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INFLUENCE OF THE MARANGONI EFFECT
ON THE EMERGENCE OF FLUID ROTATION
IN A THERMOGRAVITATIONAL BOUNDARY LAYER
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Abstract: Steady axisymmetric regimes of the fluid flow in a thermogravitational boundary layer
near the free surface with a nonuniform temperature distribution on this boundary are calculated
for equations of fluid motion in the Oberbeck—Boussinesq approximation, where the viscosity and
thermal diffusivity are small. With due allowance for the thermocapillary effect, it is demonstrated
that nonhomogeneous fluid flow regimes with rotation can arise in the boundary layer owing to a
bifurcation in the case of local cooling of the free surface, whereas rotation outside this layer is
absent.
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In a homogeneous fluid with small diffusion coefficients, there may emerge thin boundary layers in the
vicinity of the free surface under the action of shear stresses on this surface. These stresses arise, e.g., if there is a
temperature gradient along the free boundary. As a result, a thermocapillary fluid flow is formed (Marangoni effect).
Napolitano [1] was the first researcher who obtained self-similar solutions that describe thermocapillary flows of a
homogeneous fluid. An important cycle of investigations of the Marangoni effect was performed by Pukhnachev
and his team. For example, the properties of unsteady and steady Marangoni boundary layers were considered in
2, 3].

Nonlinear boundary layers may be formed in the vicinity of the free boundary if there are no shear stresses
on this boundary. This phenomenon occurs in the absence of the Marangoni effect in a nonhomogeneous fluid whose
flow is described by the equations of motion in the Oberbeck—Boussinesq approximation. Owing to the influence of
the temperature field on the velocity field, a thermogravitational boundary layer is formed in the fluid near the free
boundary. Depending on the values of the problem parameters, the Marangoni effect can produce a small or finite
action on the nonhomogeneous fluid dynamics. The influence of the Marangoni effect on the thermogravitational
fluid flow in a thin layer was investigated in [4]. The present study is aimed at considering the Marangoni effect
on the thermogravitational flow in the boundary layer near the free surface of a nonhomogeneous fluid, which
occupies a finite-thickness layer. Conditions at which a fluid flow with rotation can arise near the free boundary
are determined.
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1. MATHEMATICAL MODEL

A steady flow of a nonhomogeneous fluid under axial symmetry conditions is considered. The fluid occupies
a horizontal layer of finite thickness h, which is bounded by a solid wall from below and by a free boundary I" from
above; the free boundary is subjected to the condition of a nonhomogeneous temperature distribution. The fluid
flow is calculated on the basis of the equations of motion in the Oberbeck—Boussinesq approximation:

(v, Vv = —p 'Vp+ vAv — gfaT, vVT = xAT, dive = 0.

Here v = (v,, vp,v,) is the velocity vector in cylindrical coordinates r, 6, z, g = (0,0, —g:) (g is the acceleration
due to gravity), § is the thermal expansion coefficient, and 7' is the fluid temperature; the kinematic viscosity v
and thermal diffusivity x are assumed to be small. The axial symmetry conditions mean that the velocity, pressure,
and temperature are independent of the circumferential coordinate 6.

The boundary conditions on the free surface include the dynamic conditions for the normal and shear stresses,
kinematic condition, and prescribed temperature 1t are

p =2vpnlln — o(k1 + ko) + pgz + ps, vn =0, (r,0,2) el

2vp(Iln — (nlln)n) = Vro, T =1r, (r,6,2z) eT.

Here II is the strain rate tensor, p is the dynamic pressure caused by convective motion of the fluid [5], pgz is
the hydrostatic pressure, n is the unit vector of the external normal to the surface I'; k1 and ky are the principal
curvatures of the free surface, and o is the surface tension coefficient, which is assumed to be linearly dependent on
temperature [0 = o¢ — |or|(T — Ty ), where og, or, and T, are constants], Vr is the gradient along the boundary T';
the pressure p, on the free surface is assumed to be constant. The solid wall is subjected to the no-slip condition
v = 0 and constant temperature condition T = Tg.

