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PERTURBATION APPROACH TO DYNAMIC BUCKLING OF A STATICALLY
PRE-LOADED, BUT VISCOUSLY DAMPED ELASTIC STRUCTURE

G. E. Ozoigbo®* and A. M. Ette’ UDC 539.3

Abstract: In this paper, we embark on analytical determination of the dynamic buckling of a stat-
ically pre-loaded elastic structure subjected to step loading. We first employ a two-timing regular
perturbation procedure for asymptotic determination of a uniformly valid expansion of the displace-
ment. The dynamic buckling load is determined nontrivially and is related to the corresponding
static load. The dynamic buckling load is studied as a function of various problem parameters:
degree of damping, initial imperfection, and static pre-loading.

Keywords: perturbation, static pre-loading, viscous damping, cubic model, step load.

DOI: 10.1134/S0021894420060140

INTRODUCTION

Todate, most dynamic buckling investigations normally assume complete absence of any static pre-loading
before impartation of any time-dependent load to the structure. Simitses [1, 2] was the first to consider a system,
where a dynamic load was superposed on a structure that was statically pre-loaded. Subsequent researchers have
tended to approach the subject matter by way of numerical analysis, principally, by way of the finite element
technique [3-5]. As it is difficult to apply numerical solutions in engineering practice, it is of interest to consider
analytical solutions. Static pre-loading systems have many applications. The approach adopted here is, in part,
the technique used in [6], where the maximum displacement and static buckling of a circular cylindrical shell were
determined. The same technique and procedure were adopted in [7].

The problem formulation in the present work contains two dimensionally unrelated parameters on which a
two-timing multi-scaling perturbation procedure is initiated by using asymptotic expansions. The cubic nonlinear
elastic structure under study was first considered in [8]; it describes the behavior of various mechanical structures,
such as columns, beams, rods, plates, cylindrical and toroidal shells, etc.

1. FORMULATION OF THE CUBIC MODEL OF THE ELASTIC STRUCTURE

The structure consists of two rods, each of length L (Fig. 1). The rods are suddenly loaded by a horizontal
force P(T') applied at the time 7" = 0. The rods are assumed to be absolutely rigid and weightless. A mass M is
attached to the rods at the point of their intersection. The mass motion in the vertical direction is limited by a
spring whose rigidity follows a cubic law. From the side of the spring, the mass is affected by the reaction force

F, :KL(i( —b(f)g), b>0, K>0

(X is the additional displacement with respect to the equilibrium position).
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Fig. 1. Cubic model structure.

Let @ be the force in each rod and 6 be the angle between the rod and the horizontal line (see Fig. 1). The
angle 6 is assumed to be small; therefore, cosf ~ 1 and sinf ~ §. Then we assume that sinf = (X + X)/L and

6 = (X + X)/L. The projection of the equilibrium equation for the rod onto the horizontal axis is written as

Qcosh = P(T).
The equation of motion of the mass M in the vertical direction has the form
d? /X X X\3 .
Mo ()KL —v(]) ) = 2@sine.
Combining Egs. (1.1) and (1.2), we obtain

M e () L= 70) S

We introduce the dimensional variables

X - X KL
£=L, £=L, tzT\/M 0<¢<)

—bKL(X)3 X

L

and assume that

P(T) , _2P(0)

2P(T) = =2 (OPO), S0 = pls A= pp

Substituting Egs. (1.4) into Eq. (1.3) and taking into account Egs. (1.5), we obtain

d*¢(t)

a T (1 = Af(£)€ —bE® = Mf(1)E, t>0.

The initial conditions are written in the form

dg(t)

t=0: () =0, ot

=0.

P(0) # 0.

(1.1)

Equation (1.6) is written with the damping element being ignored. On incorporating a small viscous damping

term of the order of §, Eq. (1.6) takes the form

PE(WL) | s dED)

dt? o L= Af@)E b = Af(E, >0,

where 0 < § < 1.
1002



According to [8], the equations of the cubic model (see Fig. 1), which describes the behavior of the elastic
structure, are

d?&(t - de(t
S a e —ne =, 10, em="" -0 17
If a small viscous damping term of the order of § is taken into account in Eq. (1.7), this equation takes the form
d?¢(t de(t - de(t
S0 2 O s —ne = agrw, 1>0. am="" =0 19

where 0 < § < 1 is the damping coefficient, b > 0 is the imperfection sensitivity parameter, ¢ is the ampli-
tude of imperfection, f(t) is the load function, and A is the dimensionless magnitude of the dynamic step load
(Mo corresponds to static pre-loading and A corresponds to the dynamic load).
The step load f(¢) satisfies the condition
f(t) =0, t>0.

