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GREEN’S FUNCTION FOR A PRESTRESSED THERMOELASTIC HALF-SPACE
WITH AN INHOMOGENEOUS COATING
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Abstract: A mathematical model is developed for an inhomogeneous thermoelastic prestressed
half-space consisting of a stack of homogeneous or functionally graded layers rigidly attached to a
homogeneous base. Each component of the inhomogeneous medium is subjected to initial mechan-
ical stresses and temperature. Successive linearization of the constitutive relations of the nonlinear
mechanics of a thermoelastic medium is performed using the theory of superposition of small defor-
mations on finite deformations with the inhomogeneity of the medium taken into account. Integral
formulas are derived to explore dynamic processes in inhomogeneous prestressed thermoelastic me-
dia.
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INTRODUCTION

The linear theory of thermoelasticity for prestressed bodies in the isothermal and non-isothermal cases
has been developed in the works of Green [1] and Iesan [2]. Constitutive equations and equations of motion for
thermoelastic bodies at large initial strains and initial temperature have been derived by Wang and Slattery [3].
Singh and Renu [4, 5] have studied the effect of initial stresses on the wave field on the surface of a homogeneous
transversely isotropic thermoelastic half-space was in a linear approximation. The effect of preheating and initial
mechanical loads on the dynamics of a homogeneous medium has been investigated using linearized theory [6-
8]. Kalinchuk et al. [6] have constructed a three-dimensional Green’s function for a homogeneous thermoelastic
layer and analyzed the influence of initial stresses on its dispersion properties. Belyankova et al. [7] have studied
a mixed problem of vibrations of a homogeneous thermoelastic layer. Kalinchuk and Levi [8] have studied the
problem of a homogeneous thermoelastic half-space under a thermal load that simulates the action of a frequency-
modulated laser beam and obtained heat flux distributions in the contact area depending on the nature, type, and
magnitude of initial loads. Sheidakov et al. [9] linearized the constitutive relations and equations of motion of the
nonlinear mechanics of a thermoelastic homogeneous medium under the assumption that the initial stress state is
also homogeneous. During linearization, fourth-order terms in strain and second-order terms in temperature were
retained in the expansion of the thermodynamic potential. This approach is possible in studies of the dynamics
of homogeneous thermoelastic materials, but in studies of the behavior of composite structures or media with an
inhomogeneous coating, it greatly complicates the problem. In the present study of inhomogeneous thermoelastic
materials, simpler and more convenient linearized constitutive equations and equations of motion of the medium
were obtained that take into account the effect of the inhomogeneity of the initial stress state and properties of
the material on its thermoelastic properties. Green’s function matrices for a prestressed thermoelastic half-space
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with an inhomogeneous coating are constructed using a hybrid numerical analytical method [10-12], which is a
combination of analytical methods and numerical schemes for constructing the solution and a matrix approach to
satisfying the boundary conditions.

1. FORMULATION OF BOUNDARY-VALUE DYNAMIC PROBLEMS
FOR THERMOELASTIC BODIES

Consider the problem of vibrations a thermoelastic medium that occupies a certain volume V' bounded by
the surface o0 = 01 + 03 = 03 + 04. We introduce an orthonormal vector basis of Cartesian coordinates %1, %2, %3 in
space. Denote the Lagrangian and Eulerian Cartesian coordinates by z1,x2, z3 and X7, X9, X3, respectively. The
nabla operators, the vectors of the direct and reciprocal bases are given by the formulas

‘70 = irn‘ 0 ) V= irn

3$m r ZCCkik, RZink. (1.1)

Xy’

Suppose that v is the reference configuration associated with the natural state, V is the actual configuration
associated with the initial deformed state, and R and r are the radius vectors of a point in the initial deformed and
natural states, respectively. The stress—strain state of the nonlinear thermoelastic material in the natural state is
defined by the Piola stress tensor

=P -C, P =xs, (1.2)
the Cauchy—Green strain tensor
S=(G-1)/2, C=VoR, G=C-C" (1.3)
and the specific (per unit volume) entropy
n=—Xo- (1.4)

Here C' is the strain gradient, G is Cauchy—Green strain measure, and 6 is the temperature. The thermal charac-
teristics of the material are described using the following parameters defined in the metric of the natural state: the
temperature gradient

g="Vob (1.5)
and the heat flux vector
h=h(C,0,9), (1.6)
which is generally a nonlinear function [13, 14]. In this paper, we use its well-known representation
h=-X\g (1.7)

[A = A(C,0,g) is the thermal conductivity tensor]. For materials with hexagonal symmetry (class 6 mm), we have
A= Arkli_; and Adiq = Aoz # Ass.