The origin of the coordinate system is chosen to be on the free surface. Here we find the problem solution,
where the free boundary in the principal approximation is not deformed and is described by the equation z = 0.
The solid boundary is determined by the equation z = —h. Let us assume that the temperature on the boundary
I" behaves according to the law Tt = T's + T}, (12 /L? — 1) at r < L and Tr = Ts at v > L (T}, = Tt |p=1, — Tr|r=0 is
the temperature difference on the segment r € [0, L]). Obviously, the free boundary in the vicinity of the axis of
symmetry is cooled at T, > 0 (r < L) and is heated at T,,, < 0.

Let us introduce the dimensionless temperature difference o on the surface I' by the formula o = T, /Ts.
The equations of motion and the boundary conditions are also non-dimensionalized. The scales of length, tempera-
ture, velocity, and pressure are taken to be L, Ts, Uy, and pU?2 (U, = /9:8LTs ). Assuming that the temperature
difference changes in the course of cooling (0 < T, < Ts), we have 0 < « < 1. If the parameter /« is finite,
quantities v/T's and +/T}, are of the same order and, hence, the scale U, has the order U, ~ +/g;8LT;,. The
expression for the temperature on the surface I' is presented as T = 1+ a(r? —1) at r < 1 and Tt = 1 at r > 1.

Let us introduce the dimensionless parameter e = v/(LU,), which is small for small values of the kinematic
viscosity and finite values of the parameter L. The equations of motion in the dimensionless form are written as

(v,V)v=—-Vp+ecAv+Te,, vVT = (¢/Pr) AT, divev =0, (1.1)

where e, is the vector with the components (0,0, 1), and Pr is the Prandtl number.

2. ASYMPTOTIC APPROACH

In the dimensionless variables, the parameter ¢ is located at the higher derivatives in the equations of
motion (1.1). This means that a thermogravitational boundary layer domain Dr is formed in this case near the
free boundary. Outside this domain, an external flow is formed, which is described by diffusionless equations in
the principal approximation. Let us consider the case with an identical order of the velocity vector components in
the boundary layer domain and in the external flow as € — 0. Let us also assume that the external flow is not
swirled, i.e., vp = 0 outside Dr. Then we find the order of the velocity vector and boundary layer thickness. For
this purpose, we introduce the stretching transformation s; = z/e* in the domain Dr and estimate the orders of
velocity, pressure, and temperature in the equations and boundary conditions. As a result, we find that the velocity
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vector has the order equal to O(¢'/%). The temperature and pressure have the finite order O(1). The order of the
boundary layer thickness is O(¢2/%). The deviation of the free boundary from the undisturbed level z = 0 has the
order O(BT,,€?/?) and is significantly smaller than the boundary layer thickness.

The boundary-value problem is solved by using the boundary layer equations [6]. As e — 0, the asymptotic
expansions of the velocity, temperature, and pressure field are constructed on the basis of the fractional powers of
the parameter ¢:

Uy = 81/5(’UT1 +he)+ ..., v, =P, + 53/5(1)22 +ha)+ ..,
vg =e%hgr + ¥ %hgs + ..., p=7po+ 62/5(p1+(I1)+..., (2.1)

T =1+Ti(r,s) +2/5(To(r,s) + Tip(r,2)) + ... .

The functions h,1, h.o2, he1, hgo, T1, and Ty are determined in the boundary layer domain Dr, depend on the
stretched variable s = 2/82/5, and tend to zero when leaving the domain Dr, i.e., as s — —oo. The function ¢;(r, s)
is determined in the domain Dr and tends to a constant value at infinity. The functions v,1, v,1, v.2, Po, P1, and
Ty (external solution) depend on the variables r and z, are determined in the entire fluid flow domain, and describe
the problem solution outside the boundary layer domain Dr. The conditions hggp — 0 and hg; — 0 as s =& —o0
mean that fluid rotation in the boundary layer does not induce rotation outside the domain Dr.

