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Abstract—The conditions for the generation and efficient amplification of frequency-modulated soliton-like
wave packets in longitudinally inhomogeneous active optical waveguides have been studied. The possibility
of forming a sequence of pico- and subpicosecond pulses from quasi-continuous radiation in active and pas-
sive optical waveguides with the group-velocity dispersion (GVD) changing over the waveguide length is con-
sidered. The behavior of a wave packet in the well-developed phase of modulation instability with a change
in the waveguide inhomogeneity parameters has been investigated based on the numerical analysis.

DOI: 10.1134/S0030400X17030237

INTRODUCTION

A great deal of attention has invariably been paid to
the dynamics of optical soliton during the past 30 years
[1–5]. One of the most important problems in this
field concerns the optimal amplification of soliton
pulses at which their shape and character of their elas-
tic interaction are retained. It is known that the inco-
herent soliton amplification cannot be implemented
in a nonlinear active optical waveguide with constant
parameters over its length. As soon as the soliton
energy increases by a factor of about e, independent of
the amplification method, the soliton shape and spec-
trum become significantly distorted because of the rise
in the nonsoliton pulse component. As a result, the
nonlinear wave packet ceases to be structurally stable
and, correspondingly, loses its soliton properties. This
dynamic scenario of soliton amplification had been
considered for a long time as the only possible one.
However, it was found in [6, 7] that an optical soliton
can be amplified as a single whole provided that the
phase of a soliton-like pulse at the optical waveguide
input is a parabolic function of time and the gain
increment is a hyperbolic function of distance. The
interaction of these frequency-modulated (FM)
pulses becomes completely elastic when their phases
and the gain of the medium are self-consistent.

One of the main difficulties in the experimental
implementation of the proposed scenario of the ideal
amplification of wave packets retaining their shape is
the necessity of forming the corresponding inhomoge-
neity of the gain increment in an optical waveguide. It
was shown in [8, 9] that this problem can be solved
using optical waveguides having not only a hyperbolic
gain profile (along their length) but practically any

desired dependence of a gain increment on the longi-
tudinal coordinate if a corresponding group velocity
dispersion (GVD) profile is formed along the wave-
guide length.

Currently, optical waveguides with anomalous
GVD, gradually decreasing in modulus along the
waveguide length, and a W-profile refractive index in
their cross section appear to be most promising in this
context. The necessary longitudinal GVD distribution
along the waveguide length at ultralow values of the
third-order dispersion parameter can be implemented
in these optical waveguides. The necessary dispersion
profile in these waveguides is generally obtained due to
the controlled change in their transverse sizes. The up-
to-date waveguide drawing technique provides a sig-
nificant controlled change in dispersion even at a
small variation in the waveguide diameter along the
entire waveguide length (generally, by no more than
3 μm at an average waveguide diameter of about
100 μm) [10].

In this paper, we analyze the possibility of generating
a sequence of short frequency-modulated laser pulses
due to the development of the modulation instability
(MI) mode. It is shown that sequences of pico- and
subpicosecond laser pulses with a THz repetition rate
can be formed directly from a quasi-continuous wave in
dispersion-decreasing optical waveguides.

BASIC EQUATIONS AND RELATIONS

Let us consider the dynamics of an optical wave
packet propagating in an inhomogeneous amplifying
optical waveguide. In this case, the field can be pre-
sented in the form
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 (1)

where  is the polarization unit vector,  is the
radial field distribution in the optical waveguide,  is
the wave packet’s carrier frequency, and  is the real
part of the complex propagation constant. Time enve-
lope  is described by the nonlinear Schrödinger
equation [1, 2] with the coefficients dependent on the
longitudinal coordinate:

(2)

The following parameters are introduced here:
time in a moving coordinate system, τ = t –

; wave packet group velocity u(z) =

; GVD ; Kerr
nonlinearity coefficient ; and effective gain incre-
ment, which is given by the expression

(3)

where  is the gain increment of the waveguide
material. The second term on the right-hand side of
(3) determines the contribution related to the possible
change in the effective area of the mode 

, (4)

where  is the profile mode function of the opti-
cal waveguide under consideration.