The tensor y s and the scalar xg used in representations (1.2) and (1.4) are derivatives of the thermodynamic
potential x = x(.9,8) [13, 14]. The boundary-value problem of vibrations of a prestressed thermoelastic medium in
Lagrangian coordinates is described by the equations

9’R

Vo 1II = : 1.8
0 Po 12 ) ( )
on
Vo-h+0 =0 1.9
o-h+ ot (1.9)
with the boundary conditions
n-11| =t, R =R, 0 =T" n-h| =-h% (1.10)
o1 02 03 04

where pg is the density of the undeformed body and = is the normal to the surface.
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Suppose that there is a state of equilibrium of the thermoelastic body:

R = Ry (r), 6 =Ti(r). (1.11)
According to (1.8)—(1.10), the equations of statics within the volume and on the surface can be represented as
V()'Hl ZO, Vo'hl :0; (112)

’I’L-Hl :t:rlw R1 :Rl, 0 :Tl, ’I’L-hl :hl.

1 2 03 04

Consider a small perturbation of the equilibrium configuration (1.11) [9, 13, 14]
R* = Ry + cu, 0% =T + €T, (1.13)

where u and T are the incremental displacement vector and temperature and ¢ is a small parameter. The Piola
stress tensor, the specific entropy, and the heat flux vector can be represented as

% =10 +elI® + o(e?), n* =m +en®+o(e?), h* =hy+eh®+o(c?), (1.14)

where the bold dot marks convective derivatives
d
f* = f(R+euTi+eT)| .
de e=0
The parameters defining the perturbed state of a thermoelastic body should satisfy the equations of mo-
tion (1.8) and (1.9)
52 RX 877X
, Vo -h* +60* =0. 1.15
o2 0 + ot ( )
Substituting relations (1.13) and (1.14) into (1.15) and taking into account that the stress state (1.12) is
in equilibrium, with accuracy up to o(¢?) we obtain the equations of motion and heat conduction linearized in the
neighborhood of the initial state (1.11):

Vo - II* 4 pob™ = po

. 0u
VO'@—VO'H = Po 8t27 (116)
. on® _
Vo-h®*+T ot =0. (1.17)
Here
O=II*=P°*-C+ P -Voyu; (1.18)
.« Oh e« Oh_ , Oh

h_aSOS +809 +8g g°; (1.19)

o« O e 0N o
n _8SOS —|—890, (1.20)

. OP .« OP .
P _&S’OS +86‘9' (1.21)

The symbol o denotes the complete multiplication operation. In constructing the constitutive relations, we assume
that the state

s=0.  o=0 (122

is the state with minimum free energy. Retaining quadratic terms in strain and temperature deviation in the
expansion of the function x = x(5,6) [13, 14] in the neighborhood of state (1.22), we obtain
1 (6 —6y)?

_14W
X=,C" 58—, Cepo o

Here *C" is the fourth-rank tensor of second-order elastic constants, C. is the specific heat, pg is the density
of the material, and 2@Q is the thermoelasticity tensor. For materials with hexagonal 6 mm symmetry, we have
Q= qu'ng’:l, and q11 = q22 # ¢33-
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The tensor constants of the thermodynamic potential and heat conductivity are given by the formulas

1C = Cyjpitiijigi, Q = Qijti1;, A= Xijtit;. (1.24)
Adding expression (1.23) to formulas (1.2) and (1.4), we obtain
P=%C"..5-2Q(0 - 6), = C;po (0 —6p) +2Q - S; (1.25)
0
OP 4w oP _ on _ Cepo
oS ¢ o9 @ 00 6 (1.26)