Let us substitute the asymptotic series (2.1) into the system of the equations of motion (1.1) and the boundary
conditions and equate the sum of the coefficients at identical powers of € to zero. We introduce the functions H,
and H, by the formulas H, = h,1 + vp1|r and H, = h,o 4 v.a|r + s 0v,1/9z|r. In the principal approximation, we
obtain the following system of the boundary layer equations for calculating the thermogravitational fluid flow in
the domain Dr:

0H, 0H h2 8q1 82H ov 1
Hr " HZ T = " T " )
or + Os r or + 0s? o or Ir
Ohg1 Ohgr  Hyhe1  9%hg Iq
H, H, = , — Ty =0, 2.2
or + 0s + r 0s? 0s +h=0 (22)
0Ty 0Ty 1 0%Ty OH, H, O0H,
H, H, = , =0.
or + 0s Pr 0s? or + r + 0s
The boundary conditions on the free boundary and the conditions at the exit from the domain Dr have the form
0H, Ohg1
Hz =Y, = - ) = 07 T = 9 9 =Y,
0 9s yTT 9s 1 r s=0
OH, (2.3)
H, — v . P — 0, hg1 — 0, T, — 0, § — —00, T = 2a.
S

The function fr is converted to the form fr = 0.57(r? — 1), and the parameter v in the boundary conditions is
determined by the formula v = |or|p~ (T2v~*L~%g, ®373)1/%, which takes into account the Marangoni effect. At
v = 0, the thermocapillary effect is ignored.

In contrast to Prandtl’s boundary layer equations for a homogeneous fluid, system (2.2) contains derivatives
of the pressure function ¢; with respect to both spatial coordinates r and s. This is caused by the influence of the
temperature field on the velocity field in a nonhomogeneous fluid.

In solving the boundary-value problem for the Oberbeck—Boussinesq equations, the functions of the external
solution v,1, v,1, V.2, Po, P1, and T, are sought with the use of the first iterative process in the boundary layer
method [6]. As a result, we determine py and find that the vector vy with the components v,1, v.1, and vg; = 0,
as well as the functions p; and Ti, in expansions (2.1) satisfy system (1.1) at € = 0. Let us assume that the radial
component of the external flow velocity on the free boundary in the vicinity of the axis of symmetry is a linear
function of the radial coordinate: v,1|r = Ur (U > 0). The asymptotic value of the external flow velocity field near
the free boundary is v,y ~ Ur, v,1 ~ —2Uz, and vg1 = 0 for |z| < hy (h; is the dimensionless thickness of the fluid
layer and U is the amplitude of the external flow velocity on the free surface).
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In view of the quadratic dependence of temperature on the radial coordinate on the free boundary, the exact
solution of problem (2.2), (2.3) is constructed in the form

Hy=r(U-=W'm), H.=2mU-W),  ho=rGn),

Ty = 0.5r%Tui(n) + Tia(n), @1 = —0.5r%qui(n) — qua(n), 0= —s.
Formulas (2.4) define the problem solution only in the vicinity of the axis of symmetry; they do not extend outside
this domain, in particular, they are invalid in the region r > 1, where the solution can be continued numerically.
Formulas (2.2) and (2.3) yield the following boundary-value problem for the functions W, G, T11, and Tis:

WO =2W —gU)W" +2GG + T, G =2W —qU)G +2(U — WG,
Tiy = 2Pr (W —qU)Ty; + (U = W)Tu1),  Tip = 2Pr (W — nU)T7,,
W =0, W" = —47, G' =0, Th =T, Ty, =—0.57 (n=0),
W =W'=G=Ti=T2=0 (n=+o0).

By using formulas (2.2) and (2.4), the functions ¢11 and g2 can be expressed via T1; and T3y2. After solving the
boundary-value problem (2.5), we find the functions ¢11 and g12 by the formulas

(2.4)

(2.5)

Q1 = /T11 dn + const, Q2 = /Tlg dn + const.
0 0
If U = 0 in problem (2.5), we have v,1 = v,1 = vg1 = 0. The external flow velocity vector has the components
Upa, U2, and vge = 0, which are induced by the boundary layer (by the functions W, G, T3, and T32); moreover,
the kinematic condition for the external flow on the surface I' takes the form v,o|r = —2W (00).