The material parameters of an optical waveguide
are related to the effective transverse sizes of the mode
propagating in it. For example, the material gain
increment for a radially symmetric waveguide is given
by the expression 

, (5)

where , c is the speed of light in vacuum, and
 is the imaginary part of the refractive index of the

waveguide material. Note that the material gain incre-
ment is related to the energy of a pulse propagating
through the optical waveguide: 

(6)

where  is the energy of a pulse introduced into the
waveguide.

In the general case, the nonlinearity parameter is
given by the expression 

(7)

where  is the nonlinear refractive index of the optical
waveguide material. If the linear and nonlinear refrac-
tive indices  and  and profile function  are inde-
pendent of coordinate , parameters  and  are also
independent of this variable and correspond to a lon-
gitudinally homogeneous optical waveguide.

AMPLIFICATION
OF FM SOLITON-LIKE PULSES

Particular Case of Inhomogeneity

It is known [3, 9] that soliton-type solutions to
Eq. (2) can be obtained for hyperbolic secant pulses
propagating in a optical waveguide with a longitudi-
nally constant anomalous GVD and nonlinearity and
a gain increment of the waveguide material varying
along the waveguide length according to the law

, (8)

In particular, at , one has the following
solution in the form of a wave packet, amplified at

:

(9)

where  is the wave packet width; and
parameter . The parameters entering (9)
are assumed to satisfy the relations 2Γ =

. Nonlinear wave packets of type (9),
which are referred to as bright FM solitons, have a
property of elastic interaction, which is important for
practical applications [1–3].

General Case

Now let the dispersion and nonlinearity parame-
ters be functions of coordinate z. For the convenience
of the further analysis, we present them in the form

 and , where  and  are
considered to be the values of the corresponding
parameters at the optical waveguide input. Then we

introduce variable  and pulse envelope

⎧ ⎡ ⎛ ⎞⎤ ⎫⎪ ⎪⎜ ⎟⎢ ⎥= − +⎨ ⎬
⎜ ⎟⎢ ⎥⎪ ⎪⎩ ⎣ ⎝ ⎠⎦ ⎭

∫0

0

( , , ) ( , ) ( , )exp ω β'(ξ) ξ K.C. ,
2

z

t r z U r z A t z i t deE

e ( , )U r z
0ω

β'

( , )A t z

∂ ∂− + =
∂ ∂

2
2

2
( ) ( ) γ( ) .
2 τ

D zA Ai iR z A A z A
z

∫0 ξ/ (ξ)
z
d u

−∂ ∂ 1
0( β'( )/ ω)z = ∂ ∂2 2

0( ) ( β'( )/ ω )D z z
( )R z

= − ∂ ∂γ( ) ( ) ( / )/2 ,m mz g z S z S

( )g z

∞

= ∫
2

0

( ) 2π ( , )mS z U r z rdr

( , )U r z

∞
−= ∫

21
0

0

( ) 2π ( ) ''( , ) ( , )mg z k S z n r z U r z rdr

= ω0 0/k c
''n

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠
∫0

0

( ) exp 2 (ξ) ξ ,
z

W z W g d

0W

∞
−= ∫ �

42
0

0

( ) 2π ( ) ( , ) ( , ) ,mR z k S z n r z U r z rdr

�n

'n �n U
z g R

= −0 0( ) /(1 2 )g z g g z

<  0DR

2 <0 1g z

⎛ ⎞⎛ ⎞ − Γ= ⎜ ⎟⎜ ⎟− −⎝ ⎠ ⎝ ⎠

2
0 0

0 0

α ττ(τ, ) sec exp ,
1 2 τ 1 2s

A zA z h i
g z g z

= −0 0τ τ (1 2 )s g z
Γ = 2

0 0 0/2α τg

= 22
0 0/τD R A

= 0( ) ( )D z D d z = 0( ) ( )R z R r z 0D 0R

= ∫0η( ) (ξ) ξ
z

z d d



OPTICS AND SPECTROSCOPY  Vol. 122  No. 3  2017

GENERATION OF A SEQUENCE OF FREQUENCY-MODULATED PULSES 477

. As a result of these trans-
formations, we pass from Eq. (2) to the equation

(10)

Thus, the problem of nonlinear pulse propagation
through an optical waveguide with longitudinally
inhomogeneous material parameters is reduced to the
problem of pulse propagation through an optical
waveguide with homogeneous dispersion  and non-
linearity  but an inhomogeneous effective gain

:

(11)

where  is the normalized effective
mode area.