Substituting formulas (1.25) and (1.26) into (1.18)—(1.20), considering (1.21) and (1.2)—(1.7), and using the
relations

as — as\ o0 90’
0* =T, g® = VT,
we have
I* = *c"oS*-2QT) - C+ P -Vyu; (1.27)
h* = —-X\-V,T; (1.28)
C
n* =2Qo0 S + ;‘”0 T. (1.29)
0
We will assume that the initial strain state in the thermoelastic material is given by the conditions

R=A-r, A = vpigiy, 0 =", v, = const, T, = const, (1.30)

where v, = 1+ 0; 0, (kK = 1,2,3) are the relative elongations of fiber along the coordinate axes whose direction
in the natural configuration coincides with the Cartesian coordinates; T3 is the body temperature in the initial
strained state.

In view of formulas (1.1), (1.23), (1.24), and (1.30), the stress tensor, the heat flux vector, and the specific
entropy (1.27)—(1.29) can be represented in component form

. . * o . . % .
0= @ijli’l,j = Hij’l,i’l,j, h® = hl i,

Ouy, du;j . Oup
@ij = (Cijkluk Oy — qijT) Vj + Py Dy = Cijkl Oy — ql-jT; (1.31)
oT
hs-F = _)\ii 3 132
P= g, (1.32)
ou;  Cepo
* =g T. 1.33
=i g, g, (1.33)
The linearized equations of motion are written in the component form
0 Oug, 9%u;
* — ?‘»T): 7 i =1,2,3,
8331' ( igkl aZEl d;; £o o2 J
o0 oT 0 8UZ C Po oT
i ) — * ( ) -1 ¢ = 0.
o, ( ox;) ~ Miot\ox) Tt 0, ot
In the case of the homogeneous stress—strain state (1.30), we have
1
C = vpikir, S = Skrtrty, Skk = 9 (v — 1),
(1.34)

. 1
P = Puirte,  Por =, Chrir(vh — 1) — (Ty — 00) gk
The coefficients C7};,; and ¢j; are defined as follows:
Ciirt = Cijrivivj + Pudj, 4 = V- (1.35)
From (1.35) it follows that for any form of the stress—strain state (P; = P?, i = 1,2,3), the symmetry of

K3
the starting material is broken. Thus, the Voigt notation cannot be used to represent the coupling matrix in the

stress—strain state.
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2. FORMULATION OF DYNAMIC PROBLEMS
FOR A PRESTRESSED THERMOELASTIC HALF-SPACE WITH A COATING

We consider harmonic vibrations of an inhomogeneous prestressed thermoelastic medium consisting of a
stack of M — 1 homogeneous or functionally graded thermoelastic layers 0 < x3 < H, H =hy > ho > ... > hy; =0,
|z1, 22| < oo, in a homogeneous half-space 3 < 0, |x1,22] < oco. We assume that the coating materials are
thermoelastic materials which in the natural state have hexagonal 6 mm symmetry. The initial strain state of each
component of the medium is homogeneous (1.30) and is due to the action of the initial stress and temperature.
System (1.16), (1.17) can be represented as

Vo 0M = p(n)ﬁ(n); (2.1)
(n)
Vo - h™ 41" 8225 =0. (2.2)
The mechanical boundary conditions on the surface o = 01 + 02 are written as
n-00 = f* (2.3)
o1
u =wu*| | (2.4)
02
and the thermal boundary conditions on the surface of 0 = o3 + 04 are represented as
n-hM = —p*| ; (2.5)
03
T = 7% (2.6)
04

In (2.1)—(2.6), u*, f*, and n are the displacement, stress, and outward normal vectors to the surface of the
medium defined in the natural state, respectively (the quantities specified in the corresponding region are marked
with an asterisk), p(® is the density of the material, T is the dynamic temperature, and h* and T* are the
heat flux and temperature, respectively; the superscript in parentheses denotes the parameters of the nth layer of
the coating (n = 1,...,M — 1), and the subscript M the parameters of the half-space. For functionally graded
components of the coating, the dependence of the elastic and temperature parameters of the coordinate x3 has the
form

n n n n 0(k n 0(n n
P( ) = P((J )fp( )({E3), Cl(ks)m = Clk(s7)nfc(k)(x3)7 ql(k) = qlk( )fé )({E3),

