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CONSTRUCTION OF CONSTITUTIVE EQUATIONS

FOR ORTHOTROPIC MATERIALS WITH DIFFERENT PROPERTIES

IN TENSION AND COMPRESSION UNDER CREEP CONDITIONS

UDC 539.376I. A. Banshchikova∗

Abstract: Constitutive steady-state creep equations are proposed for orthotropic materials with

different tensile and compressive resistances. The resistances are described using lower functions

with different exponents for tension and compression. Equations are written for tension, shear, and

plane stress problems. The model is used to solve the problem of torsion by a constant moment

at a temperature T = 200◦C for annular cross-section rods cut from a plate of AK4-1 transversely

isotropic alloy in the normal direction to the plate and in the longitudinal direction. Constitutive

equations for torsion are derived. Values of model parameters were obtained in experiments on

uniaxial tension and compression of solid circular specimens cut in various directions. An analytical

solution for the rate of torsion angle of a circular cross-section rod cut normal to the plate was

obtained for the same exponent in tension and compression. For a rod cut in the longitudinal

direction, an upper estimate of the torsion angle rate was obtained. The calculated results are in

satisfactory agreement with experimental data.
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INTRODUCTION

Generally, modern structural alloys have anisotropy properties at high temperatures. The properties of

blank sheet materials may vary in the plane of the sheet, normal to it, and in a direction at an angle of 45◦ to the

sheet normal. Anisotropy of this type may be due to blank rolling. In addition to anisotropy, materials can have

different properties in tension and compression. There are a number of models that describe the deformation of

such materials under creep conditions.

Models describing isotropic materials with different properties in tension and compression under creep con-

ditions use, as a rule, power functions with the same [1–4] or different [5–7] exponents in tension and compression.

The torsion of solid circular specimens using two such models [1, 5] based on the concept of transformed stress

space is analyzed in [8].

Models of anisotropic materials whose tensile and compressive properties are assumed to be the same were

proposed in [9, 10]. Sosnin [9], using a model similar to the Hill anisotropic plasticity model, developed an orthotropic

model that uses a function with the same exponent to describe material properties in different directions. Betten [10]
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considered a model in which the properties of an orthotropic material are described using a function with different

exponents in the three principal directions of orthotropy.

Anisotropic material models that take into account the difference in resistance and use functions with the

same exponent for tension and compression are investigated in [4, 11–13]. Anisotropic material models that take into

account the difference in resistance and use power functions with different exponents for tension and compression

are proposed in [14–16]. It is worth highlighting models that take into account the difference in material properties

and use functions with the same exponent for tension, compression, and torsion [4, 17–19]. Significant difference of

properties in torsion from those in tension and compression may be due to material anisotropy.

Recently, creep models have been developed taking into account the anisotropy and different material prop-

erties under tension and compression as well as material damageability [20], microstructure parameters (dislocation

density) [21], and composite properties [22]. Creep models of anisotropic materials are being actively developed in

geomechanics [23].

For a number of alloys, it has been experimentally shown that the rate of tension and compression can

vary and be described by functions with different exponents [8, 24, 25]. In this paper, the model proposed in [7]

that takes into account the difference between tensile and compressive resistances and uses a power function with

different exponents for tension and compression is developed for orthotropic materials. Unlike the model described

in [14], where transversely isotropic material is considered, the proposed model takes into account orthotropy. The

proposed potential does not have a discontinuity [15] and quite accurately describes the uniaxial and biaxial tension

and compression of material incompressible under creep [16].

1. MODEL OF ORTHOTROPIC MATERIAL WITH DIFFERENT PROPERTIES

IN TENSION AND COMPRESSION

The orthotropy property and the difference in tensile and compressive resistances are described by the

following model:

ηij =
∂Φ

∂σij
, 2Φ = Φ1 +Φ2 + (Φ2 − Φ1) sin 3ξ; (1)

Φ1 = T
n++1
1 /(n+ + 1), Φ2 = T

n−+1
2 /(n− + 1). (2)

Here ηij = dεcij/dt are the components of the creep strain rate tensor, εcij and σij are the components of the creep

stress and strain tensors, and the invariant ξ is the angle which determines the type of stress state and takes into

account different properties in tension and compression [4]:

sin 3ξ = −9

2

σ̄klσ̄lj σ̄kj

σ3
i

(3)

[σ̄kl are the components of the stress deviator and σi = (3σ̄klσ̄kl/2)
1/2 is the stress intensity]; Φ1 and Φ2 are the

scalar potential functions of the stress tensor for tension and compression, respectively, and T1 and T2 are the

quadratic forms of the stress tensor components:

