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TWO-LAYER STEADY CREEPING THERMOCAPILLARY FLOW
IN A THREE-DIMENSIONAL CHANNEL

V. K. Andreev and E. N. Lemeshkova* UDC 532.61.096

Abstract: We study the problem of three-dimensional steady creeping flow of two immiscible liquids
in a channel with solid parallel walls, one of which a given temperature distribution is maintained
and the other is hear-insulated. Thermocapillary forces act on the flat interface. Temperature in
the liquids depends quadratically on the horizontal coordinates, and the velocity field has a special
form. The resulting conjugate problem for the Oberbeck-Boussinesq model is inverse and reduces
to the system of ten integro-differential equations. The total energy condition on the interface is
taken into account. The problem has up to two solutions, and if the heat fluxes are equal, it has one
solution. Characteristic flow structures are constructed for each of the solutions. The influence of
dimensionless physical and geometric parameters on the flows is investigated.
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INTRODUCTION AND FORMULATION OF THE PROBLEM

Hiemenz [1] flows can be observed both on a macroscale (hydraulic fracturing in the oil industry) and a
microscale (liquid biochips in medicine). Such flows, also known as flows near the critical point, are characterized
by the presence of zones in which the pressure and temperature are higher than in the surrounding area. Studying
the characteristics of these flows is required to evaluate the technological parameters and predict the dynamics and
evolution of the liquid layer. The most effective way to study processes in liquids and evaluate their characteristics
is to obtain exact solutions of constitutive equations. In the literature, one can find solutions of problems describing
Hiemenz flows in various geometries: axisymmetric [2] and three-dimensional [3, 4] analogs of the Hiemenz solution,
including flows in cylindrical geometry [5, 6]. A brief review of exact solutions close to the Hiemenz solution is
given in [7]. In the present paper, three-dimensional flow of two viscous incompressible heat-conducting liquids
with a Hiemenz type velocity field is considered within the framework of a model problem. At the inner interface,
the energy balance condition taking into account the change in the internal energy of the interface is specified.
As shown in [8], accounting for energy consumption for surface deformation can have a significant effect on the
characteristics of liquid flows with low viscosities or under microconvection conditions. In this work, to evaluate
this effect on emerging flows, we study a model linear problem in which the only nonlinear term is the term in the
energy balance condition at the interface.

Consider three-dimensional plane steady flow of two viscous heat-conducting liquids in a layer where |2| < oo,
ly] < 0o, and 0 < z < lp. The liquids are in contact through a common interface z = I; < Iy (I; are constants).
Liquid 1 occupies a layer 0 < z < [;, and liquid 2 occupies a layer I; < z < ly. The planes z = 0 and z = [y are
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solid fixed walls, and the gravity is normal to the layers. As a mathematical model of liquid motion we use the
Oberbeck-Boussinesq equations, whose solutions are sought in the following form (here and below j = 1,2):

uj(w, 2) = (fj(2) + hi(2))z, vi(y,2) = (fi(2) = hj(2))y, w;(z)= —Q/fj(ﬁ) dg,

(1)
1
Py
Here u;(z, ), v;(y, z), and w;(z) are the projections of the velocity vectors onto the z, y, and z axes, respectively,
pj(z,y, z) are the pressures, T;(z,y, z) are the absolute temperatures, and p; are the constant densities. Studying
flows (including unsteady ones) with such a velocity field for the Navier—Stokes system was proposed in [9, 10].
However, Lin [11] was apparently the first to advance the idea of searching for exact solutions of the Navier—Stokes
equations with a linear dependence of the velocity components on two spatial variables.
Substituting solution (1) into the Oberbeck—Boussinesq system of equations, we write the resulting equations
in the dimensionless form

pi(x,y,2) = bj(2)a® + d;(2)y* + ¢;(2),  Ti(z,y,2) = a;(2)2” + ¢;(2)y* + 0;(2).

¢ ¢
Mn (Fj2 + sz — 2F)¢ / FJ(C) dC) + Grj / (AJ(C) + CJ(C)) d¢ = PrjIQé‘ijgg + Nji; (2)
20/l2 20/l2
2Mn (FjHj — Hje / F;(¢) dC) + Gr; / (A4;(¢) — C;(¢)) d¢ = Prjl*ejHjee + Njo; (3)
20/12 z0/l2
¢
2Mn (Aj(Fj +Hj) — Aje / F5(Q) dC) =% Ajec; (4)
zo/l2
¢
2MII (Cj(Fj—Hj)—Cj / FJ(C)dC) :l2EjCj§§; (5)
zo/l2
¢
“2MuQie [ B0 = PeiQuee +255(4; + Cy) (6)
zo/l2

where Pr;, Grj, and Mn are the Prandtl, Grashof, and Marangoni numbers, respectively. In the integral expressions,
we have zg = 0 for j = 1 and z9 = [; for j = 2, and hence 0 < £ <[ in the first layer and [ < £ < 1 in the second
layer. In Egs. (2) and (3), N;j1 and Njo are arbitrary constants.

