) In the most
intense IR mode (F1u, 329 cm–1), zirconium and both
oxygen ions participate, with the degree of participa-
tion of O1 being maximum. The second intense IR
mode (F1u, 203 cm–1) involves lanthanum, zirconium
and, substantially, O1. In the third intense IR mode
(F1u, 499 cm–1) oxygen ions participate, with the
degree of participation of O1 ions being also signifi-
culations with the PBE0 functional). All IR modes belong to the
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Table 2. Frequencies (cm–1) and symmetry species of phonon modes at the Γ point; the intensity of IR modes (km/M) is
given in the parentheses; the notation in the “Raman” and “IR” columns: A—active mode, I—inactive mode

The upper indices “S” and “W” in the last column refer to the strong and weak displacements of the ion in the mode.

Symmetry 
species IR Raman

Frequency, calculation

Frequency, experiment
Ion

participants [9] (IR)  [10] 
(IR)

 [11] 
(Raman, 

IR)

 [12] 
(IR)

 [7] 
(Raman)

B3PW PBE0 PBESOL0

F2u I I 55 55 62 LaS, ZrW, O1W

Eu I I 96 96 99 La, Zr, O1
F1u A I 101 (182) 102 (155) 105 (48) 101 104.8 La, ZrS, O1, O2
F2u I I 129 131 136 La, ZrS, O1
F1u A I 137 (1873) 138 (1763) 142 (1589) 140 141.5 LaS, Zr, O1S

Eu I I 146 147 154 La, Zr, O1S

F1u A I 201 (6958) 203 (6757) 206 (6577) 176 166.8 La, Zr, O1S

F1u I I 243 (197) 246 (155) 249 (26) 244; 208 213.7 O1S, O2
A2u A I 248 251 259 La, Zr, O1
F1g I I 254 256 264 O1S

F2u I I 278 281 287 ZrW, O1S

A2u I I 298 301 306 La, ZrS

F2g I A 305 308 318 299 298 O1S, O2
Eg I A 322 325 334 315 O1S

F1u A I 325 (15287) 329 (16157) 341 (16244) 352 352.7 366 LaW, Zr, O1S, O2
F1u A I 381 (0.02) 384 (0.38) 396 (0.02) 412 411.9 La, O1, O2S

A2u I I 388 391 392 LaW, ZrS, O1S

Eu I I 389 393 400 LaW, ZrW, O1S

F2g I A 410 413 421 395 O1, O2S

F1u A I 494 (2851) 499 (2856) 508 (3354) 518 517.4 508 508 ZrW, O1S, O2
A1g I A 502 506 510 506 503 O1S

F2g I A 532 536 545 527 O1, O2S

F1g I I 552 556.8 571 O1S

F2u I I 542 557.3 570 O1S

F2g I A 751 758 768 O1S
cant. The predominant participation of lanthanum
manifests itself in the low-lying F2u mode (55 cm–1);
however, this mode is inactive both in IR and in
Raman spectra. In the low-lying F1u mode (102 cm–1),
all ions are involved, but, mainly, zirconium. Lantha-
num and zirconium participate in IR and Raman
modes with frequencies up to 200 cm–1, in addition,
two modes with higher frequencies can be distin-
guished: zirconium is involved in the F1u mode with a
frequency of 329 cm–1, while lanthanum is involved in
the F1u mode with a frequency of 384 cm–1 (Table 2).
OP
A significant participation of lanthanum and zirco-
nium in “silent” modes can be noted, which are inac-
tive either in IR absorption or in Raman scattering.

The results of modeling of the Raman and IR spec-
tra are shown in Figs. 1 and 2. In [2, 6], in the mea-
sured Raman spectrum, the most intense peak was
observed at about 300 cm–1, which agrees well with our
calculation results. The presence of two peaks at about
350 and 500 cm–1 (Fig. 2) is in good agreement with
the results of measurements of the transmission coef-
ficient of the IR spectrum of La2Zr2O7 in [12].
TICS AND SPECTROSCOPY  Vol. 127  No. 5  2019
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Table 3. Intensities (rel. units) of Raman modes for a poly-
crystalline sample; calculation was performed for the exci-
tation radiation with a wavelength of 488 nm and T = 298 K

Calculation with the B3PW functional

Symmetry species Frequency, cm–1 Itot Ipar Iperp

F2g 305 1000 571 429
Eg 322 221 126 95
F2g 410 19 11 8
A1g 502 50 50 0
F2g 532 73 42 31
F2g 751 21 12 9

Calculation with the PBE0 functional

Symmetry species Frequency, cm–1 Itot Ipar Iperp

F2g 308 1000 571 429
Eg 325 219 125 94
F2g 413 17 10 7
A1g 506 45 45 0
F2g 536 77 44 33
F2g 758 27 15 12