As well as Eq. (2), Eq. (10) has a solution in the
form of an amplified FM soliton if  and
the effective gain increment (11) can be described by
the dependence , where parame-
ter . In this case, the solution to Eq. (10) is
given by

(12)

and the parameters entering this equation must satisfy
the relations  and .
The formation energy of a soliton-like wave packet can
be written as .

The condition for the existence of FM soliton (9) in
an inhomogeneous optical waveguide with an anoma-
lous GVD can be presented as

(13)

With allowance for (11), relation (13) for the effec-
tive amplification takes the form

(14)

The GVD profile necessary to form an FM soliton-
like pulse is determined by the relation

(15)

with the following parameters introduced: f(z) =

F(z)exp  and .
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In the simplest case,  and , which
is valid for passive W-type optical waveguides, the dis-
persion profile must satisfy the condition

where  and . In this case, the exact solu-
tion for the duration of a hyperbolic secant soliton-like
pulse in an anomalous-dispersion medium has the
form

(16)

In addition, one can assume that the relation
 holds true for FM hyper-

bolic secant solitons. Proceeding from this relation,
one can easily derive the following expression for the
pulse chirp:

(17)

With allowance for relation (6), the desired disper-
sion profile and pulse duration can be written as

(18)

In the general case, when describing the dynamics
of a subpicosecond pulse in an inhomogeneous optical
waveguide, one must also take into account the third-
order dispersion, which significantly affects the pulse
shape and may lead to pulse decay at the aforemen-
tioned pulse durations. Even when parameter 
(which characterizes the influence of the third-order
dispersion effects) is small at the input of the wave-
guide, its influence becomes significant at some dis-
tance from the input of the waveguide. Therefore, to
implement FM soliton amplification, the condition

 (  is the wave packet spec-
tral width) should be satisfied throughout the entire
waveguide length. A decrease in the pulse duration
(i.e., increase in its spectral width) and a decrease in
the GVD’s absolute value along the waveguide’s
length may violate the conditions for the amplification
of the FM soliton.

The aforementioned condition can be satisfied for
optical waveguides with a transverse W-profile refrac-
tive index [11, 12]. The necessary longitudinal GVD
distribution can be implemented in these waveguides
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at ultralow values of the third-order dispersion param-
eter. The effective mode area and nonlinearity coeffi-
cient in them can be considered practically constant
along the entire waveguide length; hence, one can
assume (with a rather high accuracy) function F(z),
introduced when deriving expression (15), to be unity:

. As an example, we will consider the case of
the longitudinally constant material gain increment. If

, , and the expressions for
the GVD necessary for FM pulse amplification and
the pulse duration take the form

(19)

. (20)

Note that the technology of the optical waveguides
with a GVD profile of type (19) appears to be easily
implemented. In particular, the fabrication of inho-
mogeneous optical waveguides with an exponential
dispersion profile was discussed even in [13, 14].

FM SOLITONS IN A PASSIVE OPTICAL 
WAVEGUIDE

Note that the amplification of a subpicosecond FM
soliton meets a number of technical difficulties. Pri-
marily, this is related to the influence of MI and stim-
ulated Raman scattering, whose development may
destroy a stable wave packet. Therefore, it is expedient
to use the light-waveguiding systems under consider-
ation not to amplify the chirped pulses but to strongly
modulate and compress them to subpicosecond dura-
tions. To form a strong frequency modulation of a soli-
ton-like pulse, it is reasonable to use a passive optical
waveguide with the minimal possible loss, for which
one can assume highly accurately that  over
the entire waveguide length. In real passive optical
waveguides with a W-radial distribution of the refrac-
tive index, the optical loss is less than 0.5 dB/km. If a
waveguide shorter than 1 km is used for wave packet
modulation and time compression, one can assume
with a high degree of accuracy that . In this
case, expressions (21)–(23), with allowance for the
equality  (characteristic of the W-profile opti-
cal waveguides), are significantly simplified:

(21)

Here,  can be considered an inhomogeneity
parameter. It follows from (21) that the existence of
anomalous GVD and a positive input chirp lead to the
temporal compression of a pulse and additional fre-
quency modulation. For example, at input values

 s2/m and  s–2, the pulse dura-
tion can be reduced from the input value  s
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to  s at the output for a waveguide length
of  m. At this length, the GVD value, in corre-
spondence with (21), may exponentially change prac-
tically by an order of magnitude.

The above-considered optical waveguides can be
used to generate pulses with a strong frequency modu-
lation and an almost linear change in the instanta-
neous frequency. Under these conditions, an FM
pulse obtained on the output from an inhomogeneous
optical waveguide can be additionally compressed
using a medium with normal effective dispersion. This
procedure can be implemented both on a pair of dif-
fraction gratings and in a photonic-crystal waveguide
with low Kerr nonlinearity. In the latter case, the sys-
tem can be made an all-fiber one.

DEVELOPMENT OF MI AND GENERATION 
OF FM SOLITONS

The effects considered above are closely related to
the characteristic property of nonlinear dispersive MI
systems, which can generally be defined as the ampli-
fication of some spectral components at the expense of
the other components, which finally leads to wave
packet deformation. In a homogeneous optical wave-
guide (the anomalous GVD of which lies in the range
of ) at the initial development
stage of MI (while the wave packet is propagated), the
harmonic perturbation exponentially increases with
an increment [1–5]

(22)

where  is the radiation power introduced
into the optical waveguide,  is the pertur-
bation frequency, and  is the frequency of the signal
perturbing wave, or spontaneous noise perturbation. It
follows from (22) that a spontaneous modulation of
the stationary state occurs in the detuning range

.
In the case of an inhomogeneous dispersion profile

along the waveguide length, the gain increment is also
a function of the longitudinal coordinate . The
perturbation gain per waveguide length  is given by
the expression

. (23)

Figure 1 shows the dependences of the integral
increment of gain G of a weak harmonic perturbation at
the detuning frequency  in the initial development
stage of MI, which were obtained for an exponentially
decreasing (in modulus) anomalous dispersion (24); the
optical waveguide length  m; and the following
values of the input GVD and the parameter characteriz-
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ing the change in dispersion:  s2/m and
 m–1 (curves 1–4). One can see that, at a

fixed waveguide length, the MI frequency range
expands and the maximum increment decreases with
an increase in parameter q. The frequency at which the
gain is maximum is

(24)

An analysis of the growth of the small harmonic
perturbations of a continuous wave in an optical wave-
guide with exponentially decreasing (in modulus)
anomalous dispersion shows that the bandwidth of
unstable frequencies  and the maxi-
mum-gain frequency  exponentially
increase along the waveguide length [15–18].

Significant differences occur in the phase of a
developed MI, which leads to a continuous-wave
being decomposed into a sequence of soliton-like
pulses at a linear frequency modulation rate. The
spectrum of a continuous pump wave with two initial
harmonics  and , where  is the carrier fre-
quency of a quasi-continuous wave packet and  is
the perturbing signal frequency, evolves into a tempo-
ral sequence of pulses. Below we report the results of
analyzing the development of MI based on the numer-
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ical solution of Eq. (2), which determines the dynam-
ics of a wave packet in an inhomogeneous optical
waveguide.