T1(σij) = (A+
11(σ22 − σ33)

2 +A+
22(σ33 − σ11)

2 +A+
33(σ11 − σ22)

2 + 2A+
12σ

2
12 + 2A+

23σ
2
23 + 2A+

31σ
2
13)

1/2,

T2(σij) = (A−
11(σ22 − σ33)

2 +A−
22(σ33 − σ11)

2 +A−
33(σ11 − σ22)

2 + 2A−
12σ

2
12 + 2A−

23σ
2
23 + 2A−

31σ
2
13)

1/2;

(4)

A+
11 =

(
(B+

22)
2/(n++1) + (B+

33)
2/(n++1) − (B+

11)
2/(n++1)

)
/2,

2A+
12 = 4(B+

12)
2/(n++1) −A+

11 −A+
22,

A−
11 =

(
(B−

22)
2/(n−+1) + (B−

33)
2/(n−+1) − (B−

11)
2/(n−+1)

)
/2,

(5)

2A−
12 = 4(B−

12)
2/(n−+1) −A−

11 −A−
22.
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The remaining components A+
ij and A−

ij (i, j = 1, 2, 3) are obtained by cyclic permutation of indices. The con-

stants B+
ii and B−

ii (i = 1, 2, 3) are characteristics of the one-dimensional steady-state creep process in tension and

compression in three principal directions, respectively:

ηii =

{
B+

iiσ
n+

ii , σii > 0,

B−
ii |σii|n−−1σii, σii < 0,

i = 1, 2, 3.

The constants B+
ij and B−

ij (i �= j) are the same characteristics in tension and compression, respectively, in three

directions of the coordinate system obtained by rotation of the original coordinate system by an angle of 45◦;
n+ and n− are the exponents for one-dimensional creep in tension and compression.

Equations (1)–(5) lead to the following relations for an orthotropic material with the same tensile and

compressive properties and for an isotropic material which has different tensile and compressive properties and for

which the rate of tension and compression can be described by power functions with different exponents.

1.1. Orthotropic Material

If B+
ij = B−

ij = Bij (i, j = 1, 2, 3) and the exponent for creep does not depend on the sign of the applied

load (n+ = n− = n), then from (1)–(5), it follows that A+
ij = A−

ij (i, j = 1, 2, 3), T1 = T2 = T , and Φ1 = Φ2 = Φ.

For the components of the creep strain rates, we have

ηij =
∂Φ

∂σij
, Φ =

T n+1

n+ 1
; (6)

T (σij) = (A11(σ22 − σ33)
2 +A22(σ33 − σ11)

2 +A33(σ11 − σ22)
2

+ 2A12σ
2
12 + 2A23σ

2
23 + 2A31σ

2
13)

1/2; (7)

A11 = (B
2/(n+1)
22 +B

2/(n+1)
33 −B

2/(n+1)
11 )/2, 2A12 = 4B

2/(n+1)
12 −A11 −A22. (8)

Model (6)–(8) was proposed by Sosnin [9] to describe the orthotropic properties of materials under creep conditions.

Although this model is well known, a few problems have been solved using this approach. This is due to the fact

that obtaining model parameters for a specific material requires a large number of experiments to be performed.

Validation of the obtained parameters and the model as a whole should be carried out for a complex stress state.

In [26], model (6)–(8) taking into account damageability is used to describe shell deformation based on

momentless theory. One of the variants of model (6)–(8) with normalized constants Aij was built in by the

developers of ANSYS software into a finite element complex. Testing of the built-in model with the use of the

Solid45 element by solving the problem of tension of a cubic specimen has shown that the calculated results for

this model are in satisfactory agreement with the analytical solution [27]. For a complex stress state, the built-in

model was used to evaluate the influence of the property of deformation normal to the sheet, which is weaker

than deformation in the sheet plane, on the deflection in bending and torsion of plates of B95 alloy (T = 180◦C;
thin sheets 6–10 mm thick) and 1163T alloy (T = 400◦C; plate 12 mm thick) [28, 29]. For the case of pure

bending (torsion), a finite element solution obtained using the ANSYS software was compared with the results of

two calculations, one of which uses integral quantities (curvature and moment) and the other reduces the resolving

equations to a system of ordinary differential equations at partition points along the plate thickness. For 1163T

alloy, the model was tested experimentally [29]. In [30], model (6)–(8) was used to study the effect of the resistance

