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1 Phenols are organic aromatic hydroxy compounds,
in which one or more hydroxyl groups are directly
attached to the carbon of the aromatic system. Phe�
nols are a manufactured class of weakly acidic water�
soluble chemical compounds. Phenol naturally
present in most foods. Pseudomonas aeruginosa, which
can utilize phenol as a sole source of carbon and
energy was selected for the degradation of phenol.
Experiments were made as a function of carbon source
(glucose), inorganic nitrogen (ammonium chloride)
and metal ion concentration (zinc ion) [1]. Phenol
and phenolic compounds are well known components
in a wide variety of waste waters including those from
coal conversion processes, coking plants, petroleum
refineries and several chemical industries, as pharma�
ceuticals, resin and dye manufacture [2].

Datta et al. [3] developed a mathematical model for
biodegradation kinetics of volatile pollutant mixture in
liquid phase. Jia et al. [4] developed the computational
fluid dynamics model of phenol biodegradation by
immobilized Candida tropical in a gas�liquid�solid
three�phase bubble column. Annesini et al. [5] ana�
lyzed the behavior of a sequencing batch reactor oper�
ating over multiple cycles. Malhautier et al. [6] per�
formed the kinetic characterization of toluene biodeg�
radation by Rhodococcus erythropolis. Ben�Youssef
et al. [7] discussed the effect of benzene in steady�state
nitrification in batch cultures. Saravanan et al. [8]
investigated the biodegradation of phenol by a mixed
microbial culture. Naresh et al. [9] discussed the bio�

1 The article is published in the original.

degradation of phenol by a bacterial strain isolated
from a phenol contaminated site in India.

Recently, Liu and Lee [10] analyzed the Haldane
kinetic parameters describing phenol biodegrading in
batch operations. But no rigorous analytical solutions
of the non�linear equations in Haldane model have
been reported. The purpose of this communication is
to provide the approximate analytical expressions for
the concentrations of biomass and substrate for all val�
ues of the parameters using the new approach to the
homotopy perturbation method.

MATHEMATICAL MODELING

Let us consider the rate equations of concentration
of biomass X(t) and substrate S(t) in the biodegrada�
tion of phenol for Haldane kinetics in batch opera�
tions as follows [10]:

(1)

(2)

where Yobs is the observed bacterial yield. The specific
growth rate μ(S) for an inhibitive substrate is given in
terms of Haldane kinetics as follows:

(3)

Here μmax is the maximum specific growth rate, Ks
is the half�velocity concentration and Ki is the inhibi�
tion constant. The specific growth rate μ(S) is a non�
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linear function of inhibition substrate concentration
S(t). The initial conditions are represented as follows:

At t = 0, S(t) = S0, X(t) = X0. (4)
Using Eqs. (1) and (2), the following differential

equation can be obtained:

(5)

The exact solution of the above equation using the
boundary condition (4) becomes

(6)

Since μ(S) is a non�linear function of S(t), it is very
difficult to obtain the exact solution of system of equa�
tions (1) and (2).

APPROXIMATE ANALYTICAL SOLUTION 
OF EQUATIONS (1)–(3) USING A NEW 

APPROACH TO THE HOMOTOPY 
PERTURBATION METHOD

Linear and non�linear phenomena are of funda�
mental importance in various fields of science and
engineering. Most real life non�linear problems are
still very difficult to solve. Recently, many authors have
applied the Homotopy perturbation method (HPM)
to solve the non�linear boundary value problem in
physical, chemical and engineering sciences [11–13].
The HPM is unique in its applicability, accuracy, and
efficiency. It has overcome the limitations of tradi�
tional perturbation methods [14]. Recently a new
approach to HPM is introduced to solve the nonlinear
problem, which we will get the better simple approxi�
mate solution in the zeroth iteration [15]. In this
paper, this new approach to HPM is used (see Appen�
dix) to solve the nonlinear equations (1) and (2). Using
this method, we have obtained the analytical expres�
sions of concentration of biomass as follows:

d
dt
���� S t( ) YobsX t( )+[ ] 0.=

S t( ) S0
X0

Yobs

������� X t( )
Yobs

�������� .–+=

(7)

