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EFFECT OF THERMAL RADIATION ON HEAT TRANSFER

IN AN UNSTEADY COPPER–WATER NANOFLUID FLOW

OVER AN EXPONENTIALLY SHRINKING POROUS SHEET
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Abstract: The effect of thermal radiation on an unsteady boundary layer flow and heat transfer

in a copper–water nanofluid over an exponentially shrinking porous sheet is investigated. With the

use of suitable transformations, the governing equations are transformed into ordinary differential

equations. Dual non-similarity solutions are obtained for certain values of some parameters. Owing

to the presence of thermal radiation, the heat transfer rate is greatly enhanced, and the thermal

boundary layer thickness decreases.
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INTRODUCTION

Investigations of nanofluids have received a lot of attention due to their vast applications in industries and

engineering processes. Examples of such applications are cooling of electronic equipment, transportation, grain

storage installation, chemical catalytic reactors, etc. Diffusion of medicines in blood veins also refers to nanofluid

flows.

The concept of a nanofluid was first introduced by Choi and Eastman [1]. A nanofluid is a fluid containing

a suspension of nanometer-sized particles of oxides, metals, carbides, nitrides, or nanotubes in a regular base fluid

such as engine oil, water, ethylene glycol, etc. Most of the regular heat transfer fluids, such as grease, water, oil,

etc., have poor thermal conductivities, which are insufficient to meet the necessity of today’s requirement of a rapid

rate of cooling. A reliable method to improve the thermal conductivity is to add nanoparticles into the base fluid.

Nanofluids are also important for the production of nanostructured materials [2], for the engineering of complex

fluids [3], as well as for cleaning oil from surfaces [4] due to their excellent wetting and spreading behavior. The heat

transfer in a boundary layer flow past a stretching/shrinking sheet has many applications in real world problems:

paper production, glass fiber production, hot rolling, etc.

Crane [5] was the first researcher who studied a boundary layer flow on a linearly stretching sheet. The heat

transfer analysis of this problem was discussed by Gupta and Gupta [6]. The flow over a shrinking sheet was inves-

tigated by Wang [7]. Miklavčič and Wang [8] obtained the conditions of existence and uniqueness of the similarity

solution of the shrinking sheet problem. A boundary layer flow and heat transfer developed due to stretching of a
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sheet with an exponentially varying velocity were analyzed by Magyari and Keller [9]. Bhattacharyya [10] investi-

gated a steady flow and heat transfer over an exponentially shrinking sheet subjected to suction. The first report on

a nanofluid flow in the boundary layer case due to a linearly stretching sheet was published by Khan and Pop [11].

Nadeem and Lee [12] derived analytical solutions by using the homotopy analysis method for a nanofluid flow past

an exponentially stretching sheet. Bachok et al. [13] investigated a boundary layer flow near the stagnation point in

a nanofluid toward a stretching/shrinking sheet. Hamad and Ferdows [14] obtained a similarity solution for the flow

and heat transfer over a nonlinearly stretching sheet in a nanofluid. Bachok et al. [15] studied a stagnation-point

flow and heat transfer in a copper–water nanofluid over a stretching/shrinking sheet. A mixed convection flow of

a copper–water nanofluid near a stagnation point toward a shrinking sheet was investigated by Das [16]. Makinde

et al. [17] studied a combined effect of the MHD buoyancy force and heat transfer near a stagnation point of a

nanofluid flow over a stretching/shrinking sheet. Haile and Shankar [18] investigated a boundary layer flow and

heat transfer of a nanofluid over a moving permeable flat surface. A steady boundary layer flow and heat transfer

of a nanofluid due to a nonlinearly stretching/shrinking porous sheet were studied by Zaimi et al. [19].

Time-dependent shrinking sheet flows yield some new important results of flow dynamics. An unsteady

boundary layer flow over a shrinking sheet with suction was examined by Fang et al. [20], and an unsteady boundary-

layer flow of an electrically conducting fluid over a flat shrinking sheet was investigated by Merkin and Kumaran [21].