On the solid boundaries, the no-slip conditions for velocities are imposed; as a result, we obtain the equalities

1
Fi(0)=Hi(0)=0, Fy(1)= Hy(l) = /Fg(g) de = 0. (7)
l

Temperature is specified on the lower solid wall, and the upper solid wall is heat-insulated:

A1(0) =47, Ci(0) =07, Q1(0) =Q7, Az(l) = Cax(l) = Q2(1) = 0. (8)
At the interface z = [, the velocities and temperatures are equal:
Fi(l) = Fx(1), Hi(l) = Ho(1), @Q1(1) = Q2(1), Ai()) = A2(1), C1(1) = C2(D). 9)

We assume that the surface tension depends linearly on temperature: o(T) = o9 — #(T — Tp) [00, 5, and Ty are
given positive constants, and T'(z,y,!1) is the temperature at this boundary]. Then, the condition for tangential
stresses reduces to two relations:

Foe(l) — pFre(l) = —=Mn (A1 (1) + C1(1),  Hae(l) — pHie(l) = — Mn (A1 (1) — G (1))- (10)
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The kinematic condition for the fixed non-deformable interface is equivalent to the integral equality

l
/Fl(f) dé = 0. (11)
0

The complete energy condition taking into account (1) reduces to the relations
Aoe(l) — kA1 (1) =2EA (D) Fi (1), Ca (1) — kCie(l) = 2EC (L) Fi (1), 12)
12
Qe (1) = kQue(l) = 2EQ1 () F1 ().
In Egs. (2)—(6) and boundary conditions (7)—(12), the following dimensionless variables and parameters are
introduced:

k I , :
fzza XZXl, lell’ k= 1, l:1<17 aj—XJ, Prj—yj_,
la X2 2 ka l2 X1 X
Iin 3 2 a;j(z)
Njg= 57, Fj(&)= "} f Hij&)= "} h A& = "]
7k X% Mn7 J(é-) X1 Mn fj(z)ﬂ j(&) X1 Mn J(Z)a J(é-) a* Mn7
cj(2) 0;(2) a*lalgB; »2a* 131y 72a*l3
C: - 7 , . . , Gr;= 1977 , Mn= 1 ., E= 2
i©) a* Mn Qi(8) a*1? Mn & X3 B H2X1 Hoks

Here vy, pj, xj, kj, and 3; are the constant kinematic and dynamic viscosities, thermal diffusivities, heat conduc-
tivities, and the volume expansion coefficient, respectively, N;;, are the dimensionless pressure gradients along the
horizontal coordinates (j = 1,2 and k = 1,2), and F is the energy parameter that characterizes the energy expended
for deformation of the interface by thermocapillary forces. Under the assumption that a* = max {|a1(0)],|c1(0)|} > 0
and the characteristic temperature at the interface is 0* = a*I, the values Gr;, Mn, and E are positive numbers.
Note that a local change in the internal energy of the interface due to absorption (release) of heat generates inho-
mogeneity of the temperature field (thermocapillary effect). The influence of the heat of formation of the interface
on the occurrence of temperature gradients and additional heat flows in the problem of bubble motion was found
in [8].

Remark 1. The formulated initial-boundary value problem (2)—(12) is inverse since the constants Nj
and Njy should be found along with its solution. To completely define this problem, we should specify two more
conditions:

l 1

[m@a=o [ #©dc-o (13
0 l
which, along with the integral equalities (7) and (11), imply that the flows in the layers are closed [12].

Remark 2. Using the well-known dimensional functions a; and c;, the functions b; and d; are given by the
quadratures

bj(2) :gﬁj/aj(f)dg—njl, dj(2) ZQﬁj/Cj(f)dﬁ—njza

and the pressures in the liquids are defined as

z z

plj pj = (gﬂj/aj(i) d§ — njl)x2 + (gﬂj /Cj(f) d¢ — ”jz)?f —2vjfj — gz

Z0 20

+gﬁj/z9j(§)d€_2(/zf(&t)d€)2+qu

(gjo are arbitrary constants).
84



SOLUTION OF THE MODEL PROBLEM FOR CREEPING FLOWS

Flows at small Marangoni numbers are usually called creeping. The smallness of the parameter can be
achieved due to the physical parameters of the liquid as well as due to the channel thickness [13, 14]. Let Mn —
0, then, Egs. (2)-(6) are linear, and the right sides of boundary conditions (10) are equal to zero. However,
relations (12) remain nonlinear. Performing simple but rather cumbersome transformations, we obtain

AY(&) = an& + 45, AY(E) = ay = ail + A5,
CL (&) =&+ Cf, CY(€) = v2 =ml + Cf,

(14)
Af
Qe =-L(" e M) r e
Q5(6) = —(az + “/2)17252 + Ra + Rs;
2
O = oo o (M), Aty M b
3 l N

F(e) = PMJ&A@+WX56—@@%40—§W§—M+Dﬁ—n, -

0 1 ar—m 4 | AT - CF 5\ Niog?