A =20 M (), ) = €O M) (g4)

(the subscript and superscript “0” marks the constants of the corresponding material of the base).
In view of the assumptions made and expressions (1.31)—(1.33), the components of the tensor (") vec-
tor h(" and function n™ are given by the formulas

@l(k) = Cllc(s721ug,1’)rl - qlk( )T( )7 hE ) = _/\51) 8;1;1 ’ 77( ) - qsi() )ug’g + TOE T( )’ (27)
where, in view of the representation (1.35),
Gty = By ks + W00, ai = v el 28)
(the subscript after the comma denotes differentiation).
We introduce the extended displacement vector ul™ = {ugn),uén),ug"),ui") = T}, load vector f, =
{fla f27 f37 f4 = _h’*}v and notation
al(l?s?p = Cl*k(;-)’ 951?24 = _ql*k(n)7 94(124)14 = _Cs(n)p(n)(TO)ilv k7 lv 5D = 17 27 3. (2'9)

In view of formulas (2.7), (2.8), and (1.34) and the properties of the material [15], the coupling matrix Hin
notation (2.9) takes the form
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TS BT ST O ST ST BT\ ST B
off o, o 6, 0 0 0 0 0 0 6,
oL Oy O 6 0O 0 0 0 0 0 6,
Of) Ol Oy 6 0 0 0 0 0 0 6,
ol o 0 o o, o, o 0 0 0 0
H=| o 0 0 o 6. o, 0 0 0 0 0 (2.10)
e o 0 0 0 o oM, 6 0 0 0
o™ o 0 0 0 o oM, o, 0 0 0
o™ o 0 0 0 0 0 o o, e, o
ol o 0 0 0 0 0 0o 6%, 6w, o
—TI(n) 9?114)14 9534)14 9534)14 0 0 0 0 0 0 94(124)14
Following [4-7], we convert to the dimensionless variables
* * M n
A T 1
M M M
WY Wt ct )Ofl ) B Vp( ) (n)
wr A Cowmp
2.11)
(n) (n) n ol (
o _ i (0 _ 0, oy O s oy _ pr
Yoo T e gy Topn M
oy _ N To(g1")? (n) (n)r
N = (i,5,k, 1 =1,2,3), E = , EY = ET"
e ponciingr = ED

(E and Ep are the dimensionless normalizing factors).

After substitution of expressions (2.7) into representations (2.1)—(2.6) in view of formulas (2.9)-(2.11), the
boundary-value problem for the prestressed thermoelastic half-space with an inhomogeneous coating takes the
following form in dimensionless parameters:

(n) _

LTl[Ul ] + 9<n)“2 i2 T 9<n)“3 i3+ 91144“4 1 =0,

(n) _

0(" §n12 + LSZ[ ] + 0(" 3 23 + 92244 4 2 = 0’

n) (n n) (n n n (2.12)
05" u )3"’9 Ju )3+L33[ ) + 0540 43? =0,
WE(n [91144 uj 1 |+ 92244 Uy 2 + 93344 3, 3)] Lialu (n)] =0
for the homogeneous components of the medium and
Liui™) +0 n)u2 )y + Lif[ud) + 9%?4)14“4(;11) 0,
0(n 1n1)2 + Ly [Ugn)] + L*f[ ] 02244“4 2) =0,
(2.13)

Lyl (™) + L [us?] + L3 [u$) + L [ui¥] = 0,

WE”EF”) [957114)14 U1,1 +92244 22 9§§44 3n3] LH[“ELn)] =0
for the functionally graded coating components.
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The linearized boundary conditions are written as