In our study, we are to determine a particular value Ap of the parameter A at which the structure buckles dynamically
under the condition that the structure was pre-loaded at the level Ag. According to [8], the value of A\p is defined
as the greatest value of A at which the displacement remains bounded.

2. STATIC DEFORMATION

According to Eq. (1.8), the static displacement & corresponding to the load A is the solution of the equation
(1= Xo)éo — bEG = Ao (2.1)
Equation (2.1) is obtained from Eq. (1.8) by assuming that f(¢) = 1 and neglecting the terms corresponding to
inertial and damping forces.
Let

fo= €VE. (2.2)
=1

Substituting Eq. (2.2) into Eq. (2.1) and equating the coefficients at the terms & (i = 1,2,3,...), we obtain the
system of equations

(1=20)&" =0, (1=20)&" =0, (1-20)&" =b(&")*, ..., (2.3)
whose solution has the form
& =Bo. & =0, & =bB3/(1-X), Bo=o/(1- o). (24)
Therefore, the displacement &; is written as
0(Mo) = EBo + B /(1= Xo) + - (2.5)

To determine the static buckling load Ag, we use the notation A instead of .
The bifurcation condition for static buckling is

dA
P (2.6)
Recasting Eq. (2.5) yields
Co(ho) =cré+e€+...,  e1=DBy, c3=0bB3/(1- o). (2.7)
Following [7, 9], Eq. (2.7) is reversed as
E=dio+ds&S+ ... . (2.8)

Substituting the expression for & from Eq. (2.7) into Eq. (2.8) and equating the coefficients at the powers of &, we
obtain

dy =1/en, d3 = —c3/cf. (2.9)
As dy and ds depend on A, Eq. (2.6) with allowance for Eq. (2.9) yields
£=(2/(3V3))\Ver/es. (2.10)
Transforming Eq. (2.10) with allowance for Egs. (2.4) and (2.9), we obtain
(1—Xs)%% = (3V/3/2)b1/%E)s. (2.11)
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3. DYNAMIC DEFORMATION

For a viscously damped structure that was not statically pre-loaded, its equation of motion under the action
of a step load is

dE() | de(t) . 50
oo 428 e aree - v = aér, 10 e =)

where £(t) is the displacement produced explicitly by the step load (i.e., without static pre-loading).
If the structure was statically pre-loaded by the force \g, the total displacement 7(t) is presented as the sum

n(t) =& +£(t) (3.1)

:07

and the equation of motion is written as

2
(3.2)
_ dg(0) _ _ dg(0) _
Substituting Eq. (3.1) into Eq. (3.2), we obtain
2
@+ 420 (G + 6+ (L M)+ (1 - NE—b&o + 87 = o+ NE, £
whence it follows that
d? d _
S0 o BN ne v antE e =g £ 0
(3.3)
d¢(o
£(0) = il(t ) _ 0.

At & = 0, Eq. (3.3) is the equation of motion under the action of the step load without static pre-loading; at
&o # 0, it is the equation of motion of the statically pre-loaded system under the action of the step load.

4. PERTURBATION METHOD AND ASYMPTOTIC SOLUTION
Problem (3.3) contains two small independent parameters ¢ and £. Let

T=6t, =104 07 ()€ + pa(n)E + pa(1)E +

wi = wi(7), w1i(0) =0, 1=1,2,3,... .
Then, we have

de(t)  o¢ o o¢ oF or | 9¢ or

dt o9t ot oi ot Ot Ot Ot (4.1)
Therefore,
d _
% = (1 NP2+ UAME + iNE +DE + e+ 8
d? _
s = (L= Nl (E+ (I8 + (I8 + . P+ 260~ NP gy + 5%r (42)
+2(1 = N2 [y (7)€ + (1) + p ()€ + .. JE 4, + 20[ph (7)€ + ph(T)E2 + p(T)EX + .. 1€,

+0[uy (7)€ + p5 (T)e? + g (1)’ + .. 1€ 3,
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where the comma in the subscript means partial differentiation, and d (-)/d7 = (-)’. Now we assume that

L) =YY W (E ), (4.3)

i=1 j=0
where (i7) is the superscript rather than the power exponent.