to creep deformation in a direction at an angle of 45◦ to the normal to the plate (i.e., in the shear direction), which

is lower than the resistance to creep deformation in the plane of and normal to the sheet, on torsion process solid

circular specimens (cut in the longitudinal direction and normal to the plate) of V95pchT2 alloy at T = 180◦C (plate

thickness 50 mm) under the assumption of transversely isotropic properties of the alloy. In rods cut from plates in

the longitudinal direction, deplanation of the cross section occurs [30]. In the case of cross-section deplanation, it is

necessary to more accurately determine shear parameters for models [4, 13] based on experimental data on torsion

with constrained deformation of the ends due to the presence of grips. In [31], model (6)–(8) is developed taking

into account damage in a tensor formulation and is built in into the ANSYS package. Comparison of the calculated

results with experimental data on uniaxial tension showed their satisfactory agreement.
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1.2. Isotropic Material with Different Properties in Tension and Compression

In this case, we have B+
ij = B+, B

−
ij = B− (i, j = 1, 2, 3), and B+ �= B−, n+ �= n−. Then, Eq. (5) lead to

2A+
12 = 2A+

23 = 2A+
31 = 3B

2/(n++1)
+ , 2A−

12 = 2A−
23 = 2A−

31 = 3B
2/(n−+1)
− ,

A+
11 +A+

22 = A+
22 +A+

33 = A+
33 +A+

11 = B
2/(n++1)
+ ,

A−
11 +A−

22 = A−
22 +A−

33 = A−
33 +A−

11 = B
2/(n−+1)
− ;

from (1)–(4) we obtain

ηij =
∂Φ

∂σij
, 2Φ(σi, ξ) = Φ1 +Φ2 + (Φ2 − Φ1) sin 3ξ, (9)

where Φ1 = B+σ
n++1
i /(n+ + 1) and Φ2 = B−σ

n−+1
i /(n− + 1). The creep constants B+, n+ and B−, n− can be

obtained in uniaxial tension and compression experiments, respectively, regardless of the direction in which the

sample was cut from the plate (η = B+σ
n+ for σ > 0 and η = B−|σ|n−−1σ for σ < 0).

Model (9) was proposed and used in [7] to solve the pure torsion problems for a plate made of V95pchT2

alloy (T = 180◦C; plate thickness 40 mm) under the assumption of a plane stress state. The solution was performed

using the finite element algorithm included in the software package developed by the authors [7]. The obtained

calculated results are in satisfactory agreement with experimental data. In [32], model (9) was used to develop a

finite element algorithm built in into the MSC.Marc package for solving three-dimensional creep problems. The

calculated results for torsion of a plate made of AK4-1 alloy (T = 200◦C) are well consistent with experimental

data and the calculated results for the model based on the concept of transformed stress space [33].

2. CONSTITUTIVE RELATIONS IN PARTICULAR CASES

(PLANE STRESS STATE, TENSION, AND SHEAR)

We write the constitutive relations (1)–(5) in the case of a plane stress state. Since σ33 = 0, expression (3)

is transformed to

sin 3ξ =
1

2

( I

σi

)3

− 3

2

I

σi
,

where I = σ11 + σ22 and σi = (σ2
11 + σ2

22 − σ11σ22 + 3σ2
12)

1/2 is the stress intensity.

We introduce the notation ζ = I/σi. Then the expressions for the potential function (1) and quadratic

forms (4) are written as

2Φ = Φ1(T1) + Φ2(T2) + [Φ2(T2)− Φ1(T1)](ζ
3 − 3ζ)/2, (10)

where

T1 = ((A+
22 +A+

33)σ
2
11 + (A+

11 +A+
33)σ

2
22 − 2A+

33σ11σ22 + 2A+
12σ

2
12)

1/2,

T2 = ((A−
22 +A−

33)σ
2
11 + (A−

11 +A−
33)σ

2
22 − 2A−

33σ11σ22 + 2A−
12σ

2
12)

1/2.

