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GREEN’S FUNCTION FOR A PRESTRESSED THERMOELASTIC HALF-SPACE
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Abstract: A mathematical model is developed for an inhomogeneous thermoelastic prestressed

half-space consisting of a stack of homogeneous or functionally graded layers rigidly attached to a

homogeneous base. Each component of the inhomogeneous medium is subjected to initial mechan-

ical stresses and temperature. Successive linearization of the constitutive relations of the nonlinear

mechanics of a thermoelastic medium is performed using the theory of superposition of small defor-

mations on finite deformations with the inhomogeneity of the medium taken into account. Integral

formulas are derived to explore dynamic processes in inhomogeneous prestressed thermoelastic me-

dia.
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INTRODUCTION

The linear theory of thermoelasticity for prestressed bodies in the isothermal and non-isothermal cases

has been developed in the works of Green [1] and Iesan [2]. Constitutive equations and equations of motion for

thermoelastic bodies at large initial strains and initial temperature have been derived by Wang and Slattery [3].

Singh and Renu [4, 5] have studied the effect of initial stresses on the wave field on the surface of a homogeneous

transversely isotropic thermoelastic half-space was in a linear approximation. The effect of preheating and initial

mechanical loads on the dynamics of a homogeneous medium has been investigated using linearized theory [6–

8]. Kalinchuk et al. [6] have constructed a three-dimensional Green’s function for a homogeneous thermoelastic

layer and analyzed the influence of initial stresses on its dispersion properties. Belyankova et al. [7] have studied

a mixed problem of vibrations of a homogeneous thermoelastic layer. Kalinchuk and Levi [8] have studied the

problem of a homogeneous thermoelastic half-space under a thermal load that simulates the action of a frequency-

modulated laser beam and obtained heat flux distributions in the contact area depending on the nature, type, and

magnitude of initial loads. Sheidakov et al. [9] linearized the constitutive relations and equations of motion of the

nonlinear mechanics of a thermoelastic homogeneous medium under the assumption that the initial stress state is

also homogeneous. During linearization, fourth-order terms in strain and second-order terms in temperature were

retained in the expansion of the thermodynamic potential. This approach is possible in studies of the dynamics

of homogeneous thermoelastic materials, but in studies of the behavior of composite structures or media with an

inhomogeneous coating, it greatly complicates the problem. In the present study of inhomogeneous thermoelastic

materials, simpler and more convenient linearized constitutive equations and equations of motion of the medium

were obtained that take into account the effect of the inhomogeneity of the initial stress state and properties of

the material on its thermoelastic properties. Green’s function matrices for a prestressed thermoelastic half-space
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with an inhomogeneous coating are constructed using a hybrid numerical analytical method [10–12], which is a

combination of analytical methods and numerical schemes for constructing the solution and a matrix approach to

satisfying the boundary conditions.

1. FORMULATION OF BOUNDARY-VALUE DYNAMIC PROBLEMS

FOR THERMOELASTIC BODIES

Consider the problem of vibrations a thermoelastic medium that occupies a certain volume V bounded by

the surface o = o1 + o2 = o3 + o4. We introduce an orthonormal vector basis of Cartesian coordinates i1, i2, i3 in

space. Denote the Lagrangian and Eulerian Cartesian coordinates by x1, x2, x3 and X1, X2, X3, respectively. The

nabla operators, the vectors of the direct and reciprocal bases are given by the formulas

∇0 = im
∂

∂xm
, ∇ = im

∂

∂Xm
, r = xkik, R = Xkik. (1.1)

Suppose that v is the reference configuration associated with the natural state, V is the actual configuration

associated with the initial deformed state, and R and r are the radius vectors of a point in the initial deformed and

natural states, respectively. The stress–strain state of the nonlinear thermoelastic material in the natural state is

defined by the Piola stress tensor

Π = P · C, P = χS , (1.2)

the Cauchy–Green strain tensor

S = (G− I)/2, C = ∇0R, G = C · Ct (1.3)

and the specific (per unit volume) entropy

η = −χθ. (1.4)