Substituting Eq. (4.2) into Eq. (3.3), we divide the resultant equation by 1 — A and substitute presentation
(4.3). In the resultant equation, we equate the coefficients at the powers £'67 (i = 1,2,3,...; j = 0,1,2,...).
As a result, we obtain the following system of equations:

O(): ¢+ =x/1-N),
0(E8): (o4 ¢ =—=201=N712¢0 —201 - N3¢, (4.4)
0(E6%): CF+¢P === =201 = N7V =201 = 0T —2(1 - N7
OE): 40 =—(1 =N 2up(r)¢Y —2(1 = N ()Pt
O(E%9): ¢+ = =201 = N7V (M) = 201 = V)7 (1) — 201 = 2)TICY
—2(1 =072 — 201 = )T (P — (1= V)T i (e, (4.5)
O(E26%): (Z+4¢2=—(1- N7 =201 = )2l ()R - 20— 22
— (1= N7 () = 200 = V)TV = 21— N7 ()¢ - 200 - )T,
O(E): 3+ = —(1= N7 ()¢ = 201 = N7V ()¢ = 201 = 22 )¢y
+ (1= 2)7TI{(C10) + 3[(57) 21 + £V (¢ (4.6)
O(E0): (3 +¢ = =201 = N2 ()AL — 201 = N7 (1)¢R — (1= 2) T (7)Y
—2(1 = V)T () + (1= N)7TIBB{(CID)? + ¢V 4 [(g5Y)2¢1D 4 26§V VT (4.7)
O(E6%): (24 ¢ = —2(1— N2 (r)C — 21 - )71
+2(1= N7 (1) = 201 = N ()¢ = 20— )T = (1= 0T ()¢
=21 =N p(m)CE 201 = AT+ (L= A7)+ (1P 4 (1) 4 ¢
+[(€67)2¢1D 4+ gVY[(¢1D)2 + 2¢10¢ ) (4.8)
etc.

The initial conditions are obtained with the use of the first equation in system (4.2) at t = 7 = 0 and with
allowance for Eq. (4.3):

0(&): ¢'°(0,0)=¢%(0,0)=0,  0O(&): ¢'(0,0) = ¢}(0,0) +¢2(0,0) = 0,

(4.9)
O(£6%): ¢'2(0,0) = ¢55(0,0) + ¢ (0,0) = 0;
O(&%): ¢*°(0,0) = ¢32(0,0) + (1 = X)) 2p5(0) + C(0,0) + (1 — X) /2 p5(0) = 0,
O(€25): ¢*(0,0) = (31(0,0) + (1 = \)~/215(0) ¢4 (0,0) + ¢3(0,0) = 0, (4.10)

O(E26%): ¢*(0,0) = ¢%(0,0) + (1 = \) 71 2u5(0)¢% (0, 0) + (1 = A)~2p5(0)¢3(0,0) = 0
etc.
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The solution of the first equation in system (4.4) with allowance for the first initial condition in system (4.9)
is written as

¢, 1) = a1 (1) cost + by (1) sint + B,

(4.11)
a1(0) = —-B, b1(0) =0, B=X/(1-\).
Substitution of this solution into the second equation of system (4.4) yields
1,51 + ¢ =2(1 = N)7Y?[(ay + a)) sing + (by + b)) cost . (4.12)

To ensure a uniformly valid asymptotic solution in the time scale ¢, we equate the coefficients at cost and
sinf in system (4.12) to zero. Thus, we obtain

by + b1 =0, al +a =0. (4.13)
Equations (4.13) and (4.11) yield
a1(r) =—Be ™", bi(r) = 0. (4.14)
Therefore, we have
¢!, 7) = a1 (1) cost + B.
Substituting Eq. (4.14) into the second equation of system (4.4), we obtain
¢ (t,7) = aa(7) cost + be(7) sin t, az(0) =0, b2(0) = —B. (4.15)
With the use of Egs. (4.14) and (4.15), the third equation of system (4.4) yields
1; +¢12 = —2(1 — \) 7Y% (—agsint + by cost) — 2(1 — \) "2 (—al sinf + by cost)

—2(1 = X)"'ay cost — (1 — \)"ta! cost. (4.16)

To ensure a uniformly valid asymptotic solution in the time scale ¢, we equate the coefficients at cost and
sinf in the right side of equality (4.16) to zero. As a result, we have

by +by = (1—N"Y%3(2a1 +4a7)/2,  ab+ax=0. (4.17)
Solving system (4.17) with the initial conditions (4.15), we find