Yacob et al. [22] studied a two-dimensional unsteady boundary layer flow of a non-Newtonian power-law fluid on

a shrinking sheet. An unsteady boundary layer and heat transfer near the stagnation point toward a shrinking/

stretching sheet were considered by Bhattacharyya [23].

Bachok et al. [24] reported an unsteady boundary layer flow of a nanofluid over a permeable linearly stretch-

ing/shrinking sheet.

The inclusion of the thermal radiation effect on heat transfer in a boundary layer flow makes the problem

more realistic and interesting. In the literature, there are very few articles on the effects of thermal radiation on an

unsteady boundary layer flow induced by a shrinking sheet. Viskanta and Grosh [25] discussed a boundary layer flow

and heat transfer over a wedge, taking into consideration the effect of thermal radiation. Pal [26] studied the effect

of the buoyancy force on heat and mass transfer in a stagnation-point flow over a stretching sheet in the presence

of thermal radiation. Bhattacharyya et al. [27] showed the effects of thermal radiation on a stagnation-point flow

and heat transfer over a permeable shrinking sheet. Mukhopadhyay et al. [28] obtained a similarity solution for

a boundary layer flow and heat transfer over a moving plate with the thermal radiation effect. Bhattacharyya et

al. [29] demonstrated the radiation effects on a micropolar fluid flow and heat transfer due to a porous shrinking

sheet. Mukhopadhyay and Gorla [30] investigated the effect of thermal radiation on a boundary layer flow and heat

transfer over a porous exponentially stretching sheet. Nadeem and Haq [31] studied the radiation effect on an MHD

flow of a nanofluid over a stretching sheet under a convective boundary condition.

The problem of an unsteady nanofluid flow over an exponentially shrinking sheet in the presence of thermal

radiation is investigated in the present study.

1. MATHEMATICAL FORMULATION

Let us consider an unsteady flow of an incompressible nanofluid on an exponentially shrinking porous flat

sheet in the presence of thermal radiation. The base fluid is water, which contains copper nanoparticles. The

governing boundary layer equations of motion and the energy equation have the following form [24, 32]:

∂u

∂x
+

∂v

∂y
= 0; (1)

∂u

∂t
+ u

∂u

∂x
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∂2T

∂y2
− 1

(ρcp)nf

∂qr
∂y

. (3)
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System (1)–(3) is subjected to the initial and boundary conditions

t < 0: u = 0, v = 0, T = T∞,

t � 0: u = −Uw, v = −vw, T = Tw(x, t) = T∞ + T0 e
x/(2L) /(1− γt), y = 0,

u → 0, T → T∞, y → ∞.

(4)

In Eqs. (1)–(4), u and v are the velocity components in the x and y directions, respectively, Uw = a ex/L /(1−γt) is

the variable shrinking velocity of the sheet with a > 0 and γ > 0 being constants having dimensions [m/s] and [s−1],

respectively, and L being the reference length, vw = v0 e
x/(2L) /

√
1− γt is the variable suction velocity with v0 > 0

being a constant, T is the temperature, qr is the radiative flux, Tw is the variable wall temperature, T0 is the

reference temperature, T∞ is the constant temperature in the free stream, μnf is the viscosity of the nanofluid,

ρnf is the density of the nanofluid, αnf is the thermal diffusivity of the nanofluid, and (ρcp)nf is the specific heat

parameter of the nanofluid defined as follows [33]:

μnf =
μf

(1 − ϕ)2.5
, ρnf = (1− ϕ)ρf + ϕρs, αnf =

knf
(ρcp)nf

,

(ρcp)nf = (1− ϕ)(ρcp)f + ϕ(ρcp)s,
knf
kf

=
ks + 2kf − 2ϕ(kf − ks)

ks + 2kf + ϕ(kf − ks)
.