Here C is the strain gradient, G is Cauchy–Green strain measure, and θ is the temperature. The thermal charac-

teristics of the material are described using the following parameters defined in the metric of the natural state: the

temperature gradient

g = ∇0θ (1.5)

and the heat flux vector

h = h(C, θ, g), (1.6)

which is generally a nonlinear function [13, 14]. In this paper, we use its well-known representation

h = −λg (1.7)

[λ = λ(C, θ, g) is the thermal conductivity tensor]. For materials with hexagonal symmetry (class 6 mm), we have

λ = ‖λkk‖3k=1 and λ11 = λ22 �= λ33.

The tensor χS and the scalar χθ used in representations (1.2) and (1.4) are derivatives of the thermodynamic

potential χ = χ(S, θ) [13, 14]. The boundary-value problem of vibrations of a prestressed thermoelastic medium in

Lagrangian coordinates is described by the equations

∇0 ·Π = ρ0
∂2R

∂t2
; (1.8)

∇0 · h+ θ
∂η

∂t
= 0 (1.9)

with the boundary conditions

n ·Π
∣∣∣
o1

= tn, R
∣∣∣
o2

= R∗, θ
∣∣∣
o3

= T ∗, n · h
∣∣∣
o4

= −h∗, (1.10)

where ρ0 is the density of the undeformed body and n is the normal to the surface.
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Suppose that there is a state of equilibrium of the thermoelastic body:

R = R1(r), θ = T1(r). (1.11)

According to (1.8)–(1.10), the equations of statics within the volume and on the surface can be represented as

∇0 · Π1 = 0, ∇0 · h1 = 0; (1.12)

n ·Π1

∣∣∣
o1

= t1n, R1

∣∣∣
o2

= R1, θ
∣∣∣
o3

= T1, n · h1

∣∣∣
o4

= h1.

Consider a small perturbation of the equilibrium configuration (1.11) [9, 13, 14]

R× = R1 + εu, θ× = T1 + εT, (1.13)

where u and T are the incremental displacement vector and temperature and ε is a small parameter. The Piola

stress tensor, the specific entropy, and the heat flux vector can be represented as

Π× = Π1 + εΠ• + o(ε2), η× = η1 + εη• + o(ε2), h× = h1 + εh• + o(ε2), (1.14)

where the bold dot marks convective derivatives

f• =
d

dε
f(R+ εu, T1 + εT )

∣∣∣
ε=0

.

The parameters defining the perturbed state of a thermoelastic body should satisfy the equations of mo-

tion (1.8) and (1.9)

∇0 ·Π× + ρ0b
× = ρ0

∂2R×

∂t2
, ∇0 · h× + θ×

∂η×

∂t
= 0. (1.15)

Substituting relations (1.13) and (1.14) into (1.15) and taking into account that the stress state (1.12) is

in equilibrium, with accuracy up to o(ε2) we obtain the equations of motion and heat conduction linearized in the

neighborhood of the initial state (1.11):

∇0 ·Θ = ∇0 · Π• = ρ0
∂2u

∂t2
; (1.16)

∇0 · h• + T1
∂η•

∂t
= 0. (1.17)

Here

Θ = Π• = P • · C + P · ∇0u; (1.18)

h• =
∂h

∂S
◦ S• +

∂h

∂θ
θ• +

∂h

∂g
· g•; (1.19)

η• =
∂η

∂S
◦ S• +

∂η

∂θ
θ•; (1.20)

P • =
∂P

∂S
◦ S• +

∂P

∂θ
θ•. (1.21)

The symbol ◦ denotes the complete multiplication operation. In constructing the constitutive relations, we assume

that the state

S = 0, θ = θ0 (1.22)

is the state with minimum free energy. Retaining quadratic terms in strain and temperature deviation in the

expansion of the function χ = χ(S, θ) [13, 14] in the neighborhood of state (1.22), we obtain