T

as(T) =0, bo(r) = ; (1 - )\)_1/2(/(2a1 af)e’ ds+b2(0)).
0

Therefore, we have
M (t,7) = bo(7) sin . (4.18)
Substituting Eq. (4.18) into the third equation of system (4.4), we obtain
¢*3(t,7) = as(7) cost + bz(1) sint, as(0) =0, b3(0)=0.
The fourth equation of system (4.4) and Eq. (4.5) yield
<—20 _ <21 — <22 =0.
It should be noted that
R R ~ 1 N
(¢'9)3 = (ajcos t + B)3 = (33 + ; Ba%) + (3a132 + i a?) cost + Z Ba? cos 2t + 4 a3 cos 3,

(¢'9?% = (ay cost + B)? = (B2 + 1 (4.19)

1 .
9 a%) + 2Baq cost + 9 a3 cos 2t.
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Taking into account Eq. (4.19), we write Eq. (4.6) in the form

2a1 4} 3 3 ~ 3 ~ 1 N
30430 = 1a1u/\1 KB?‘ +, Ba?) + (3alB2 +, a?) cost + 5 Ba? cos 2t + A al cos3t}

1 ~ 1 A .
+ 30 L B2+ _a?) +2Bajcost+ _ a2 cos2t| + (€Y)2(ay cost + B) L. (4.20)
1—\ 0 2 1 2 1 0

To ensure a uniformly valid asymptotic solution in the time scale £, we equate the coefficients at cost in the
right side of Eq. (4.20) to zero. Thus, we have

ia(r) = —o b0 = N2 [(B2 4 o) + 2B + (&)%),

3 3
ph(r) = = aalb(1 =NV () = = b1 = )Y@ + ),
5 (4.21)
ph0) = = DB N a0, (0) =~ BB - N) V(e ),

4 w02, 1 0
S (3 )
w=1+ 5% g+ pb

Taking into account Eq. (4.21) similar to Eq. (4.20), we obtain the following expression from Eq. (4.6):
. « 1 ~ 1 .
30 1+ %0 = ay(7) cost + by(7)sint + ro(t) — 471 (1) cos 2t — g2 (1) cos 3t,

3 1 1)

as(0) = =bB*(1 = \)~ (;; + QQ) @2 = 35(()1)(23 B2 &

ro(1) = b(1 — X)7! [(B2 + g Ba?) + (; B%a? + Bg(”)},

() = 5 bar (1= N BHED), ra(r) = S bad(1 - N7 () = bl (1- N (B + D),

ro(r) = 3b(1 — N) N B+ &) (ara] + ), ri(r) = 3bard; (1 - N)HB + &),

(1) = 31— 0B + ) aa] + aP), () = balad(t - )
3 3
r(r) = b0 =N (afa] + 2maP), ro(0) = 3BYL-N)ar, m(0)= D bBA- N1+ &),

ra(0) = —i bBA(1 =N, 1(0) = 36B3(1 - X) 7 (1+ igg”),

3

1 (0) = —3bB3(1 — A)~ (1+ 5 &), o) = ~ B =N

rg(0) = 6bB(1 = NN B +€Y), () = 6bB3(1 - NN (B +€Y),

3

9 B 5
rj(0) = = bBH(1— N g, q1:2+3§§1>(23 s &6 )

It should be noted that
1 N ~ 1 N 1 . .
(C10)2¢ 1 = p, (32 +, af) sinf +aibyBsin2i +  bpasindi,  (1°C" = aiby sin2i + Bbysinf,
(4.22)
1 1
(¢19? = (2 a3 + Bz) + 2Bay cost + 9 a? cos 2t.
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With allowance for Eq. (4.22), Eq. (4.7) is written as

ary(r) 5, 20hb(r) o alpd(r)

V-2 s LS Lo sint

+ <-31

2 -~ 3 R
7] sin 2t + g T4 sin 3t)

_ 2 sinf(— alysint + b, cost +
1—X\ 4 4 3

b 1 . ~ 1 .
+ 1 [31)2 (B2 + 5 a%) sint 4+ a1 B sin 2t + A a3 sin3t}

1 . A A
+3 [bgfél) (2 a1 sin 2t + B'sin t) + by (561))2 sin t}

2
V1=
To ensure a uniformly valid asymptotic solution in the time scale £, we equate the coefficients at cost in the
right side of Eq. (4.23) to zero. Thus, we have