Substituting Eq. (7) into Eq. (6), the concentration
of substrate S(t) can be obtained as follows:

(8)

where

(9)

AFFILIATION OF ANALYTICAL 
AND EXPERIMENTAL WORK

Recently, Liu and Lee [10] presents the experimen�
tal results for the phenol and biomass concentration.
Eqs. (7) and (8) represents the simple new approxi�
mate analytical expression for the concentration of
biomass X(t) and substrate S(t) for all values of the
parameters. In order to prove the efficacy of the cur�
rent method, the obtained analytical results are com�
pared with experimental results (table) for all values of
time t in Fig. 1. An agreement between analytical and
experimental results is noted. In Fig. 1 the experimen�
tal values of initial substrate concentration cover a spa�
cious range 53–801 mg/L and the initial biomass con�
centration was limited from 3.3 to 7.2 mg/L. At 53,
104, 211 and 417 mg/L, the time lag of 1, 3, 8 and 12 h
was observed after which phenol was completely
degraded. And for the initial concentration of sub�
strate 580 and 801 mg/L, the lag time was 25 and 35 h,
respectively. In Fig. 1 the substrate concentration in
the reactor decreases from its initial value due to the
utilization by microorganisms. The growth rate of bio�
mass should be higher when the substrate concentra�
tion decreases. The time required of phenol (sub�
strate) degradation depends on the initial substrate
concentration in the medium. From Figs. 1a–1e, it is
inferred that the concentration of biomass
increases from its initial value for every hour due to
the increase in the growth rate. Initially there is a
lag phase in the biomass 1, 3, 8, 12, 25 and 35 h was
observed.

DISCUSSION

Figure 2a and 2b represent the concentration of
substrate for different values of the parameters μmax

(maximum specific growth rate), Ki (inhibition con�
stant), Ks (half�velocity concentration) and Yobs

(observed bacterial yield). From Fig. 2a and 2b, it is
evident that the concentration of substrate decreases
when the maximum specific growth rate and inhibi�
tion constant increase. From Fig. 2c, it is observed that

X t( ) X0 S0Yobs X0+( ) S0Yobse
–At X0+( )

–1
.=

S t( ) S0
X0

Yobs

�������
X0 S0Yobs X0+( )

Yobs S0Yobse
–At X0+( )

������������������������������������������,–+=

A
μmax S0Yobs X0+( )

Yobs Ks S0
S0

2

Ki

����+ +⎝ ⎠
⎛ ⎞

������������������������������������ in h–1( ).=

Table. Numerical values for the parameters in this work and
in the work [10]

Parameters 
units in Fig. 1

S0, 
mg/L

X0, 
mg/L

µmax, 
h–1

Ki, 
mg/L

Ks, 
mg/L

a 53 5.4 1.2 6.8 30

b 104 7.2 0.58 0.01 140

c 211 4.0 0.69 0.91 140

d 417 3.6 0.85 2.6 150

e 580 3.3 0.51 0.61 210

f 801 3.6 0.72 1.4 120
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Fig. 1. Comparison of analytical results (line) (Refer Eqs. (7) and (8)) against an experimental work (symbols) [10] for different
initial concentrations of substrate (1) and biomass (2). The experimental values of the parameters are given in table.
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the concentration of substrate decreases when
observed bacterial yield increases. From Fig. 2d, it is
inferred that the concentration of substrate is indepen�
dent of the half�velocity concentration Ks.

The biomass concentration X(t) versus time t for
various values of parameters are plotted in Fig. 3. It
can be concluded that the concentration of biomass
increases when the specific growth rate μmax, inhibi�
tion constant Ki, and observed bacterial yield Yobs

increase. The variation in half�velocity concentration
Ks does not influence in biomass concentration
(Fig. 3d). After 30 h, the concentration of biomass
remains constant for all values of the parameters.
From Fig. 3d, it is evident that the concentration of
biomass is independent of half�velocity concentration

Ks. In general, the concentrations of biomass and sub�
strate reaches the steady state value Xss = S0Yobs + X0

and Sss = S0 +  – , respectively, when time t =

 and for all values of the param�

eters. All these results are also confirmed in the
Figs. 1–3.