χ =
1

2
4CW ··S ··S − 1

2
Cερ0

(θ − θ0)
2

θ0
− 2Q ··S (θ − θ0). (1.23)

Here 4CW is the fourth-rank tensor of second-order elastic constants, Cε is the specific heat, ρ0 is the density

of the material, and 2Q is the thermoelasticity tensor. For materials with hexagonal 6 mm symmetry, we have
2Q = ‖qii‖3i=1, and q11 = q22 �= q33.
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The tensor constants of the thermodynamic potential and heat conductivity are given by the formulas
4C = Cijkliiijikil, Q = Qijiiij, λ = λijiiij . (1.24)

Adding expression (1.23) to formulas (1.2) and (1.4), we obtain

P = 4CW ··S − 2Q(θ − θ0), η =
Cερ0
θ0

(θ − θ0) +
2Q ··S; (1.25)

∂P

∂S
= 4CW ,

∂P

∂θ
= −2Q,

∂η

∂θ
=

Cερ0
θ0

. (1.26)

Substituting formulas (1.25) and (1.26) into (1.18)–(1.20), considering (1.21) and (1.2)–(1.7), and using the

relations
∂η

∂S
=

∂

∂S

(
− ∂χ

∂θ

)
= −∂P

∂θ
, S• =

1

2

(
∇0u · Ct + C · ∇0u

t
)
,

θ• = T, g• = ∇0T,

we have

Π• = (4CW ◦ S• − 2QT ) · C + P · ∇0u; (1.27)

h• = −λ · ∇0T ; (1.28)

η• = 2Q ◦ S• +
Cερ0
θ0

T. (1.29)

We will assume that the initial strain state in the thermoelastic material is given by the conditions

R = Λ · r, Λ = νkikik, θ = T1, νk = const, T1 = const, (1.30)

where νk = 1 + δk; δk (k = 1, 2, 3) are the relative elongations of fiber along the coordinate axes whose direction

in the natural configuration coincides with the Cartesian coordinates; T1 is the body temperature in the initial

strained state.

In view of formulas (1.1), (1.23), (1.24), and (1.30), the stress tensor, the heat flux vector, and the specific

entropy (1.27)–(1.29) can be represented in component form

Θ = Θijiiij = Π∗
ijiiij, h• = h∗

i ii,

Θij =
(
Cijklνk

∂uk

∂xl
− qijT

)
νj + Pik

∂uj

∂xk
= C∗

ijkl

∂uk

∂xl
− q∗ijT ; (1.31)

h∗
i = −λii

∂T

∂xi
; (1.32)

η• = q∗ii
∂ui

∂xi
+

Cερ0
θ0

T. (1.33)

The linearized equations of motion are written in the component form

∂

∂xi

(
C∗

ijkl

∂uk

∂xl
− q∗ijT

)
= ρ0

∂2uj

∂t2
, j = 1, 2, 3,

∂

∂xi

(
λii

∂T

∂xi

)
− T1q

∗
ii

∂

∂t

(∂ui

∂xi

)
− T1

Cερ0
θ0

∂T

∂t
= 0.

In the case of the homogeneous stress–strain state (1.30), we have

C = νkikik, S = Skkikik, Skk =
1

2
(ν2k − 1),

P = Pkkikik, Pkk =
1

2
Ckkkk(ν

2
k − 1)− (T1 − θ0)qkk.