) 2 .3 .
( —ausind 4 bycost + o rasin2i + rasin 3t). (4.23)

bﬁl+b4:0, a’2+a2:q3(7'),

B ==y ,\{“/2(7) [%2(1 N+ E/\ (a1 + a/l)} + 133()3 [(BZ + 411 ag) +28g" + (551))2} + aiﬂ—é(;) }

dh(7) = _2\/11_ REICIEHESVES PG+ e +a)

3bbs 2 (1) ()2 3 alaibb2 / 2bl2 2 " ’
* 1—AKB +4 )+235 (&) ]‘Lz 1- A M2(T)(\/1—/\+ 1—)\(a1+a1))}’

bB3 bB3
qB(O):_l—Aq4, qé(o):_(l_)\)B/Q qs,

(4.24)

15
q4 = 4((] _1)_3501)(3 ng )
3 1 15 5 2 1 ()2 3
= 1 — —
o 2+( +\/1_A){4 o 3(4+B 0 )+B(€0 )} V1-2A
Solving system (4.24), we obtain
bB3 65
as(T) =¢7" [— 1—1 /qg e’ ds ba(T) =0,
0
bB3
az(0) = 1) % aj(0)=-bB*(1-N"qr, s=q1+aq @=q¢-+ lq_ﬁ)\-

The solution of Eq. (4.7) with allowance for Eq. (4.23) is written as

R N ~ 1 -1 -
3t 1) = as(7) cost + bs (1) sint — 3 r3(7)sin 2t — g r4(7) sin 3¢,

bB3 811 1 1 9
a5(0) =0, b5(0) = (1— A2 Qo =g {2 +£(()1)(B + 2) + (2(1 — N2 - 1)},
bb 4 bbya? ) + (T
r3(7) = 13_2/\ (B+e) - 3V1— A [r(r) + (7)), ra(r) = 3[1 ia;\ - T2(\/)1+_T§\( )},
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3b

B ="

Bt +a) = b )+ )]

3b 4
)= gy Bt 2mal) = F )+ )]

4bB

B 3 bB? 2
BERVAED)

1 1 1
B[+ (5+,)] o=y 7 e = -

r3(0) B2

L,

3 buB3 4
0) = , = —1
() 8\/1—,\(110 q10 \/1_/\

Let us calculate some terms in the right side of Eq. (4.8):

3B3 _
() = 7 BN a1

1 1 , -1 ; 1 R
¢oO¢Eth? = 2b§(B—|— 5 01 cost — Bcos2t — 5 01 cos3t), (2 = 2b%(l—cos2t),

1 . 1 R R 4.25
(2 = (B2 +, a%)ag cost + araz B(1 + cos 2t) + 4 aza3 (cos 3t + cost) (4.25)
2, 1 o 2 S S S
+ (B + 4 al)bg sint + a1 b3 B sin 2t + 4 bsaf(sin 3t — sint).
With allowance for Eq. (4.25), Eq. (4.8) is written as

 2p5(T)
V1=

N 2ua(T)

~ 1 A~ 1 -~ ~
32 32 " " " " .
i =+ C (a4 cost + 1y 3 71 COS Ty COS \/1 A\ ( as cos 3 SIn )

_ 2u5(7)
V1=

. 1 A A ~ 2 ~ 3 2
aycost — ) )\,u'zl(r)bzcost— (— aysint + by cost — 37"3 cos 3t — 87{1cos3t>

2
V1=2\

2 2 3 241 (7)

_ " )\(—a5sinf+b5cosf+3r3cos2f— 8T4C053£> — 1,u by cost

+ / N ]‘ / N ]‘ / N
a,cost + 19 — 3r1 cos 2t — 87“2cost

b 1 1 oo 1 .1 A
+ 1_)\<3{K2Bb§+4a1bfsmt— 2Bbgcos%— 4a1b§cos3t) +aias

1 1 “ 1 1 R R .
+ [a3 (32 + 5 af) + 4 agaﬂ cost + [b3 (32 + 5 af) ~4 bgaf] sint + ajas cos 2t + a1 bz sin 2t

1 ~ 1 A A . . .
+ 4 a3a§ cos 3t + 4 b3a% sin 34 } +3 [ﬁél)(al% + 2ag cost + 2bgsint + ayas cos 2t + a1 bs sin 2t)