3. FLUID FLOW REGIMES IN THE ABSENCE OF ROTATION

The functions W, G, T11, and T12, which describe the fluid flow in the boundary layer, are found numerically
by means of solving problem (2.5) by the shooting method. The calculations are performed for the Prandtl number
Pr = 7. We introduce the parameter V = U — W'(0), which describes the amplitude of the radial component of
velocity on the free boundary. Figure 1 shows the parameter V' as a function of the amplitude of the external flow
velocity U on the boundary I'. It is seen that the fluid velocity on the free boundary increases monotonically with
an increase in the external flow velocity U. The Marangoni effect at 7 < 0 leads to an increase in the fluid velocity
on the free surface T

In the case of cooling of the free boundary, the fluid flow regimes without rotation exist only if the amplitude
of the external flow velocity U on the surface I is not smaller than a certain limiting value U,,. It should be noted
that U,, ~ 0.7029 for v = 1 and U,, ~ 0.2489 for v = 0. In the presence of the Marangoni effect, the parameter U,,
increases. The parameter U, corresponds to the extreme left points (“vertices”) of curves 3 and 4. For U > U,,,
each value of the parameter U corresponds to two solutions for the flow regime in the absence of rotation, which
differ by the velocity profile shapes. These solutions coincide for U = U, and vanish for U < U,,. The analysis of
the velocity profiles in the boundary layer shows that the flow domain with V' < 0 is divided into the region where
the fluid particles move away from the axis of symmetry (v, > 0) and the region where they approach the axis
of symmetry (v, < 0). The region v, < 0 adjacent to the free boundary is significantly narrower than the region
v > 0. At V > 0 and 7 > 0, the boundary layer domain consists only of the region v, > 0. In this case, the radial
component of the fluid velocity on the surface I' decreases owing to the Marangoni effect. At V' < 0, the Marangoni
effect on this component is non-unique. For some values of the parameter U, the absolute value of this component
on the surface I' can increase with increasing 7, while this value decreases for some other values of U (for small
values of V).

Let us use V. = U — W'(n) to denote the amplitude of the radial component of velocity in the principal
approximation inside the boundary layer domain Dr. The calculated results show that the velocity component V.
for flow regimes without rotation monotonically decreases with distance from the free boundary in the case of
heating of the free boundary and monotonically increases in the case of cooling of the free boundary. At the exit
from the domain Dr, the amplitude V,. tends to a limiting value equal to U.
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Fig. 1. Parameter V versus the amplitude of the external flow velocity U on the free boundary for
flow regimes without rotation (G = 0) (curves 1-4) and with rotation (G # 0) (curves 5 and 6)
at 7 = —0.75 (local heating) (1 and 2) and 0.75 (local cooling) (3-6): the solid and dashed curves
show the results for v = 1 and 0, respectively; the bifurcation points are denoted by B and C.

4. BIFURCATIONS. FLUID FLOW REGIMES WITH ROTATION

In the case of local cooling of the free boundary and U < U,,, there are no fluid flow regimes without rotation
(G = 0) in the boundary layer, and the boundary-value problem (2.5) has solutions that describe flow regimes with
rotation at G # 0, which appear as a result of a bifurcation of flow regimes without rotation. The bifurcation points
are determined in the course of the numerical solution of the boundary-value eigenvalue problem obtained by means
of linearization of problem (2.5) near the solution that describes flow regimes in the absence of rotation. If the
eigenfunctions are denoted by W,., G, T.1, and T2, the boundary-value problem for determining these functions
and eigenvalues can be presented in the form

WS = 2W" W, + 20W — U)W +To, G =2(W —qU)G., — 2(W' —U)G,,
T, = 2Pr (W.TY, — W!T1 + (W —nU)T! — (W' = U)Te),
vo = 2Pt (W T, + (W = nU)T7),

We=W/=T1=T2=G,=0 (n=0), W =W'=T1=T2=G=0 (n=+o0).
The eigenvalue problem (4.1) is solved numerically. The parameters U, 7, and v are varied in the limited range
M:{(U,T,’)/); Ue [072]7 TE [_171]7 ’YE [071]}