E(l) = r1,x2), u(l) = up(x y L2 )5 k= 1,2,3; 2.14
z3=h, (z1,z2)€01 fk( ! 2) k z3=h, (z1,x2)€02 k( ! 2) ( )
A 4(11%‘ = fa(wr,z2),  u” =T (21, 22); (2.15)
z3=h, (z1,x2)€03 z3=h, (z1,x2)€04
S T < I ol I
r3=hp z3=hy z3=hy r3=hp
(2.16)
k=1,...,4, n=2,...,M—1;
uM) 0. (2.17)
xr3—>—00
In formulas (2.12)—(2.17), we have
0 "= 9(122 + 91212a 9(n) = 9171%3 + 9&23’ 9(n) = 922%3 + 9%%37
2 82
L*k - szkz ox 2 + p(n)w2 (kal =12, 3); LZ4 = /\Ez) o2 - Z.("JTl( )04(144)147 (218)
) PO
L =L; SkkS k=1,23 Ly =1L; N
kk kk + 8(E3 8(E3 ( s Ay )7 44 44 + 8(E3 axB )
02 00, 0
L — 0(") 0(") s3s3
s3 ( ss33 + 5353) a$5 8{E3 =+ 8!E3 3585’
0? 20, 9
L =", 1o e =1,2 2.19
3s ( s533 + 8383) 8375 8333 + 8333 821357 B ) 4y ( )
L*f _ 9 9 + 891(;;4)14
34 3344 Ors Ors ;

= =z, =W =el, s =-nl" =AWul, p=1,2,3 (2.20)

The components of the extended vector nim (2.20) are given by the formulas
Egn) = @gll = 0?1113 Uy 3 + 91313 3, 1)v
Egn) = 9 932%3 gn?? + 92323 3n2)a Eé(ln) = _h:(an) = /\(n) z(xnz)?v
@(") — 9(")

11334 1 i )+ 9521%3 gn2) + 93333 :(snz)? + 93344 (n)'

3. GREEN’S FUNCTION FOR AN INHOMOGENEOUS PRESTRESSED
THERMOELASTIC HALF-SPACE

We subject problem (2.12), (2.13) with boundary conditions (2.14)—(2.17) to a Fourier transform over the
coordinates z1 and z2 (a1 and oo are the transform parameters). In the space of images, systems (2.12), (2.13)
take the form

le\l[Uln)] - 0110120571) Uz(n) - mlogn) U?Sn) Zo<191144U4n) =0,
—a1020V UM 4 L [USY] — itV U™ — i, U™ = 0,

—in 05 U — a0 US4+ L [US™] + 0550, UL = 0,
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wEY (0101, U{" + 283, US™ +i6550, USY") — Ly [US™] = 0;
/1\1f[U1n)] - alagﬂgn)UQ") + Lfgf [U?En)] - Z05101144U4n) =0,
—onaot{V U™ + LY U] + LY [US™] — iant$), U™ =0, (3.2)
L [UF) + Laf [U37) + L [U3") + Lyf (U] = o,

n n) n A n
WE( (05191144[]1( ) + 042922441]2 + Z03344[]3 )/) - L44f[U4 )] =0.
In (3.1) and (3.2), we have

=0 pye — ML A B=123,

LY, = )\gg 023 — a2\ — sz )04444, s=1,2, (3.3)
3] ny O .
Ll = L+ 030 o, o LA =L+ o k=123
A (n) 0 . g
s3 _Za5(95533 + 05353) 8!E3 - Z04595353’
0 n
Li/i\sf = —iag (95333 + 98383) p) — o 953123137 s=1,2, (34)
3

0 n
93344 Ors + 9334)114

For the boundary conditions, we have

D . k=1,...,4 (3.5)
T3 h
s — At o Ul =yt o k=lo4 m=2. M- (3.6)
Tr3=Nn T3=Nn
UM -0, (3.7)
Tr3—r—00
where U(n), EA("), and Fy (k=1,...,4) are transforms of the Fourier components u(T ), E(n) and f., respectively;
k k

the prime denotes differentiation With respect to 3.