1 N R
t, bgf(()l) +( él))Q(ag cost + b sin t)}) : (4.26)
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To ensure a uniformly valid asymptotic solution in the time scale £, we equate the coefficients at cost in the
right side of Eq. (4.26) to zero. Thus, we obtain

b + bs = qi2(7), as + as = qi3(7),

1 af  2asph(r) | 2i(r) | bopl(r) | 2 , ,
= - b
12 (7) M_A{l_A S s S G CYA RN

3b

1 1 1 L L
— Lt as(B b)) asad 430V 2+ €5 . (4.27)

2

B 1 2bs b (T) 3b s 1 4 1.5 1) (1)
qlg(T)_—Nl_A{ T 7 (B at) = baad +bagV 2+ )] .

It follows from Eqs. (4.27) that

T bBB T
o) = [aate as wm)=e P ve [anle as

0 0

With allowance for Eq. (4.26), the solution of Eq. (4.8) is written as

R R . 1 -1 R
C*2(t,7) = ag(T) cost + bg(1) sint + rs(T) — 576 (1) cos 2t — N (1) sin 2t

1 -1 -
—g"® (1) cos 3t — g "o (7)sin 3t,

bB2 15 1
ag(0) = (1— )2 q16; b(0) =0, B =~ (B +€(()1)) + 3 (¢14 + Bqis),

il (7) 3 /1 1 1 1
r5(T) = 10_/\ + 1_/\(2 Bb§+a1a3+a1a3€é 4+ 2b§ ((J ))v

1 /1 4 3
re(T) = 3 ;1_(7—; + V1 - A [r3(T) + r5(7)] — 1 (; Bbb3 — ajas(1 —f(()l))),

o 3ba1b3 (1) o 1 7“/2/(7') 3 ’ _ 3 b 2 2
() = 0N, )= P T @) ) = (bt asad),

15 bB? bB?

3
TQ(T) = 4 bbBG’%(l - /\)7 T5(O) = 2 (1 _ A)Q (B + é—(()l))7 TG(O) = (1 _ )\)2 qi14, 7‘7(0) =0,
1 bB3 3 B3
=g g et O=m
1 16 3

Q=g [6(B +£5") +4(B + £ o] +B( g 0=y (1= A))7 15 = qio — 1+3(1 = \).

Continuing the calculations, we obtain the expression for the displacement &(£, 7):

EE,T) = (¢ +oC + 6%+ )+ O+ 0B+ 24 )+ (4.28)
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5. MAXIMUM DISPLACEMENT

The dynamic load Ap is determined from the condition

d\ B

g le=¢

where &, is the value of € at which A reaches the maximum value.

Let 4, tq, and 7, be the critical values of #, ¢, and 7, respectively. The following asymptotic series are
assumed to be valid:

0, (5.1)

£a=(1€0+5£01 +52£02+...)+g(£10+5£11 +52£12+...)+52(1€20+5£21+(52£22+...)+...,
to = (to + Stor + 6% tog +...) + E(tio + Oty + 0%tia + ... ) + E%(tag + tay + 6Ptog + ... ) + ..,
To = Otp 2(5[(t0+(5t01 +52t02+...)+§(t10+5t11+52t12+...) (5.2)

+ & (too + Otar + 6%tao + ... ) +...].
For the maximum displacement, with allowance for Eq. (4.2), we have
i+ (L= NT2u()E+ pa(NE+ ua(NE + . Je e+ (1= )TV =0, (53)

Substituting Eq. (4.28) into Eq. (5.3), using Eq. (5.2), and equating, after some transformations, the coefficients at
el$l (i =1,2,3,...,5=1,2,3,...), we obtain the following system of equations:

O (9=0,  O@8): ¢ +1o¢l + (1= X) Y20 (19 ¢ —g,

O(e6%): toaC 33 + toCy +101C5s/2 + tortoCig, + tor i + 1oy +CF +lor (1 — A2 A to(l— ATV =,
O(e): 7;01()1{% = 0; (5.4)
O(e%): t20Cg + P+ Q=N ()¢ +5¢3%/2 =0,

O(%8): 1 ¢ + a0, + [(Forfrn + 2ba0f01)C % + (2ha0to + 2f20t10)C 43, 1/2 + 2005} 5.5)
+E01C% A+ (1= N2 (m)Eon ¢ + (1= A) 72 (r)tC Y