For the components of the creep strain rate (1), we obtain

η11 = λ1T
n+−1
1 ((A+

22 +A+
33)σ11 −A+

33σ22) + λ2T
n−−1
2 ((A−

22 +A−
33)σ11 −A−

33σ22)

+ λ3

( T
n−+1
2

n− + 1
− T

n++1
1

n+ + 1

) σ2
22 − σ11σ22 + 2σ2

12

σ3
i

,

η22 = λ1T
n+−1
1 ((A+

33 +A+
11)σ22 −A+

33σ11) + λ2T
n−−1
2 ((A−

33 +A−
11)σ22 −A−

33σ11)
(11)

+ λ3

( T
n−+1
2

n− + 1
− T

n++1
1

n+ + 1

) σ2
11 − σ11σ22 + 2σ2

12

σ3
i

,
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η12 = λ1T
n+−1
1 (2A+

12σ12) + λ2T
n−−1
2 (2A−

12σ12)− λ3

( T
n−+1
2

n− + 1
− T

n++1
1

n+ + 1

)(σ11 + σ22)σ12

σ3
i

,

where

λ1 =
1

2
− ζ3 − 3ζ

4
, λ2 =

1

2
+

ζ3 − 3ζ

4
, λ3 =

9

4
(ζ2 − 1).

For an isotropic material with different tensile and compressive properties, expressions (10) and (11) are transformed

to

2Φ(σ11, σ22, σ12) = Φ1(σi) + Φ2(σi) + [Φ2(σi)− Φ1(σi)](ζ
3 − 3ζ)/2,

η11 = Φ3(2σ11 − σ22) + Φ4(σ
2
22 − σ11σ22 + 2σ2

12), (12)

η22 = Φ3(2σ22 − σ11) + Φ4(σ
2
11 − σ11σ22 + 2σ2

12), η12 = 6Φ3σ12 − 2Φ4(σ11 + σ22)σ12.

Here

Φ3 =
1

4
(B+σ

n+−1
i +B−σ

n−−1
i ) +

1

8
(B−σ

n−−1
i −B+σ

n+−1
i )(ζ3 − 3ζ),

Φ4 =
9

8

( B−
n− + 1

σ
n−−2
i − B+

n+ + 1
σ
n+−2
i

)
(ζ2 − 1).

In the case of simple tension (σ11 = σ and σ22 = σ33 = 0), we have σi = σ, ζ = 1, λ1 = 1, and λ2 = λ3 = 0

and from (11) we get

η11 = T
n+−1
1 (A+

22 +A+
33)σ, η22 = −T

n+−1
1 A+

33σ, η33 = −T
n+−1
1 A+

22σ,

T1 =

√
A+

22 +A+
33 σ.

For orthotropic materials (6)–(8), we have

η11 = T n−1(A22 +A33)σ, η22 = −T n−1A33σ, η33 = −T n−1A22σ,

T =
√
A22 +A33 σ.

For isotropic materials with different tensile and compressive properties, from (12) we have

η11 = B+σ
n+ , η22 = η33 = −B+σ

n+/2.

In the case of uniform tension (σ11 = σ22 = σ and σ33 = 0), we have σi = σ, ζ = 2, λ1 = λ3 = 0, λ2 = 1,

and

η11 = T
n−−1
2 A−

22σ, η22 = T
n−−1
2 A−

11σ, η33 = −T
n−−1
2 (A−

11 + A−
22)σ,

T2 =

√
A−

11 +A−
22 σ.

Uniform tension under stress σ in the x1 and x2 directions is equivalent to compression under stress σ in x3 direction.

For orthotropic materials [relations (6)–(8)], we have

η11 = T n−1A22σ, η22 = T n−1A11σ, η33 = −T n−1(A11 +A22)σ,

T =
√

A11 +A22 σ.

For isotropic materials with different tensile and compressive properties, from (12) we obtain

η11 = η22 = B−σn−/2, η33 = −B−σn− .
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In the case of shear (σ11 = σ22 = σ33 = 0, σ12 = σ, and σ > 0), we have

σi =
√
3σ, ζ = 0, λ1 = λ2 = 1/2, λ3 = −9/4,

η11 = η22 =
( T

n++1
1

n+ + 1
− T

n−+1
2

n− + 1

)√3

4σ
, η12 = (T

n+−1
1 A+

12 + T
n−−1
2 A−

12)σ,

where T1 =
√
2A+

12 σ and T2 =
√
2A−

12 σ.

For orthotropic materials [relations (6)–(8)], we have

η11 = η22 = η33 = 0, η12 = 2T n−1A12σ12. (13)

For isotropic materials with different tensile and compressive properties, from (12) we obtain

η11 = η22 =
(
√
3 )n++2B+σ

n+

4(n+ + 1)
− (

√
3 )n−+2B−σn−

4(n− + 1)
,

η12 =
(
√
3 )n++1B+σ

n+ + (
√
3 )n−+1B−σn−

2
.