Here ϕ is the solid volume fraction of the nanofluid, knf is the thermal conductivity of the nanofluid, μf is the

viscosity of the base fluid, kf is the thermal conductivity of the base fluid, ks is the thermal conductivity of the

solid particles, (ρcp)f is the specific heat parameter of the base fluid, and (ρcp)s is the specific heat parameter of

the solid particles. Using Rosseland’s approximation for radiation [34], we have

qr = −4σ∗

3k∗
∂T 4

∂y

(σ∗ is the Stefan–Boltzmann constant and k∗ is the absorption coefficient). We presume that the temperature

variation within the flow is such that T 4 may be expanded in a Taylor series. Expanding T 4 about T∞ and

neglecting higher-order terms, we obtain

T 4 � 4T 3
∞T − 3T 4

∞. (5)

In view of Eq. (5), Eq. (3) reduces to

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= αnf

∂2T

∂y2
+

16σ∗T 3
∞

3k∗(ρcp)nf
∂2T

∂y2
. (6)

Let us introduce the following transformations:

u =
a

1− γt
ex/L f ′(η), v = −

√
avf

2L(1− γt)
ex/(2L)[f(η) + ηf ′(η)],

η =

√
a

2Lvf(1− γt)
ex/(2L) y, θ(η) =

T − T∞
Tw − T∞

.

(7)

In variables (7), Eqs. (2) and (6) transforms into the nonlinear ordinary differential equations

1

(1− ϕ)2.5(1− ϕ+ ϕρs/ρf)
f ′′′ + ff ′′ − 2f ′2 −A(2f ′ + ηf ′′) = 0,

knf/kf
Pr [1− ϕ+ ϕ(ρcp)s/(ρcp)f ]

θ′′ +
3N

3N + 4
[fθ′ − f ′θ −A(2θ + ηθ′)] = 0,

(8)

and the boundary conditions are converted to the form

f(0) = S, f ′(0) = −1, θ(0) = 1, f ′(∞) → 0, θ(∞) → 0, (9)

where the prime denotes differentiation with respect to η, Pr = vf/αf is the Prandtl number, N = knfk
∗/(4σ∗T 3∞) is

the thermal radiation parameter, S = v0
√
2L/(avf) > 0 is the suction parameter, and A = γL e−x/L /a is the
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Thermophysical properties of water and copper nanoparticles

Nanofluid component Cp, J/(kg ·K) ρ, kg/m3 k, W/(m ·K) α · 10−7, m2/s

Water 4179 997.1 0.613 1.47
Copper particles 385 8933 400 1163.1
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Fig. 1. Variations of f ′′(0) (a) and −θ′(0) (b) with S for ϕ = 0.05, Pr = 1, N = 2, and different
values of the unsteady parameter: A = 0 (1), 0.2 (2), and 0.4 (3); the solid and dashed curves show
the first and second solutions, respectively.

unsteady parameter. At A �= 0, the flow is unsteady, and the solution derived in this work is not a similarity

solution. At A = 0, the flow is steady, and a similarity solution can be obtained.

The physical quantities of interest are the local skin friction coefficient and the local Nusselt number, which

are defined as

Cf =
μnf

ρfU2
w

(∂u
∂y

)∣∣∣
y=0

, Nux = − xknf
kf (Tw − T∞)

((
1 +

16σ∗T 3
∞

3knfk∗
)∂T
∂y

)∣∣∣
y=0

,

or

Cf Re
1/2
x

√
2L

x
=

1

(1 − ϕ)2.5
f ′′(0), Nux Re

−1/2
x

√
2L

x
= −knf

kf

3N + 4

3N
θ′(0),

where Rex = xUw/vf is the local Reynolds number.