+(1- /\)71/2#12(T)C,151 +(1- /\)71/2752()(,152 +(1- /\)71/2@70 =0.
Substituting <71£0 from Eq. (4.14) into the first equation of system (5.4) and applying some simplifications, we obtain
sintg = 0;
therefore,
to = . (5.6)

In Eq. (5.6), fo is the least nontrivial solution.
It follows from the second equation of system (5.4) that

1 1 N N
Y C}TO (t(), 0) + C,lfl (t()v 0) )

- ~ tﬂcle- (fﬂa 0) +
C,lfg(t()a 0) !

to1 =

V1

W0(i0,0) = =B, (¥ (i0,0) =0, (M(f0,0)=0, ¢2(f0,0) = —B;
therefore,

£01 =1- (1 — )\)_1/2.
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Similarly, it follows from the third equation of system (5.4) that

. N t N t -
for = toCi (fo,0) + " C0(f0,0)+ 7 (O, 0)),

1
= os +
¢9(to,0) V1= V1=

(l0,0) =B, (G (t0,0)==B[1=3/2V1-X)], (7(f,0) = B;
therefore,

\/Ioi )\) [_B(l B 2\/13_ )\)} + tofor - \/Ioi \

The first equation of system (5.5) yields

2?02 e (t() +

tio =120 = 0.
Simplifying the second equation of system (5.5), we obtain
» 1 s to1p5(0) 10,2 10/ 1 305 315
tor=— [t (ty,0) + 0(t0,0) + ¢2(t0,0) + +Tt,0—|—At,0},
21 ¢l 0) o€ 7 (0, 0) \/1_/\C7t(0 )+ ¢ (t0,0) Jl- ¢ (to,0) + 7 (0, 0)
10A0_bB3 31A0_b33 305 () = B
,ff(tov ) - 11—\ q17, C,fq-(t07 ) - \/1 Y q18; C’f (th ) - _1 — q19,
R bB3 1 2 9
10 (1)
f0,0) = = 1
Crlto,0) =" @0, qr=-p@t (1+&7)+
8 9, 2 Dy 3
(118=—Q11—3Q1—8(\/1_/\—1), g19 = g2 + qa, Q2OZQ19+4(1+€OB)—8§
therefore,

1-— £01 I B 4 B :|
\/1_)\ \/1_)\(]18 \/1_/\1120-
Now we determine the maximum displacement (critical value) &,. Taking into account Eq. (4.28), we obtain

Ca = E(C0+ 6 +02¢2 + . )+ + 03+ 6%+ )+

~ Bfol ,
t21 =b 1 A L]17/L2(0)

t

where

dzij) = Cij (faa Ta)- (5.7)
Expanding each term in Eq. (5.7) into the Taylor series and applying some transformations, we obtain

o = (¢ (20, 0) + 8[toC 0 (£,0) + ¢ (L0, 0)] + 6% [t01¢ Y (0, 0) + ton }g?(fo, 0)/2
+15¢ 0 (F0,0)/2 + L1 F (F0, 0) + ¢ (F0, 0)]}
+ &% (t0,0) + [t20¢ Y (f0,0) + t0¢> (0, 0) 4 ¢* (0, 0)]

+ 62 [tzlc)l,,.o (l?(), 0) + 2?012?214-)152(%0, 0)/2 + 2?214,1)?0 (fo, 0) + 1%1 )152(2?0, 0)/2

+ t01¢3 (0, 0) + 53 (0, 0)/2 + ¢* (H0, 0)]} + .. . . (5.8)
The expressions for the terms in Eq. (5.8) can be simplified:
R R . 4bB? R 19 bB3
Clo(tﬂvo) = 2Ba C,lro(thO) = _B7 Clo(t()vo) = 1)\ 421, C,S,?O(tﬂvo) = - 41—\ q23,
313 113 327 bB® 30 (4 bB?
C (t(),O) :Oa C)f (thO):Ba C (t()vo): 1_Aq247 ,TT(tO?O) = 1_Aq257
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. . bB3 . N
,17—07—(t07 0) = 07 <737—0(th 0) = q22, Clg?- (th 0) = _Ba Clz(tﬂa 0) = 07
1—A ’