(14)

From (13) and (14), it follows that in the case of shear, the strains η11, η22, and η33 = −(η11 + η22) are due to

the different tensile and compressive properties of the material. For an isotropic material with different tensile and

compressive properties which is described using a power function with exponent n = n+ = n− and B+ �= B−,
relations (14) are simplified:

η11 = η22 = (
√
3 )n+2 B+ −B−

4(n+ 1)
σn, η12 = (

√
3 )n+1 B+ +B−

2
σn. (15)

Note that in this case, the expressions for the shear strain rate η12 in (15) and in the model [1, 8] coincide.

3. TESTING OF THE ORTHOTROPIC MATERIAL MODEL WITH

DIFFERENT PROPERTIES IN TENSION AND COMPRESSION

The calculated results for model (1)–(5) are compared with experimental data for AK4-1 transversely

isotropic alloy. Experimental data on tension and compression of solid circular cylindrical specimens and on torsion

of thin-walled tubular specimens cut from a plate 42 mm thick in the normal and in longitudinal directions at a

temperature T = 200◦C are given in [24].

Figure 1 shows the experimental time dependences of creep strain in tension at constant stresses σ = 156.96,

166.77, and 176.58 MPa for circular specimens cut at an angle of 45◦ to the normal to the plate (points 1–3),

in the longitudinal direction (points 4–6) and transverse direction (points 7 and 8), and in the direction normal to

the plate (points 9 and 10). It is seen that the properties of the alloy (creep strain rate) under tension in the plane

of the plate in the longitudinal and transverse directions and in the direction normal to the plate are almost the

same.

Figure 2 shows the experimental time dependences of creep strains in compression at a constant stress

σ = 176.58, 186.36, and 196.20 MPa for specimens cut at an angle 45◦ to the normal to the plate (points 1–3), in

the longitudinal direction (points 4) and transverse direction (points 5), in the direction at an angle of 45◦ to the

longitudinal direction (points 6), and normal to the plate (points 7–9). In both compression and tension, the creep

strain rates of specimens cut in various directions in the plane of the plate (longitudinal and transverse directiona,

and at an angle 45◦ to the longitudinal direction) and in the normal direction to the plate are close. Furthermore,

the creep strain rate for the same stress σ = 176.58 MPa in compression in the plane of the plate and in the direction

normal to it (points 5 and 7 in Fig. 2) is four times lower than that in tension (points 6 , 8 , and 10 in Fig. 1).

The highest creep strain rate in both tension and compression is observed for specimens cut at an angle 45◦ to the

normal to the plate; the creep rate is greater in tension than in compression.
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Fig. 1. Time dependences of creep strain for AK4-1 alloy specimens in tension at constant stress
at T = 200◦C and σ = 156.96 (1, 4, and 7), 166.77 (2, 5, and 9), and 176.58 MPa (3, 6, 8,
and 10): the points refer to the experimental data for specimens cut at an angle of 45◦ to the
normal to the plate (1–3), specimens cut in the longitudinal direction (4–6), specimens cut in the
transverse direction (7 and 8), and specimens cut normal to the plate (9 and 10); curves 1–3
are the approximations of calculated data with the parameters (16) and n+ = 12 for tension of
specimens cut at an angle of 45◦ normal to the plate, and curves 4–6 are the approximations of
calculated data with the parameters (17) and n+ = 12 for tension of specimens cut in the plane of
the plate and normal to the plate.

To determine the parameters B+
ij , n

+ and B−
ij , n

−, we use the technique described in [34]. The experimental

dependences shown in Figs. 1 and 2 are presented in the logarithmic coordinates ln η–lnσ in Fig. 3. It is seen that

the experimental points are grouped along curves 1–4 . The values of n+ (curves 1 and 2) and the values of n−

(curves 3 and 4) obtained by the least squares method were averaged: n+ = 11.8 and n− = 12.3. To solve the

torsion problem for rods using model (1), (2) for n+ �= n−, it is necessary to use numerical methods. For n+ = n−,
in some cases it is possible to obtain analytical solutions or estimates. Since the values of the creep exponents

in tension and compression are almost equal: n+ ≈ n−, we further assume that n+ = n− = 12. Approximation

of the data shown in Fig. 3 yields the following parameter values:

B+
23 = B+

31 = 2.976 · 10−35 MPa−n · s−1 (curve 1); (16)

B+
11 = B+

22 = B+
33 = B+

12 = 8.935 · 10−35 MPa−n · s−1 (curve 2); (17)

B−
23 = B−

31 = 0.811 · 10−35 MPa−n · s−1 (curve 3); (18)

B−
11 = B−

22 = B−
33 = B−

12 = 1.805 · 10−35 MPa−n · s−1 (curve 4). (19)

The approximation straight lines obtained for these values of the constants are shown in Figs. 1 and 2.