Let a weakly modulated wave packet introduced
into an optical waveguide be set by the relation

, (25)

where m is the modulation depth. Figure 2 shows the
results of the numerical solution of Eq. (2) using the
split-step Fourier method (SSFM) [3], with the fol-
lowing values of parameters in use:  s2/m,

 W, and  m–1 (a, b, c, d).
The modulation depth was taken to be , and
the wave packet modulation frequency was chosen to
be equal to the frequency at which the gain of a weak
harmonic perturbation is maximum ( ).
These dependences demonstrate that the initial phase
of the development of MI, in which the growing per-
turbation can still be considered harmonic, covers a
rather large part of the optical waveguide length. Note
that autonomous ultrashort pulses with a large (rela-
tive to the initial value) peak amplitude are formed on
the length of a significantly inhomogeneous optical
waveguide, which can roughly be estimated as

.
In the case of a homogeneous optical waveguide in

the phase of a developed MI, the compression of
pulses cyclically alternates with their broadening. This
process is periodic, because the newly formed pulses
collapse again into the initial state (a continuous mod-
ulated wave) (a). In an inhomogeneous optical wave-
guide, because of the decrease in the dispersion mod-
ulus along the waveguide length, the processes of the
generation of a pulse sequence and its decay are not
reversible (b, c). Because of the constant spectral
broadening, the generated sequence of pulses cannot
return to the state of a modulated continuous wave. As
a result, the pulse duration constantly decreases (with
some oscillations). The amplitude and period of these
oscillations also decrease. An increase in the inhomo-
geneity parameter leads to a more significant temporal
pulse compression. However, at a large value of the
inhomogeneity parameter, the dispersion decreases so
rapidly (d) that the modulated wave fails to decom-
pose into a sequence of ultrashort pulses.

Figure 3 shows the dependences of the energy max-
imum of the modulated wave temporal profile, Pmax =

, on the optical waveguide length, obtained at

 s2/m,  W–1 m–1,  W, and
 m–1 (curves 1–4). One can see an

oscillating increase in the peak power of the generated
soliton-like pulses along the waveguide length, which
depends on the rate of GVD variation in the wave-
guide, and the formation of an almost linear chirp for
each individual pulse.
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Fig. 1. Dependences of the integral increment of the gain
on the detuning frequency at an optical waveguide length

 m and inhomogeneity parameter q = (1) 0,
(2) 3 × 10–3, (3) 5 × 10–3, and (4) 7 × 10–3 m–1. 
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Fig. 2. Temporal profiles of a modulated wave in an inhomogeneous optical waveguide;  s2/m;  W–1m–1;
 W; and q = (a) 0, (b) 3 × 10–3, (c) 5 × 10–3, and (d) 7 × 10–3 m–1. 
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Figure 4 presents the time dependence of the pulse
phase for different rates of GVD variation in an optical
waveguide with a length  m (the other
parameters are the same as in the previous figures). It
can be seen that the pulses generated in an inhomoge-
neous optical waveguide acquire quadratic positive
phase modulation (with maximal parabolicity at the
center of the generated pulse), which finally provides a
sufficiently stable compression of the generated FM
solitons along the waveguide length. The oscillations
of the duration occurring in this case are caused by the
nonideal parabolicity of the generated-pulse phase.

CONCLUSIONS

Our analysis showed that the dynamics of MI evo-
lution in a longitudinally inhomogeneous optical
waveguide with anomalous (exponentially decreasing
in modulus) GVD depends on the rate of variation in
dispersion along the waveguide length. With a properly
chosen waveguide length, one can use the effect of the
induced MI to generate THz sequences of pico- and
subpicosecond optical pulses, whose repetition rate
can be controlled. As follows from the presented
dependences, with quite realistic values of all parame-
ters, sequences of pico- and subpicosecond pulses
with a THz repetition rate are formed in inhomoge-
neous optical waveguides with an exponentially vary-
ing dispersion. One can also conclude that the pulses
evolving by means of only nonlinear effects and that
are non-chirped in the initial state (or obtained in the
phase of a developed MI), can be compressed to dura-
tions of up to 100 fs by correctly choosing the parame-
ters of the optical waveguide with the dispersion
decreasing in modulus. These compressed pulses
exhibit a strong (close to linear) frequency modula-
tion. In this case, one can speak about the formation
of the so-called FM solitons.
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