(&) = p o {G“( u &7 6 C ) T2
3

1€ = Y [Gratae =) (- €@ 0) - @ -]+ Due - 1)
The constants D, ..., Dy are found from the integral equalities (7), (11), and (13). In strength (14), we have
ag + 72 = (o + )l + A + C7 and ag — 2 = (a1 — 1)l + A] — C§. To determine the unknowns i, 1, Ry,
Rs, R3, Ni1, Nai, Nia, and Nag, we use the last condition of (8), the first three conditions of Egs. (9), and
conditions (10) and (12). The form of the constants ay, 71, Ri, Ra, Rs, N11, Noi, Ni2, and Nao is not given
due to their cumbersomeness. Note that the unknown parameter «; satisfies the quadratic equation. Therefore,
the creeping flow problem can have two solutions. Obviously, for £ = 0, there is a unique solution. Analysis of
the obtained solutions (14) and(15) leads to the following conclusions: for A5 = C§ = 0, the only solution of the
problem is the solution corresponding to the state of rest; Nig = Nog = 0, N11 # 0, and Na; # 0 for A} = C7;
N12 = —N11 and N22 = —N21 for Ai =0 and Cls 7é 0, N12 = N11 and N22 = N21 for Af 7& 0 and Cls =0.

The calculations were carried out for the transformer oil-formic acid system with six dimensionless parame-
ters u =114, x =071, k=041, g = 5152_1 = 1.46, Pr; = 308.2, and Pry = 14.2. Figures 1 and 2 show the results
of calculations for ' = 0, i.e., for the case where there is no influence of a change in the interfacial energy and there
is a unique solution of the creeping flow problem. Figure 1 shows the temperature and velocity fields in layers of
different thicknesses in the plane (y,&) (y, &, and T are dimensionless variables). For [ < 0.4, one vortex occurs in
each layer, and in the second layer, there is reverse flow (the liquid moves opposite to the z direction). At [ = 0.5,
the flow in the first layer becomes two-vortex, and with an increase in [, it becomes fully reverse. In the second
layer, the flow structure also changes: at [ > 0.8, one vortex occurs (the liquid moves in the positive z direction).
With a change in the thickness of the layers, the temperature field also changes: at [ = 0.4, a thermocline is formed
in the lower layer, and at [ > 0.8, the temperature is equally distributed in the layers.

Figure 2 shows the velocity profiles W () in the layers for different values of C} (the situation for Aj is
similar). Here and below, the function W () coincides with the functions W;(§) (j = 1,2) in their domains of
definition. Note that for the case Aj = —CY, the only solution of the problem is the solution corresponding to the
state of rest. We also studied the influence of Grashof numbers (Gr;) on the emerging flow: as Gr; increases, the
modulus of the dimensionless velocity W (&) increases.

For the case E # 0, two solutions are found. Figure 3 shows the velocity profiles W(£) and W2(&)
corresponding to each solution for E = 0.5 (superscript denotes the solution number). The velocity profile W(¢)

is similar to the velocity profile W (§) for E = 0, ’fm[%ﬁ] (W) — 5m[ax W (€)|| ~ 1075, and the influence of the
€[0, €[,

parameter F on the emerging flow corresponding to the first solution is negligible. The velocity profiles W?2(£)
in the layers for different values of the dimensionless parameter F are given in Fig. 4. It can be seen that as E
increases, the dimensionless velocity W2(£) decreases.

} + D3¢,
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Fig. 2. Velocity profiles W (€) in the layers for A7 = 0.1 and different values of C7:
C; =0 (1), —0.05 (2), —0.1 (3), and —0.15 (4).
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Fig. 3. Velocity profiles W*(€) (curve 1) and W2(€) (curve 2) in the layers for E = 0.5.

Fig. 4. Velocity profiles W?2(£) in the layers for E = 0.3 (1), 0.5 (2), and 0.7 (3).

CONCLUSIONS

The problem of three-dimensional two-layer motion with a special velocity field was solved by reducing it
to a conjugate problem for a system of one-dimensional integro-differential equations. The resulting problem is
inverse with respect to pressure gradients along horizontal coordinates. In the case of steady flow at low Marangoni
numbers, the solution is found in analytical form. It is shown that, depending on the values of physical parameters,
there can be up to two steady modes. For the transformer oil-formic acid system, the influence of dimensionless
physical and geometric parameters on emerging flows was investigated.
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