Figure 4 represents the specific growth rate μ(S)
versus S substrate concentration for various values of
μmax and for some fixed values of parameters. The
curves are plotted using Eq. (3). From this figure, it is
evident that the growth rate reaches its maximum
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Fig. 2. Concentration profiles of substrate S(t) versus time t for various values of the parameter µmax, Ki, Yobs, Ks and for some
fixed values of the parameters: a—Ki = 140, Yobs = 0.67 Ks = 0.91; b—µmax = 0.69, Yobs = 0.67, Ks = 0.91; c—µmax = 0.69, Ki =
140, Ks = 0.91; d—µmax = 0.69, Ki = 140, Yobs = 0.67.
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value μ(S)max =  when sub�

strate concentration S = .

ESTIMATION OF KINETIC PARAMETERS

The concentration of biomass X(t) and substrate
S(t) dependent upon the parameters μmax, Yobs, Ks and
Ki. The yield coefficient Yobs is a measure of the
amount of biomass and product formed per unit of
substrate. Equation (6) can be rewritten as

(10)

μmax KsKi/ 2Ks KsKi+( )

KsKi

S t( )
S0

�������� 1
X0

S0

���� 1
Yobs

������� X t( )
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�������� 1
Yobs

������� .–+=

The above equation is the form of the straight line,
y = mx + c, where y = S(t)/S0, x = X(t)/S0, m = –1/Yobs

and c = 1 + (X0/S0)(1/Yobs). Based on the slope and
intercept, (X0/YobsS0) and Yobs can be determined. Also
Eq. (3) can be written as follows:

(11)

The above equation is in the form of a parabola y =
a + bx + cx2 where y = S(t)/μ(S), x = S(t), a = Ks/μmax,
b = 1/μmax and c = 1/Kiμmax. Using the method of least
squares, kinetic parameters μmax, Ks and Ki can be
obtained.

So, in this paper, the system of non�linear differen�
tial equations in phenol degradation has been solved
analytically. Approximate analytical expression relat�
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Fig. 3. Concentration profiles of biomass X(t) versus time t for various values of the parameter µmax, Ki, Yobs, Ks and for some fixed
values of the parameters: a—Ki = 140, Yobs = 0.67, Ks = 0.91; b—µmax = 0.69, Yobs = 0.67, Ks = 0.91; c—µmax = 0.69, Ki = 140,
Ks = 0.91; d—µmax = 0.69, Ki = 140, Yobs = 0.67.
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ing to the concentrations of substrate S(t) and biomass
X(t) for all values of the parameters are obtained using
the new approach to HPM. This analytical result helps
for experimental design, parameter identifiability and
for the better understanding of the model. Using this
result, the value of Haldane kinetic parameters and
time taken to reach the steady state value can be
obtained. This analytical approach will be extended to
Andrews kinetics and Michealis–Menten kinetics.
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APPENDIX

Approximate Analytical Solutions 
for Eq. (1) using HPM

In order to solve Eq. (1), we construct the homo�
topy as follows:

(A.1)

where

(A.2)

1 p–( ) dX
dt
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+ p dX
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����� Ks S S2

Ki
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The approximate solution of Eq. (A.1) is as follows:

(A.3)

Substituting Eq. (A.3) in (A.1) and equating the like
powers of p we obtain

(A.4)

The boundary condition for the above equation is:
at t = 0, Xzeroth(0) = X0. (A.5)

Solving Eq. (A.4), we get

(A.6)

where

(A.7)

Using Eq. (A.3), we obtain
X(t) ≈ Xzeroth(t). (A.8)

Substituting Eq. (A.6) in the above equation, we
obtain Eq. (7) in the text. We can find the next itera�
tion to improve the accuracy of the solution.
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