3.1. Torsion of a Rod Cut Normal to the Plate

For torsion of rods cut normal to the plate by a constant moment, we have σ11 = σ22 = σ22 = σ12 = 0,

σ13 �= 0, and σ23 �= 0. Elastic deformations are neglected. For the components of the creep strain rates, Eqs. (1)–(5)

lead to
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Fig. 2. Time dependence of creep strain for AK4-1 alloy specimens under compression at constant
stress at T = 200◦C and σ = 176.58 (1, 5, and 7), 186.36 (2, 6, and 8), and 196.2 MPa (3, 4,
and 9): the points refer to the experimental data for specimens cut at an angle 45◦ to the direction
of the normal to the plate (1–3), specimens cut in the longitudinal direction (4), specimens cut in the
transverse direction (5), specimens cut at an angle of 45◦ to the longitudinal direction in the plane
of the plate (6), and specimens cut in the direction normal to the plate (7–9); the solid curves 1–3
are the approximations of the calculated data with parameters (18) and n− = 12 for compression
of specimens cut at an angle of 45◦ to the normal to the plate, and the dashed curves 1–3 are the
approximations of the calculated data with the parameters (19) and n− = 12 for compression of
specimens cut in directions in the plane of the plate and normal to the plate.

η11 =

√
3

4

( T
n++1
1

n+ + 1
− T

n−+1
2

n− + 1

) σ2
13 − 2σ2

23

(σ2
13 + σ2

23)
3/2

,

η22 =

√
3

4

( T
n++1
1

n+ + 1
− T

n−+1
2

n− + 1

) σ2
23 − 2σ2

13

(σ2
13 + σ2

23)
3/2

,

η33 =

√
3

4

( T
n++1
1

n+ + 1
− T

n−+1
2

n− + 1

) σ2
13 + σ2

23

(σ2
13 + σ2

23)
3/2

,

(20)

η12 = 0, η13 = (A+
31T

n+−1
1 +A−

31T
n−−1
2 )σ13, η23 = (A+

23T
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1 +A−

23T
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2 )σ23,

where T1 =
√
2A+

31σ
2
13 + 2A+

23σ
2
23 and T2 =

√
2A−

31σ
2
13 + 2A−

23σ
2
23.

In view of (5) and (16)–(19), we have A+
31 = A+

23, A
−
31 = A−

23, n
+ = n− = n, T1 =

√
2A+

31

√
σ2
13 + σ2

23, and

T2 =
√
2A−

31

√
σ2
13 + σ2

23. Then, expressions (20) are rewritten as

η11 = D1(σ
2
13 − 2σ2

23)(σ
2
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23)
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2
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13)(σ
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)
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(
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(n+1)/2 + (2A−

31)
(n+1)/2

)
.
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Fig. 3. Stress–strain curves in the logarithmic coordinates ln η− ln σ: curves 1 and 3 are the
approximations of the calculated data for tension and compression of specimens cut at an angle
of 45◦ to the normal to the plate, and curves 2 and 4 are the approximations of the calculated data
for tension and compression of specimens cut in directions in the plane of the plate and normal to
the plate; points 1–10 refer to the experimental data corresponding to points 1–10 in Fig. 1 and
points 1–9 refer to the experimental data corresponding to points 1–9 in Fig. 2).

In the cylindrical coordinate system (r, ϕ, z) whose axis z coincides with the normal to the plate, the expres-

sions for the shear strain rates take the form

ηrϕ = ηrz = 0, ηϕz = D2τ
n
ϕz. (21)

The torsional moment of a cylindrical cross-section rod with inner radius R1 and outer radius R2 (R1 � r � R2) is

equal to

M =

2π∫
0

R2∫
R1

τϕzr
2 dr dϕ. (22)

Taking into account the equality ηϕz = θr, from (21) and (22), we obtain the following expression for the rate of

change in the torsion angle of the rod per unit length θ [35]:

θ = D2

(3 + 1/n

2π

M

R
3+1/n
2 −R

3+1/n
1

)n

. (23)

In this case, the stress function such that τϕz = −∂F/∂r has the form

F (r) =
(3 + 1/n)MR

1+1/n
2 (1− (r/R2)