Thus, the boundary-value problem of harmonic vibrations of a prestressed thermoelastic medium consisting
of a stack of homogeneous or functionally graded layers lying on homogeneous base, depending on the type of
source, the nature of its effect, and the structure of the medium is described by system (2.12), (2.13) with boundary
conditions (2.14)—(2.17) in notation (2.18)—(2.20). Using methods of operational calculus, we reduce the problem
to solving the boundary-value problem (3.1), (3.2), (3.5)—(3.7) in notation (3.3), (3.4). The solution of system (3.1)
has the following form:

. ! M) (M)
UZSM)(al,ag,m) = —zapi;k Chyg € 73, p=1,2, ¢g=8M-1),
k=1

4 00 (3.8)
U;[SM) O[]_, a2, CE3 Z fpk Ck+g € e (p = 37 4)

for the half-space or
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4
UZS") (1, 0, 3) = —icy, Z flgz) (ck+g sinh a,g")xg + Ck4444 cosh O'](Cn),flig), p=1,2 g=8n-1),
k=1
4

Ué”)(ozl, Q,x3) = Z fég) (ck+g cosh O'](Cn)lig + Ck444¢ sinh a,g")xg), (3.9)
k=1

4
Uin)(al, g, T3) = Z fiz) (ckJrg sinh U](cn)$3 + Ciiga4g cosh O'](cn)xg)
k=1

for the homogeneous coating layers. Here U](cn) are the roots of the characteristic equation det M(S") =0,
W, e
Mg = iy I 2 7 o2t (3.10)
NN I N SRl
—afiw By 001y —odiw By 0y, o) iw Ep 035, —Ay)

A = 05 (o) = 205+ p e AT = A (0)) — AL — i ol,

s slls
s=1,2, 1=1,23.

The coefficients of flgz) (p,k = 1,...,4) satisfy the homogeneous system of equations with the ma-
trix M (ox) (3.10).
In accordance with [10, 11], we introduce the variables

n Y& n A(n n n
v = (F) Rl ¥ =10,
in which system (3.2) is represented as
Y = MM (o, ag, 23)Y ™), (3.11)
0 0 om0 my om0 miy
0 0 mgg) 0 mgg) mgz) 0 mé}?
m{ m{ 0o 0o 0o 0 mP o0
M™ = 43 45 46 48 ’
m™ 0 0o 0o 0 0 m¥» o0
o m@ o o 0o 0 m¥P o0
0 0 m%) 0 m%) m%) 0 m%)
o o o0 m¥» o 0o 0o o0
n ; 9(”) n 9(”) 2.2 "
mgg) _ zozl(n1)133’ mg5) _ _( 11?2)) Qa7 —|—P1( )’
03333 03333
n n) H(n n n Q102 n ias n n n n
mgﬁ) = (95 )9§3;3 - 952;30&;3) (n) mgs) = (n) (92514%3;3 - 9&34)140;?),3)7 s=1,2,
3333 03333
n ; 9(") n n " 9(") 2.2 n
mgy) = 1020 ) ( 22?2)) % | p(m
03333 03333

" ; 89(") " 2 9(”) 2 n

i(is): 2 33337 821,2, m( )__ak( k3k3) —I—P?E )’ ]€=1,2,
9(”) 9(”)
3ss3 3kk3
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mig) = (n)33447 mfm) = (9§34)149§1;3 - 9%14)146%3;3)’
03333 3333

n WE*OQ n n n n n wk* (9(71) )2 n
mé(lﬁ) = L) (953214%2%3 - 9&2214953%3)7 mz(xs) = (n)3344 + P4( )7
03333 3333
miy = (05117 mi =miY, om = 057 mE = miy,

mg?,) = (9§3%3) g m§5) = mgg), m(76) = mgg), mgs) = ?2;14’ §s4) = ()\g3)) g

3333
P =a200) — pMe? (k=1,2,3), P =a2AM 4iwr™Me, (i=1,2).

System (3.11) is a system of first-order ordinary differential equations with variable coefficients, which can
be solved using numerical methods, in particular, the Runge-Kutta method. We represent Yk(n) in the form of the
expansion

8
Yk(") = Z Cptgl0u, ag)y,(cz)(al, a2, 3), k=1,2,...,8, ¢g=8(n-1), (3.12)

p=1

where y,gz) (a1, g, z3) are linear independent solutions of the Cauchy problem for system (3.11) with the initial

conditions y,(cz)(ozl, a2, T30) = Opp-

The solution of the boundary-value problem (3.1)—(3.7) is the set of solutions for the homogeneous (3.9)
and inhomogeneous (3.12) components of the coating and half-space (3.8). The unknowns ¢ are determined by
substituting the solutions into the boundary conditions