In the case of local heating of the free boundary (7 < 0), no eigenvalues were obtained. In the case of cooling of the
free boundary (7 > 0), we calculated the branch of simple eigenvalues U, (7, 7) of the parameter U in the domain M.
The eigenfunctions are found in the form G. = ¢,G.(n) and W, = To1 = Tp2 = 0 (¢4 is an arbitrary constant not
equal to zero). The function G,(n) satisfies the normalization condition G,(0) = 1, monotonically decreases with
increasing 7, and tends to zero as n — +o0. Figure 2 shows the dependences of the bifurcation parameter U, on 7.
The numerical results show that the bifurcation values of U in the presence of the thermocapillary effect increase
both with increasing 7 at a fixed value of v and with increasing ~ at a fixed value of 7. The Marangoni effect is
enhanced with increasing ~.

The solutions that describe flow regimes with rotation branch away from the solutions that describe flow
regimes without rotation at the bifurcation points B and C' (see Fig. 1). For each point belonging to curves 5 and 6,
we calculated two regimes that differ only by the rotation direction.
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Fig. 2. Bifurcation values of U versus 7 for v = 1 (curve 1) and 0 (curve 2).
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Fig. 3. Amplitude of the circumferential component of velocity Gy versus the external flow veloc-
ity U on the free boundary for flow regimes with rotation for 7 = 0.75 and v = 1 (1) and 0 (2);
B and C are the bifurcation points.

Fig. 4. Dependence Q(U) on the free surface for v = 1, 7 = 0.75, and r = 0.5: the solid and dashed
curves show the flow regimes without and with rotation, respectively; C' is the bifurcation point.

For the free boundary points, Fig. 3 shows the amplitude of the circumferential component of velocity for
flow regimes with rotation Gy = G(0) as a function of the external flow velocity U for 7 = 0.75. Owing to the
thermocapillary effect, the circumferential component of velocity on the free boundary increases. For U < U, two
regimes with symmetric values of +|Gg| on the free boundary were calculated.

In solving the boundary-value problem (2.5), we also calculated the heat flux on the free boundary; for
calculating the heat flux component normal to the boundary, we used the formula g, = —\9T/dz|r transformed
to ¢ = ¢ Q(r,U,7,7) [q« = ATsL~'e=2/% is a dimensional parameter including the thermal conductivity ), and
Q = 0.5r?T7,(0)+T745(0) is a dimensionless function]. The calculated results are summarized in Fig. 4. It is seen that
the heat flux in the case of flow regimes with rotation monotonically increases with increasing U in the interval [0, U,].
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5. ASYMPTOTIC BEHAVIOR OF THE FLUID FLOW
WITH ROTATION IN THE VICINITY OF THE BIFURCATION POINT

Let us introduce the parameter § by the formula § = U — U, where U and U, are the current and bifurcation
values of the parameter U, respectively. Obviously, the parameter ¢ in a small vicinity of the bifurcation point,
as U — U,, is small. Let us use W,, T,1, and Ty to denote the fluid flow regime at the bifurcation point. Let
us introduce the parameter €, by the formula e, = G(n,U,7,7)|,=0, where G(0,U, 7,7) is the amplitude of the
circumferential velocity component for the flow regime with rotation on the boundary I'. It should be noted that
the parameter e, (U, 7, y) vanishes at U = U,. In a small vicinity of the bifurcation point, as U — U,, the parameter
€« is small. Flow regimes with rotation in the vicinity of the bifurcation point can be presented as

W=W,+1U, G = €49, T = Ty + 1, Tio = Ty + to.