1+1/n)

2π(1 + 1/n)(R
3+1/n
2 −R

3+1/n
1 )

=
( θ

D2

)1/n 1

1 + 1/n
(R

1+1/n
2 − r1+1/n). (24)

The shear stress is given by the formula

τϕz =
(3 + 1/n)Mr1/n

2π(R
3+1/n
2 −R

3+1/n
1 )

. (25)

95



3.2. Torsion of a Rod Cut in the Longitudinal or Transverse Direction

For torsion of a rod cut in the longitudinal direction by a constant moment, we have σ11 = σ22 = σ22 =

σ23 = 0, σ12 �= 0, and σ13 �= 0. For the components of the creep strain rates, from (1)–(5) we obtain

η11 =

√
3

4

( T
n++1
1

n+ + 1
− T

n−+1
2

n− + 1

) σ2
12 + σ2

13

(σ2
12 + σ2

13)
3/2

,

η22 =

√
3

4
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n++1
1

n+ + 1
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n−+1
2

n− + 1

) σ2
12 − 2σ2

13

(σ2
12 + σ2

13)
3/2

,

η33 =

√
3

4

( T
n++1
1

n+ + 1
− T
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2

n− + 1

) σ2
13 − 2σ2

12

(σ2
12 + σ2

13)
3/2

,

(26)

η12 = (A+
12T

n+−1
1 +A−

12T
n−−1
2 )σ12, η13 = (A+

31T
n+−1
1 +A−

31T
n−−1
2 )σ13, η23 = 0,

where T1 =
√
2A+

12σ
2
12 + 2A+

31σ
2
13 and T2 =

√
2A−

12σ
2
12 + 2A−

31σ
2
13.

In view of (5) and (16)–(19), we have A+
12 �= A+

31 and A−
12 �= A−

31. For n+ = n− = n, the strain rates in the

shear direction (26) can be expressed as

η12 = (A+
12T

n−1
1 +A−

12T
n−1
2 )σ12, η13 = (A+

31T
n−1
1 +A−

31T
n−1
2 )σ13. (27)

Under the assumption of no constraint on the ends, the equilibrium equation for the rod in torsion is written

as

∂σ13

∂x3
+

∂σ12

∂x2
= 0. (28)

The boundary condition on the cross-section contour has the form

σ13n3 + σ12n2 = 0. (29)

The torsional moment is equal to

M =

∫ ∫
S

(σ13x2 − σ12x3) dx2 dx3. (30)

In this case, when solving the problem of torsion of a rod cut in the longitudinal direction, it must be borne

in mind that shear deformations depend on the displacement of the points of the cross section along the axis of the

rod (deplanation of the cross section) and the solution of the problem can be obtained using numerical calculation

methods. However, the rate of change in the torsion angle can be estimated using the method described in [36].

In [36], the results of finite element calculations using the ANSYS package for a solid circular rod orthotropic in creep

are compared with estimates obtained from the conditions of minimum additional dissipation and minimum total

power. The difference between the torsion angle obtained from the condition of minimum additional dissipation

(upper estimate) and the torsion angle calculated by the finite element method is of the order of 10%. Calculations

show that for a thin-walled rod, this difference decreases.

A numerical solution of the problem of torsion of a rod with an arbitrary cross section (27)–(30) can be

obtained by reducing the resolving relations to a differential equation for the deplanation W (x2, x3) or for the stress

function F (x2, x3) such that σ12 = ∂F/∂x3 and σ13 = −∂F/∂x2.

In the case of a doubly connected contour, the moment (30) is expressed in terms of the stress func-

tion F (x2, x3) as follows [37]:

M = 2

∫ ∫
S0

F dx2 dx3 + 2F (C1)S1. (31)

Here S0 is the area bounded by the internal C1 and external C2 contours, S1 is the area bounded by the contour C1,

and F (C1) is the value of the stress function on the contour C1.