(1.34)

The coefficients C∗
ijkl and q∗ij are defined as follows:

C∗
ijkl = Cijklνkνj + Pilδjk, q∗ij = qijνj . (1.35)

From (1.35) it follows that for any form of the stress–strain state (Pii = P 0
i , i = 1, 2, 3), the symmetry of

the starting material is broken. Thus, the Voigt notation cannot be used to represent the coupling matrix in the

stress–strain state.
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2. FORMULATION OF DYNAMIC PROBLEMS

FOR A PRESTRESSED THERMOELASTIC HALF-SPACE WITH A COATING

We consider harmonic vibrations of an inhomogeneous prestressed thermoelastic medium consisting of a

stack of M −1 homogeneous or functionally graded thermoelastic layers 0 � x3 � H , H = h1 � h2 � . . . � hM = 0,

|x1, x2| � ∞, in a homogeneous half-space x3 � 0, |x1, x2| � ∞. We assume that the coating materials are

thermoelastic materials which in the natural state have hexagonal 6 mm symmetry. The initial strain state of each

component of the medium is homogeneous (1.30) and is due to the action of the initial stress and temperature.

System (1.16), (1.17) can be represented as

∇0 ·Θ(n) = ρ(n)ü(n); (2.1)

∇0 · h(n) + T
(n)
1

∂η(n)

∂t
= 0. (2.2)

The mechanical boundary conditions on the surface o = o1 + o2 are written as

n ·Θ(1) = f∗
∣∣∣
o1
; (2.3)

u(1) = u∗
∣∣∣
o2
, (2.4)

and the thermal boundary conditions on the surface of o = o3 + o4 are represented as

n · h(1) = −h∗
∣∣∣
o3
; (2.5)

T (1) = T ∗
∣∣∣
o4
. (2.6)

In (2.1)–(2.6), u∗, f∗, and n are the displacement, stress, and outward normal vectors to the surface of the

medium defined in the natural state, respectively (the quantities specified in the corresponding region are marked

with an asterisk), ρ(n) is the density of the material, T (n) is the dynamic temperature, and h∗ and T ∗ are the

heat flux and temperature, respectively; the superscript in parentheses denotes the parameters of the nth layer of

the coating (n = 1, . . . ,M − 1), and the subscript M the parameters of the half-space. For functionally graded

components of the coating, the dependence of the elastic and temperature parameters of the coordinate x3 has the

form

ρ(n) = ρ
(n)
0 f (n)

ρ (x3), C
(n)
lksm = C

0(k)
lksmf (k)

c (x3), q
(n)
lk = q

0(n)
lk f (n)

q (x3),

λ
(n)
lk = λ

0(n)
lk f

(n)
λ (x3), C(n)

ε = C0(n)
ε f (n)

cε (x3)

(the subscript and superscript “0” marks the constants of the corresponding material of the base).

In view of the assumptions made and expressions (1.31)–(1.33), the components of the tensor Θ(n), vec-

tor h(n), and function η(n) are given by the formulas

Θ
(n)
lk = C

∗(n)
lksmu(n)

s,m − q
∗(n)
lk T (n), h

(n)
i = −λ

(n)
ii

∂T (n)

∂xi
, η(n) = q∗(n)sp u(n)

s,p +
ρ(n) C

(n)
ε

T0
T (n), (2.7)

where, in view of the representation (1.35),

C
∗(n)
lksp = P

(n)
lp δks + ν

(n)
k ν(n)s C

(n)
lksp, q

∗(n)
lk = ν

(n)
k q

(n)
lk (2.8)

(the subscript after the comma denotes differentiation).

We introduce the extended displacement vector u
(n)
τ = {u(n)

1 , u
(n)
2 , u

(n)
3 , u

(n)
4 = T (n)}, load vector fτ =

{f1, f2, f3, f4 = −h∗}, and notation

θ
(n)
lksp = C

∗(n)
lksp , θ

(n)
lk44 = −q

∗(n)
lk , θ

(n)
4444 = −C(n)

ε ρ(n)(T0)
−1, k, l, s, p = 1, 2, 3. (2.9)

In view of formulas (2.7), (2.8), and (1.34) and the properties of the material [15], the coupling matrix H in

notation (2.9) takes the form
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H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u
(n)
1,1 u