2. RESULTS AND DISCUSSION

The system of transformed nonlinear ordinary differential equations (8) under the boundary conditions (9)

was solved numerically by using the Matlab package for various values of the involved physical parameters, i.e.,

unsteady parameter A, radiation parameter N , nanoparticle volume fraction ϕ, Prandtl number Pr , and suction

parameter S. The thermophysical properties of the considered base fluid (water) and copper nanoparticles are listed

in the table.

The skin friction coefficient f ′′(0) and the heat transfer coefficient −θ′(0) are plotted in Fig. 1 as functions

of the suction parameter S for different values of the unsteady parameter A. The results show that the values of

f ′′(0) and −θ′(0) increase with increasing A. In the steady case (A = 0), dual similarity solutions are observed for

S � 2.038 and no solutions are obtained for the flow with S < 2.038. In the unsteady case with A = 0.2, there are

two non-similarity solutions for S � 1.985, and no solutions are found for S < 1.985. For A = 0.4, there are two

non-similarity solutions for S � 1.856, and no solutions exist for S < 1.856. Thus, it is interesting to note that the

lower boundary of the interval of the suction parameter S in which two solutions exist decreases with increasing

unsteady parameter A.

The graphs of f ′′(0) and −θ′(0) as functions of S for different values of the nanoparticle volume fraction

parameter ϕ are shown in Fig. 2.
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Fig. 2. Variations of f ′′(0) (a) and −θ′(0) (b) with S for A = 0.2, Pr = 1, N = 2, and different
values of the nanoparticle volume fraction parameter: ϕ = 0 (1), 0.05 (2), and 0.10 (3): the solid
and dashed curves show the first and second solutions, respectively.
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Fig. 3. Variations of −θ′(0) with S for A = 0.2, ϕ = 0.05, N = 2, and different values of the
Prandtl number: Pr = 1 (1), 2 (2), and 3 (3); the solid and dashed curves show the first and
second solutions, respectively.

Fig. 4. Variations of −θ′(0) with S for A = 0.2, ϕ = 0.05, Pr = 1 and different values of the
radiation parameter: N = 1 (1), 2 (2), and 4 (3); the solid and dashed curves show the first and
second solutions, respectively.

For the first solution, the value of f ′′(0) increases with increasing ϕ; for the second solution, the value of

f ′′(0) decreases with increasing ϕ (see Fig. 2a). On the other hand, Fig. 2b shows that the value of −θ′(0) decreases
with increasing ϕ for both solutions.

It is also worth mentioning that integration with respect to η has been performed until the asymptotic

convergence with the far field boundary conditions with desired accuracy was reached.

For each value of ϕ, there is a critical value Sc of the suction parameter S such that the dual solutions exist

at S > Sc. For A = 0.2, the critical values are Sc = 2.199, 1.985, and 1.874 for ϕ = 0, 0.05, and 0.10, respectively.

Due to the presence of nanoparticles in the base fluid (with increasing ϕ), the critical value Sc decreases.

The behavior of the heat transfer coefficient −θ′(0) as a function of S for different values of the Prandtl

number Pr and radiation parameter N is illustrated in Figs. 3 and 4. It is observed that the values of −θ′(0)
increase with increasing Prandtl number and radiation parameter for both the first and second solutions. This

means that the heat transfer rate in a moving fluid is enhanced due to the thermal radiation effect.
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Fig. 5. Velocity (a) and temperature (b) profiles across the boundary layer for ϕ = 0.05, S = 2.3,
Pr = 2, N = 2, and different values of the unsteady parameter: A = 0 (1), 0.1 (2), and 0.2 (3);
the solid and dashed curves show the first and second solutions, respectively.
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Fig. 6. Velocity (a) and temperature (b) profiles across the boundary layer for A = 0.2, S = 2.3,
Pr = 2, N = 2, and different values of the nanoparticle volume fraction parameter: ϕ = 0 (1),
0.05 (2), and 0.10 (3); the solid and dashed curves show the first and second solutions, respectively.