To obtain an upper estimate of the rate of change in the torsion angle, we use the condition of minimum

additional dissipation [36, 37]. In view of (1), (27), and (31), this condition is written as
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Results of calculating the rate of change in the torsion angle for annular cross-section specimens

of AK4-1 alloy at T = 200◦C

Specimen
number

Direction, in which
the specimen is cut

M , N ·m 2R1, mm 2R2, mm θ · 106, rad/s−1

1 3 55.67 18.013 20.010 7.845
2 3 41.00 18.220 19.938 1.117
3 3 180.03 10.030 19.980 10.140
4 1 56.12 17.985 20.002 4.511
5 1 50.30 17.992 20.000 1.274
6 1 47.32 18.000 20.000 0.640

I =

∫ ∫
S0

(T n+1
1 + T n+1

2

2(n+ 1)
− 2θF

)
dx2 dx3 − 2θF (R1)πR

2
1 = min . (32)

We assume that the stress function has a form similar to (24):

F (x2, x3) = cθ1/nF0(x2, x3) = cθ1/n
(
1−

(√
x2
2 + x2

3 /R2)
1+1/n

)
or

F (r) = cθ1/n
(
1− (r/R2)

1+1/n
)

(33)

(c is the constant to be determined). The z axis of the cylindrical coordinate system coincides with the x1 direction.

The function (33) with accuracy up to a factor is a solution of the torsion problem for a rod made of an isotropic

material under steady-state creep conditions. This function satisfies the equilibrium equation (28), and on the

external contour at r = R2, it is equal to zero. Substituting (33) into (32), from the equation dI/dc = 0 we find

the constant c for which (32) reaches a minimum:

c =
(J1
J2

)1/n

, J1 = 2F0(R1)πR
2
1 +

∫ ∫
S0

2F0 dx1 dx2,

J2 =
1

2

∫ ∫
S0

(
(2A+

12F
2
0.3 + 2A+

31F
2
0.2)

(n+1)/2 + (2A−
12F

2
0.3 + 2A−

31F
2
0.2)

(n+1)/2
)
dx2 dx3.

(34)

Here F0.3 = ∂F0/∂x3 and F0.2 = ∂F0/∂x2.

Taking into account (33) and (34), from (31) we find the rate of change in the torsion angle:

θ = (M/(cJ1))
n. (35)

The stress value can be estimated approximately by the formula

τϕz = −∂F

∂r
=

(
1 +

1

n

) M

J1R2

( r

R2

)1/n

. (36)

3.3. Comparison of Experimental Data and Calculated Results

Figure 4 shows the experimental time dependences of the torsion angle per unit length α = θt [24] for torsion

by a constant moment at a temperature T = 200◦C for cylindrical tubular specimens of AK4-1 alloy cut in the

longitudinal direction and normal to the plate. For each specimen, the table shows the applied moment, inner and

outer diameters, and the rate of change in the torsion angle calculated by formula (23) or (35) depending on the

direction in which the specimen was cut.
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Fig. 4. Dependence of the torsion angle on time α(t) for cylindrical tubular specimens
cut normal to the plate (1–3) and in the longitudinal direction (4–6): experimental
points 1 and 2 refer to specimens 1 and 2 (see the table) with a wall thickness of
1 mm, points 3 to specimen 3 with a wall thickness of 5 mm, points 4–6 to speci-
mens 4–6 with a wall thickness of 1 mm; the curves 1–3 refer to calculated results by
formula (23) and curves 4–6 by formula (35).

The creep rate in tension and compression is greatest for AK4-1 alloy specimens cut at an angle of 45◦ to

the normal to the plate. As a result, the rate of change in the torsion angle of the specimens cut normal to the plate

is higher than the rate of change in the torsion angle of specimens cut in the longitudinal direction. This result is

confirmed by experimental data. The stress intensity σi =
√
3 τϕz calculated for r = (R1 + R2)/2 for specimen 1

by formula (25) and for specimen 4 by formula (36) is 170 MPa, while the torsion angles for these two specimens

differ by a factor of two.

Thus, the results of calculations using the proposed model satisfactorily describe the experimental data.

CONCLUSIONS

The proposed orthotropic material model with different properties in tension and compression can be used

to describe the creep process if the rates of tension and compression are described by functions with different

exponents. Constitutive relations were obtained for the case of a plane stress state, and the cases of uniaxial and

biaxial tension-compression for a material incompressible in creep were considered.

The proposed model was used to solve the problem of torsion by a constant moment at a temperature T =

200◦C for cylindrical tubular rods cut from a 42 mm thick plate of AK4-1 transversely isotropic alloy normal to

the plate and in the longitudinal direction. Constitutive equations for torsion were obtained. The values of model

parameters were found in uniaxial tension and compression experiments for solid circular specimens. For the same

exponent for tension and compression, an analytical solution was obtained for the rate of change in the torsion angle

of a rod cut normal to the transversely isotropic plate. For a rod cut in the longitudinal direction, an upper estimate

of the rate of change in the torsion angle was obtained. The calculated results are in satisfactory agreement with

experimental data.
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