(n)
2,2 u

(n)
3,3 u

(n)
2,3 u

(n)
3,2 u

(n)
1,3 u

(n)
3,1 u

(n)
1,2 u

(n)
2,1 u

(n)
4

Θ
(n)
11 θ

(n)
1111 θ

(n)
1122 θ

(n)
1133 0 0 0 0 0 0 θ

(n)
1144

Θ
(n)
22 θ

(n)
1122 θ

(n)
2222 θ

(n)
2233 0 0 0 0 0 0 θ

(n)
2244

Θ
(n)
33 θ

(n)
1133 θ

(n)
2233 θ

(n)
3333 0 0 0 0 0 0 θ

(n)
3344

Θ
(n)
23 0 0 0 θ

(n)
2323 θ

(n)
2332 0 0 0 0 0

Θ
(n)
32 0 0 0 θ

(n)
3223 θ

(n)
2323 0 0 0 0 0

Θ
(n)
13 0 0 0 0 0 θ

(n)
1313 θ

(n)
1331 0 0 0

Θ
(n)
31 0 0 0 0 0 θ

(n)
3113 θ

(n)
1313 0 0 0

Θ
(n)
12 0 0 0 0 0 0 0 θ

(n)
1212 θ

(n)
1221 0

Θ
(n)
21 0 0 0 0 0 0 0 θ

(n)
2112 θ

(n)
1212 0

−η(n) θ
(n)
1144 θ

(n)
2244 θ

(n)
3344 0 0 0 0 0 0 θ

(n)
4444

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2.10)

Following [4–7], we convert to the dimensionless variables

x′
i =

ω∗xi

V
(M)
p

, u
(n)′
i =

ρ(M)ω∗V (M)
p

q
(M)
11 T0

u
(n)
i , T (n)′ =

T (n)

T0
,

ω′ =
ω

ω∗ , ω∗ =
C

(M)
ε C

(M)
11

λ
(M)
11

, h
(n)′
i =

V
(M)
p

ω∗T0λ
(M)
11

h
(n)
i ,

Θ
(n)′
ij =

Θ
(n)
ij

q
(M)
11 T0

, θ
(n)′
ijkl =

θ
(n)
ijkl

C
(M)
11

, θ
(n)′
kk44 =

θ
(n)
kk44

q
(M)
11

, θ
(n)′
4444 =

ρ(n)C
(n)
ε

T0ρ(M)C
(M)
ε

,

(2.11)

λ
(n)′
ij =

λ
(n)
ij

λ
(M)
11

(i, j, k, l = 1, 2, 3), E =
T0(q

(M)
11 )2

ρ(M)C
(M)
ε C

(M)
11

, E
(n)
T = ET

(n)′
1

(E and ET are the dimensionless normalizing factors).

After substitution of expressions (2.7) into representations (2.1)–(2.6) in view of formulas (2.9)–(2.11), the

boundary-value problem for the prestressed thermoelastic half-space with an inhomogeneous coating takes the

following form in dimensionless parameters:

L∗
11[u

(n)
1 ] + θ

(n)
1 u

(n)
2,12 + θ

(n)
2 u

(n)
3,13 + θ

(n)
1144u

(n)
4,1 = 0,

θ
(n)
1 u

(n)
1,12 + L∗

22[u
(n)
2 ] + θ

(n)
3 u

(n)
3,23 + θ

(n)
2244u

(n)
4,2 = 0,

θ
(n)
2 u

(n)
1,13 + θ

(n)
3 u

(n)
2,23 + L∗

33[u
(n)
3 ] + θ

(n)
3344u

(n)
4,3 = 0,

(2.12)