Table 4. Intensities (rel. units) of Raman modes for a single
crystal

Calculation with the B3PW functional

Symmetry 
species

Frequency, 
cm–1 I xx I xy I xz I yy I yz I zz

F2g 305 0 1000 1000 0 1000 0
Eg 322 441 0 0 441 0 441
F2g 410 0 19 19 0 19 0
A1g 502 70 0 0 70 0 70
F2g 532 0 73 73 0 73 0
F2g 751 0 22 22 0 22 0

Calculation with the PBE0 functional

Symmetry 
species

Fre-
quency, 

cm–1
I xx I xy I xz I yy I yz I zz

F2g 308 0 1000 1000 0 1000 0
Eg 325 438 0 0 438 0 438
F2g 413 0 17 17 0 17 0
A1g 506 63 0 0 63 0 63
F2g 536 0 77 77 0 77 0
F2g 758 0 27 27 0 27 0

Table 5. Elastic constants and bulk modulus of La2Zr2O7
(GPa)

Calculation 
B3PW

Calculation 
PBE0

Calculation 
with VASP 

[14]

Calculation 
with CASTEP 

[15]

С11 293.9 298.2 289.8 282
С12 114.7 116.9 124.8 92
С44 96.9 98.6 100.4 122
B 174.5 177.4 179.8 176

Table 6. Bulk modulus, Yung modulus, shear modulus, and
Poisson ratio of La2Zr2O7 (from results of PBE0 calcula-
tions)

Calculation 
scheme

Bulk 
modulus, 

GPa

Yung 
modulus, 

GPa

Shear 
modulus, 

GPa

Poisson 
ratio

Voigt 177.3 242.7 95.4 0.272
Reuss 177.3 242.4 95.3 0.272
Hill 177.3 242.6 95.3 0.272
The conclusions that were drawn in experimental
work [11] that the ZrO6 structural group participates in
the IR mode with a frequency of 508 cm–1 are consis-
tent with the predictions of the calculations on a strong
displacement (participation) of O1 ions in this mode,
which are zirconium ligands. The conclusions of [11]
that the La–O and ZrO6 structural units participate in
the Raman modes with frequencies of 299 and
506 cm–1 (stretching modes) are consistent with the
predictions of the calculations about a strong displace-
ment of oxygen O1 in these modes and about the par-
ticipation of oxygen O2 (Table 2). The calculation
results are also consistent with experiment [12], where
intense IR modes at 366 and 508 cm–1 were revealed,
for which the calculation predicts a strong participa-
tion of oxygen O1, i.e., a change in the Zr–O bond
length.

The results of calculations of the intensity of
Raman modes are given in Tables 3 and 4. Calcula-
tions with the B3PW and PBE0 functionals give close
results.

The results of calculations of elastic constants, bulk
modulus, shear modulus, etc., are given in Tables 5
and 6. Calculations with the B3PW and PBE0 func-
tionals give close results, which are in good agreement
with the calculations of elastic constants in the basis set
of plane waves [14]. The available experimental data,
e.g., for the Young modulus of La2Zr2O7, differ signifi-
cantly, varying from 141 GPa [40] to 280 GPa [6].
OPTICS AND SPECTROSCOPY  Vol. 127  No. 5  2019
Our calculations of the bulk and shear moduli in
the Voigt, Reuss, and Hill approximations (Table 6)
give close results, which allows us to infer that the iso-
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Fig. 3. Dependences of the Young modulus (GPa) on the
crystal direction.
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tropy of chemical bonds and elastic properties of
La2Zr2O7 is quite high, which is also seen from Fig. 3
(the dependence of the Young modulus on the direc-
tion in the crystal was constructed using the ELATE
program [41]).

The stability conditions of the crystal lattice to
hydrostatic compression for cubic crystals [42]:

are implemented (calculation at P = 2GPa with the
PBE0 functional).

CONCLUSIONS
In this work, from unified ab initio calculations, we

determined the frequencies and symmetry species of
the fundamental vibrations of La2Zr2O7 lanthanum
zirconate with the pyrochlore structure ( ),
which may be useful in interpretation of its measured
IR and Raman spectra. From the analysis of displace-
ment vectors obtained from the ab initio calculations,
the degree of participation of ions in each mode was
determined. Modes with absolute or predominant
participation of oxygen ions in position 48f, which is
characterized by department x, were distinguished. It
was shown that, within the MO LCAO approach with
hybrid functionals that take into account the nonlocal
exchange in the Hartree–Fock formalism, it becomes
possible to describe the structure and lattice dynamics
of lanthanum zirconate.
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