(5.9)
gt <1>{(3 1 <1>) } _ ( 1 <1>)
Q21—1+8§0 GQB-FBQO 1, (I22—61+Bo + 3 — gs,
1 5 3 1 (1))} _ ( 1) 111
P23 = g 4[2 9(2B+B2€0 , Qoa =15 1+B o4 g I
q7 1 . 9
- 4(1 ) -7
q25 \/1 Y =+ =+ B 0 32
Substituting Eq. (5.9) into Eq. (5.8) and applying some simplifications, we obtain
Ca=erf+esl®+..., (5.10)
where
9 4bB? 9
er =2B(14+ A116 + A1207), e3= L— g21 (1 + Az19 + Asz207),
1 1 3. 1 1 to
A= —_tg, Ap=—_t tor — _t2, Az = tl—)\( —)
11 9 t0s 12 9 01+2 0T gt AT of ) 1) q9—@0);
1 1/, 1. . 1 19 g3 | 1
Agzy = 1—)\[ (t — 1 — tt) (t — Ut ta )}
2 o ( ) pg2 \121 — 21—, tortoz + 1 — oy Jordio = 5 %1920 + 1- + 9 120425

Equation (5.10) is similar to that from which we earlier derived Eq. (2.10); therefore, we expect the dynamic
buckling load to be obtained as

- 2

£ = \/ €1 (5.11)

3v3\es
It follows from Eq. (5.11) with allowance for Eq. (5.10) that

3v6 1+ A S+ 02 A0\ /2
V \/b)\Dﬁ( + A0 + 12) .

1—Ap)*? = 12
L= A7 = 1+ Az 0+ 62 Az (5:12)

q21

Dividing Eq. (5.12) by Eq. (2.11), we obtain the relation between the dynamic buckling load Ap and static buckling
load Ag:

(1 _)\D)?,/Q V2 A (1+A115+A1252)‘1/2 (5.13)

1-\s T V@21 As N1+ Az10 + Agpd?
Thus, if either Ap or Ag is known, one can determine the other load without the labor of repeating the

arduous task all over. If the structure is undamped, but is stressed by a step load superposed on the static pre-load,
the dynamic buckling load is calculated by Egs. (5.12) and (5.13) as

(1 Ap)?? = 3\2/6 \/bAD§{1+;€él) [6( 3 N 1 (1)) _1}}—1/27

2B ' B2
5.14)
1=Ap\32 _ , Ap 1 /1 1 . ~1/2 (
(1—/\5) =2 As {1+8€0 [6(23 g o )_1” '
If there was no static pre-load, then & = 56“ =0(=12,3,...), and Eq. (5.14) yields
3V6 . 1—Ap\3/2 Ap
1—\p)¥2% = bA =v2 7. 1
( p) 2 VbADE, (1—/\5) v As (5.15)

Formula (5.15) was first derived in [8] by using the phase plane analysis. Formulas (5.12) and (5.13) are valid for
0<e<land0<d< 1.
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6. ANALYSIS OF RESULTS

The dynamic buckling load was calculated within the framework of the MATLAB software system. The
relations between the dynamic buckling load Ap and various parameters of the problem are shown in Figs. 2-4. In
the case of static pre-loading, the dynamic buckling load A\p is greater than that in the case without pre-loading.
The value of A\p increases with increasing damping and decreases with increasing initial imperfection &.

B01 003 005 007 009 011 Ag

Fig. 2. Fig. 3.

Fig. 2. Dynamic buckling load Ap versus the imperfection parameter & calculated by Eq. (5.12)
for different values of §o and 6: (1) & =0and § = 0; (2) & = 0 and § = 0.02; (3) &0 # 0 and § = 0;
(4) & # 0 and § = 0.02.

Fig. 3. Dynamic buckling load Ap versus the static buckling load As calculated by Eq. (5.13) for
different values of £ and ¢ (notation the same as in Fig. 2).

70.01 0.03 0.05 0.07 0.09 0.11 6
Fig. 4. Dynamic buckling load Ap versus the damping coefficient & for € = 0.04 and different values
of fo and Ao: (1) f() =0and Ao = 0; (2) fo =0and Ao = 0.02; (3) f() 74— 0 and Ao = 0; (4) fo 7é 0
and Ao = 0.02.
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CONCLUSIONS

The problem of dynamic buckling of the structure is analyzed with the use of the perturbation procedures

and asymptotic expansion in two small parameters. All the results are asymptotic in nature. Though the results
are obtained for a nonlinear cubic model elastic structure, the proposed method can be extended to real-life elas-
tic structures, such as toroidal, cylindrical, and spherical shells. Structures with nonlinear damping can be also
investigated by using this perturbation procedure.
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