iωE
(n)
T [θ

(n)
1144u

(n)
1,1 + θ

(n)
2244u

(n)
2,2 + θ

(n)
3344u

(n)
3,3 ]− L∗

44[u
(n)
4 ] = 0

for the homogeneous components of the medium and

L∗f
11 [u

(n)
1 ] + θ

(n)
1 u

(n)
2,12 + L∗f

13 [u
(n)
3 ] + θ

(n)
1144u

(n)
4,1 = 0,

θ
(n)
1 u

(n)
1,12 + L∗f

22 [u
(n)
2 ] + L∗f

23 [u
(n)
3 ] + θ

(n)
2244u

(n)
4,2 = 0,

L∗f
31 [u

(n)
1 ] + L∗f

32 [u
(n)
2 ] + L∗f

33 [u
(n)
3 ] + L∗f

34 [u
(n)
4 ] = 0,

(2.13)

iωE
(n)
T [θ

(n)
1144u

(n)
1,1 + θ

(n)
2244u

(n)
2,2 + θ

(n)
3344u

(n)
3,3 ]− L∗f

44 [u
(n)
4 ] = 0

for the functionally graded coating components.
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The linearized boundary conditions are written as

Σ
(1)
k

∣∣∣
x3=h, (x1,x2)∈o1

= fk(x1, x2), u
(1)
k

∣∣∣
x3=h, (x1,x2)∈o2

= u∗
k(x1, x2), k = 1, 2, 3; (2.14)

λ
(1)
33 u

(1)
4,3

∣∣∣
x3=h, (x1,x2)∈o3

= f4(x1, x2), u
(1)
4

∣∣∣
x3=h, (x1,x2)∈o4

= T ∗(x1, x2); (2.15)

Σ
(n)
k

∣∣∣
x3=hk

= Σ
(n+1)
k

∣∣∣
x3=hk

, u
(n)
k

∣∣∣
x3=hk

= u
(n+1)
k

∣∣∣
x3=hk

,

k = 1, . . . , 4, n = 2, . . . ,M − 1;
(2.16)

u
(M)
k

∣∣∣
x3→−∞

→ 0. (2.17)

In formulas (2.12)–(2.17), we have

θ
(n)
1 = θ

(n)
1122 + θ

(n)
1212, θ

(n)
2 = θ

(n)
1133 + θ

(n)
1313, θ

(n)
3 = θ

(n)
2233 + θ

(n)
2323,

L∗
kk = θ

(n)
ikki

∂2

∂x2
i

+ ρ(n)ω2 (k, i = 1, 2, 3), L∗
44 = λ

(n)
ii

∂2

∂x2
i

− iωT
(n)
1 θ

(n)
4444, (2.18)

L∗f
kk = L∗

kk +
∂θ

(n)
3kk3

∂x3

∂

∂x3
(k = 1, 2, 3), L∗f

44 = L∗
44 +

∂λ
(n)
33

∂x3

∂

∂x3
;

L∗f
s3 = (θ

(n)
ss33 + θ

(n)
s3s3)

∂2

∂xs ∂x3
+

∂θ
(n)
s3s3

∂x3

∂

∂xs
,

L∗f
3s = (θ

(n)
ss33 + θ

(n)
s3s3)

∂2

∂xs ∂x3
+

∂θ
(n)
ss33

∂x3

∂

∂xs
, s = 1, 2, (2.19)

L∗f
34 = θ

(n)
3344

∂

∂x3
+

∂θ
(n)
3344

∂x3
;

Σ(n)
τ = {Σ(n)

k }4k=1, Σ(n)
p = Θ

(n)
3p , Σ

(n)
4 = −h

(n)
3 = λ

(n)
33 u

(n)
4,3 , p = 1, 2, 3. (2.20)

The components of the extended vector Σ
(n)
τ (2.20) are given by the formulas

Σ
(n)
1 = Θ

(n)
31 = θ

(n)
3113u

(n)
1,3 + θ

(n)
1313u

(n)
3,1 ,

Σ
(n)
2 = Θ

(n)
32 = θ

(n)
3223u

(n)
2,3 + θ

(n)
2323u

(n)
3,2 , Σ

(n)
4 = −h

(n)
3 = λ

(n)
33 u

(n)
4,3 ,

Σ
(n)
3 = Θ

(n)
33 = θ

(n)
1133u

(n)
1,1 + θ

(n)
2233u

(n)
2,2 + θ

(n)
3333u

(n)
3,3 + θ

(n)
3344u

(n)
4 .