The velocity and temperature profiles across the boundary layer for various values of the unsteady parameter

A are depicted in Fig. 5. It is seen that the flow velocity increases with increasing A near the sheet and decreases

far away from the sheet. Thus, the velocity boundary layer thickness increases with increasing A. The thermal

boundary layer also becomes thicker with increasing A. The boundary layer thickness is smaller for the first solution

than for the second solution.

The effect of the nanoparticle volume fraction ϕ on the velocity and temperature profiles across the boundary

layer is presented in Fig. 6. The fluid velocity inside the boundary layer increases with increasing ϕ for the

first solution and decreases for the second solution. The temperature increases at all points for both solutions;

consequently, the thermal boundary layer thickness increases. The increase in temperature is caused by enhancement

of the thermal conductivity of the nanofluid with increasing volume fraction of nanoparticles.

Suction plays an important role to maintain the boundary layer flow near the sheet by controlling the

generated vorticity due to shrinking. Figure 7 illustrates the velocity and temperature profiles across the boundary

layer for different values of the suction parameter S. It is seen that the velocity increases with increasing S for the

first solution and decreases for the second solution (see Fig. 7a). The thermal boundary layer thickness decreases

with increasing S for both solutions (see Fig. 7b). Actually, due to suction, the fluid layers are brought closer to

the surface to prevent the diffusion of vorticity.

675



(a) (b)
0f o

6 n0 1 2 3 54

_1.0

5 n1 2 430

_0.8

_0.6

_0.4

_0.2

0

0.2

0.4

0.6

0.8

1.0

1
3

11 2
2 3
3

1
2
32

Fig. 7. Velocity (a) and temperature (b) profiles across the boundary layer for A = 0.2, ϕ = 0.05,
Pr = 2, N = 2, and different values of the suction parameter: S = 2.1 (1), 2.4 (2), and 2.7 (3); the
solid and dashed curves show the first and second solutions, respectively.
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Fig. 8. Temperature profiles across the boundary layer for A = 0.2, ϕ = 0.05, S = 2.3, N = 2, and
different values of the Prandtl number: Pr = 2 (1), 3 (2), and 5 (3); the solid and dashed curves
show the first and second solutions, respectively.

Fig. 9. Temperature profiles across the boundary layer for A = 0.2, ϕ = 0.05, S = 2.3, Pr = 2,
and different values of the radiation parameter: N = 1 (1), 2 (2), and 4 (3); the solid and dashed
curves show the first and second solutions, respectively.

Figures 8 and 9 show the temperature profiles across the boundary layer for different values of the Prandtl

number and radiation parameter, respectively. The fluid temperature decreases with increasing Prandtl number

for both solutions (see Fig. 8). Similarly, the fluid temperature and the thermal boundary layer thickness decrease

with increasing radiation parameter N for both solutions (see Fig. 9).

CONCLUSIONS

The problem of an unsteady boundary layer flow and heat transfer of a copper–water nanofluid over a

permeable exponentially shrinking sheet with thermal radiation effects is solved numerically. The original problem

is reduced to a boundary-value problem for two ordinary differential equations. Dual non-similarity solutions of

676



the problem are obtained for different values of the governing physical parameters. From this study, the following

conclusions can be drawn.

The skin friction coefficient and the heat transfer coefficient increase with increasing unsteady parameter.

The heat transfer coefficient increases in the presence of thermal radiation with increasing Prandtl number.

The fluid temperature inside the boundary layer decreases with increasing radiation parameter.

The skin friction coefficient and fluid velocity increase with increasing nanoparticle volume fraction parameter

for both solutions, while the heat transfer coefficient decreases.

An increase in the nanoparticle volume fraction leads to expansion of the range of the suction parameter in

which non-similar solutions exist.

One of the authors, K. Bhattacharyya is grateful to the National Board for Higher Mathematics (NBHM),

Department of Atomic Energy, Government of India for the financial support in pursuing this work.
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