AC =F. (3.13)

Here C* = {cp}ﬁ(:l\f_l)H is the vector of unknowns; F* = {F,, Fy} (F; is the Fourier transform of a given load
vector and Fy is the zero vector, whose dimension is determined by the geometry of the problem), and

_ BW (hy) 0
4= < AW (hy ) B (hyy) ) (3.14)

Here BM(hy) and BM)(hy,) are 4 x 8 and 8 x 4 rectangular matrices; A and A (hy, a) are [4(2M — 1)] and
[8(M — 1)] square matrices, respectively. The elements of the matrix (3.14) have the following form:
—for the homogeneous upper layer,

1 1 1 1 1)2 1)2 1)2 1)2
l§1)c%1 152)051 lgg)czln 154)04111 l§1) 3% lgz) 5(2)% 153) Sg% l§4) 5%
1 l(l)cl 12 01 l(l)2 01
24

1 1
BW(hy) = lél)cll 22 €21 l§3>c§1 lsy ciy s11 s91 153 s s91

(1) 1 (D2 01 ()2 01
lo1 lyo

, (3.15)
1)0 1)0 1)0 1)0 1)0 1)0 1)0 1)0
l:(u) 5% léz) 58% l:(a3) Sg% l§4) 5% lél) C%l l:(n) 0%1 l§3) C%l l:(a4) Czlu
1 1 1 1 1)2 1)2 1)2 1)2
14(11)0%1 14(12)0%1 14(13)021’,1 14(14)04111 14(11) 5?% 14(12) 58% 14(13) Sg% 14(14) 5%
where
er =10 cosh o Vhy, 1050 =10 sinh O o hy, 1902500 =100 (01)2 sinh © o b,
sinh® 0™ h; = (0!"™) Vsinh ™Mby, pk=1,...,4, n=1,..., M, i=1,...,M—1,
n n n)0 n n n n n n)\ — n)0
lgk) = 9§s23 s(k) + 9£323 ?Sk) + Epei(’)sé)ls ik)’ s=1,2, lék) = (U](c )) 1l§k) ) (3.16)
n)0 n n)0 n n)0 n n n n n)0
lék) = _04%9§11)33 1(k) —a§6‘52%3 Q(k) + (U](c ))2953%3 ?Sk) +9§3214 ik) )

=AW =T s=12.4
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—for the functionally graded upper layer,

BM (k) = [lyky) (a1, 00, h)[FZ3 % (3.17)
(M) M M
B (hy) = ( f0) ) 0 = =G0, M =)= £ (3.18)
BW(hy) PP (hy) 0 0 : 0 0
0  B®(hs) P®hs) 0 : 0 0
AO(acary= | 00 BOh) PO(h) 0 0 (3.19)
0 0 0 0 B(]M_Q)(hj\l—l) P(M_l)(hM—l)
0 0 0 0 : 0 BM=1) (hyp)

Here B (hy,) and P®*) (h;) = —B®)(h;) are 8 x 8 matrices; the superscript corresponds to the layer number, and
the argument to the interface between layers. In the general form, taking into account (3.9), (3.12), and (3.16), the
matrices B (hy) are defined as follows:

— ],(m) 8
B (he) = [lys (r, a2, hio) I pey (3.20)
for the functionally graded nth layer and
n) n n n n) n n)2 0On n)2 0On n)2 0On n)2 0On
l( )Clk l( )Czk l( )C3k 154)041@ 151) S(l)k lgz) S(Q)k lgs) gk 154) Sgk
l(n)clk l(n)czk l(n)c3k léZ)CZk lé?)QS‘fZ léz)%% lés)Q 32 lé4)2322
0 On 0 On 0 On n)0 On n)0 n n)0 n n)0 n n)0 n
l§(1) S(l)k lg(z)) Sgk lg(s)) Sgk lé(zx)) Sgk l(§1;201k l§2)202k l§3)203k l§4)204k
PR TR I (1L VO R ol T P R s T R VR 591
() =1 (20 on o(m0 0n £(MO.0n p(m0.0n AMO n A0 MO n (WO m (3.21)
11 S1k Ji2® S2k Jiz® S3k Jia® Sak J11® Cik Ji2w C2k Ji3® C3k Jia® Cak
(n)0 _on ()0 _0on £(n)0 $om (n)0 _on  £(n)0 n (n)0 n ()0 n (n)0 n
21" Sik Jo2© S2k Jo3® S3k Joa Sak Jo1” Cik J22© Cor Joz C3k Joa & Cak
éT)Clk 3(;)0% §§)03k 3(2)0% 3@23?2 3(;)23(2)2 3%”2 ES 3(2)2322
)0 _on )0 n )0 _on n n n n n n n n n
f41 (I)k f42 0 f43 gk f44 0 0 fi1)001k ( )Oc2k is)ocw ( )OC4k
for the homogeneous layer.
If the last layer of the coating is homogeneous, the matrix B =1 (h,,) has the form
e e S N | 0 0 0
e e e e 0 0 0 g
0 oo o g gene ggene e
(M—=1) (M—1) (M—1) (M—1)
B(Mil)(hM) = L iz l i (MO 1)0 (MO 1)0 (MO 1)0 (M0 1)0 (3'22)
0 0 0 0 11 13 fia
0 0 0 0 2(;\4—1)0 2(M 1)0 fQ(éw—Do 2(‘11\4—1)0
féf/[ 1) fél\l 1) f(M 1) éiw—m 0 0 0 0
0 000 TP R g

If the last coating layer is functionally graded, the elements of the matrix B
formulas (3.20) where n = M — 1 and k = M.

Substituting solution (3.13) into representations (3.8), (3.12), and (3.9) and applying an inverse Fourier
transform, we obtain

“(hyr) are defined by

1
W onain) = oy [ [ R~ €na ) o6 dedn (3.23)
Q
kg.n)(s,t,ﬂjg) ://Kin)(al,052,$3)e_i(a15+a2t) dOél dag; (324)

Ty Ty
838



K™ (on,00,23) = | K712y (3.25)

(n

The components of the matrix K7 ) have the following form:

Zal Z ( j, k+p Sinh U;gn)l’?, + Aj,k+4+p0'](€n) cosh a,g")a:g), 1=1,2,
3J A Z f3k ( j, k+p cosh U;in)$3 + Aj,k+4+p0,in) sinh alin)xg), (3.26)

4
1 n . n n n
= A, E fik) (Aj) k+p sinh 0,(c )x3 + Aj7k+4+p0,(€ ) cosh U]i )x3)

for the homogeneous components (p = 8(n —-1),n=12,...,M—1)

KV = A ZAJprHQk(al,QZ,%) (Il=1,...,4) (3.27)
k=1

for the functionally graded Components and

K(M) o Zf Ajrrsm—1) €’ e (=14, B={—ia,—ian1,1}). (3.28)

for the half-space. Here Ao and A, are the determinant and algebraic cofactor of the corresponding element of
the matrix A (3.14) with elements (3.15)—(3.22).

The integral representation (3.23), (3.24) and the Green’s function (3.25)—(3.28) define the displacement of
an arbitrary point of the medium under the action of the specified load on its surface. The contours I'y and I's in
representation (3.24) are found in the region of analyticity of the integrand and are selected in accordance with the
rules [16].

CONCLUSIONS

A mathematical model was developed for an inhomogeneous prestressed thermoelastic half-space which is a
stack of homogeneous or functionally graded layers rigidly attached to a homogeneous base. Each inhomogeneous
component of the medium can be subjected to an inhomogeneous initial stress and temperature. Consistent lin-
earization of the constitutive relations of the nonlinear mechanics of a thermoelastic medium is performed using the
theory of superposition of small deformations on finite deformations with the inhomogeneity of the medium taken
into account. A method was proposed and integral formulas were derived that take into account the inhomogeneity
of the coating elements, different laws of change in the properties of these elements, the inhomogeneity of their
stress state, and different conditions at the interface between the layers.

The work was supported by the Russian Science Foundation (Grant No. 14-19-01676).
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