The expression €. = G(0,U, 7,7) yields the boundary condition g(0) = 1.
Taking into account Eq. (2.5) we obtain the following boundary-value problem for determining the func-
tions ¥, g, t1, and to:

LY = t; — 25n(U" + W) + 2299 + 200"
Nty = 2Pr (OT), — O'Thy + Ut} — Uty + 6(Th1 — Ty + t1 — nth)),
ty = 2Pr (Wi — nU.)ty + Wth + UT, — on(ts + 11,)),
Kg=2Vg' —2¥'g+25(g —ng'), (5.1)

=0, U'=0, ¢=0 t1=0, t=0 (n=0),
v =0, v’ =0, g=0, t1 =0, ta=0 (n = +00).
Here L, K, and N are the linear operators
L=D*"—2W.,-nU.)D?-2W/E,
K = D? - 2(W, —nU,)D + 2(W! — U.,)E, N = D? — 2Pr (W, —nU,)D — (W! - U,)E),

D = d/dn is the operator of differentiation, and E is the unit operator.
The solutions of the boundary-value problem (5.1) are constructed as asymptotic series in powers of the
parameter 0:

U =00 +6°Us + ... (6 — 0),

(5.2)
t1=5t11+52t12+..., t2=5t21+52t22+..., g=Gy+0G1+ ... .

The properties of the function G, are presented above. From the conditions G.(0) = 1 and g(0) = 1 for the function

G in Eq. (5.2), we derive the boundary condition G1(0) = 0.

It follows from the relation U = § + U, that the parameter ¢,(U,7,v) depends on the parameter §. The
parameter ¢, is determined by solving the boundary-value problem (5.1) with allowance for the additional boundary
condition g(0) = 1. As problem (5.1) involves the parameter ¢, only in the form of the quadratic function £2, we
assume that the parameter €2, similar to the functions W, ¢, t», and g, can be presented in the form of the
asymptotic series in powers of the parameter d:

e2=0B; +6°By+ ... (6 —0). (5.3)

For determining the coefficients of the asymptotic expansions (5.2) and (5.3), we substitute these expansions into
the boundary-value problem (5.1) and equate the sums of the coefficients at consecutive powers of the parameter ¢
to zero. The boundary-value problem for the principal terms of the asymptotic series (5.2) has the form
L\Ifl = tll + 2B1G*G; - 2?7W:/, Ntll = 2Pr (\111711 - \IjllT*l + T*l - UT;l),
(5.4)
¥, =0, \1111/:0, ti1=0 (n=0), \Illl =0, \I//1I=0, t11=0 (n=+400).
The function ¢12 is found by solving the linear boundary-value problem after integrating problem (5.4).
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Fig. 5. Parameter B; versus v for 7 = 1.

Problem (5.4) contains the unknown parameter Bi; therefore, the functions ¥; and ¢1; in the course of
integrating Eq. (5.4) can be presented as W1 = Wy + B1 Uy and t11 = tp1 + Bitpe. The boundary-value problems
for the functions Wy, tp1, ¥pe, and tp2 do not involve the parameter By and are solved numerically. The parameter
By and the function G; are found by solving the linear boundary-value problem

KG; = 2(\IjblG; — \I/glG* + Gy — ’I]G;) + QBl(qugG; — \IJZZG*),

GI(0)=0,  Gi(+00)=0.

Problem (5.5) with allowance for the additional condition G1(0) = 0 is solved numerically; the parameters
~ and T are varied in the interval [0,1]. Figure 5 shows the parameter B; as a function of the parameter v for
7 = 1. It is found that the parameter By for 7 € [0, 1] is negative. If the thermocapillary effect is absent (y = 0),
the parameter B; takes the values By ~ —4.726572/°.

Formula (5.3) yields the relation

e, =£V0B +0()  (5—0),

from which it follows that solutions that describe two flow regimes with rotations, which differ only by the rotation
direction, can branch away at the bifurcation point from the solutions that describe the flow regime in the absence
of rotation in the boundary layer. These regimes arise at U < U,.

CONCLUSIONS

The emergence of rotation of a nonhomogeneous fluid in the boundary layer near the free boundary under
the condition that this boundary is locally nonuniformly cooled in the vicinity of the axis of symmetry is considered
in the present study. The influence of the thermocapillary effect on the fluid flow regimes with and without rotation
is calculated. In particular, it is demonstrated that the Marangoni effect enhances rotation in the boundary layer in
situations without rotation outside the boundary layer. Fluid rotation arises due to a bifurcation of flow regimes in
the absence of rotation. The Marangoni effect leads to an increase in the bifurcation values of external flow velocity.
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