3. GREEN’S FUNCTION FOR AN INHOMOGENEOUS PRESTRESSED

THERMOELASTIC HALF-SPACE

We subject problem (2.12), (2.13) with boundary conditions (2.14)–(2.17) to a Fourier transform over the

coordinates x1 and x2 (α1 and α2 are the transform parameters). In the space of images, systems (2.12), (2.13)

take the form

LΛ
11[U

(n)
1 ]− α1α2θ

(n)
1 U

(n)
2 − iα1θ

(n)
2 U

(n)′
3 − iα1θ

(n)
1144U

(n)
4 = 0,

−α1α2θ
(n)
1 U

(n)
1 + LΛ

22[U
(n)
2 ]− iα2θ

(n)
3 U

(n)′
3 − iα2θ

(n)
2244U

(n)
4 = 0,

−iα1θ
(n)
2 U

(n)′
1 − iα2θ

(n)
3 U

(n)′
2 + LΛ

33[U
(n)
3 ] + θ

(n)
3344U

(n)′
4 = 0,

(3.1)
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ωE
(n)
T (α1θ

(n)
1144U

(n)
1 + α2θ

(n)
2244U

(n)
2 + iθ

(n)
3344U

(n)′
3 )− LΛ

44[U
(n)
4 ] = 0;

LΛf
11 [U

(n)
1 ]− α1α2θ

(n)
1 U

(n)
2 + LΛf

13 [U
(n)
3 ]− iα1θ

(n)
1144U

(n)
4 = 0,

−α1α2θ
(n)
1 U

(n)
1 + LΛf

22 [U
(n)
2 ] + LΛf

23 [U
(n)
3 ]− iα2θ

(n)
2244U

(n)
4 = 0, (3.2)

LΛf
31 [U

(n)
1 ] + LΛf

32 [U
(n)
2 ] + LΛf

33 [U
(n)
3 ] + LΛf

34 [U
(n)
4 ] = 0,

ωE
(n)
T (α1θ

(n)
1144U

(n)
1 + α2θ

(n)
2244U

(n)
2 + iθ

(n)
3344U

(n)′
3 )− LΛf

44 [U
(n)
4 ] = 0.

In (3.1) and (3.2), we have

LΛ
kk = θ

(n)
3kk3

∂2

∂x2
3

− α2
sθ

(n)
skks + ρ(n)ω2, k = 1, 2, 3,

LΛ
44 = λ

(n)
33

∂2

∂x2
3

− α2
sλ

(n)
ss − iωT

(n)
1 θ

(n)
4444, s = 1, 2, (3.3)

LΛf
kk = LΛ

kk + θ
(n)′
3kk3

∂

∂x3
, LΛf

44 = LΛ
44 + λ

(n)′
33

∂

∂x3
, k, i = 1, 2, 3;

LΛf
s3 = −iαs(θ

(n)
ss33 + θ

(n)
s3s3)

∂

∂x3
− iαsθ

(n)′
s3s3,

LΛf
3s = −iαs(θ

(n)
ss33 + θ

(n)
s3s3)

∂

∂x3
− iαsθ

(n)′
ss33, s = 1, 2, (3.4)

LΛf
34 = θ

(n)
3344

∂

∂x3
+ θ

(n)′
3344.

For the boundary conditions, we have

Σ
Λ(1)
k = Fk

∣∣∣
x3=h

, k = 1, . . . , 4; (3.5)

Σ
Λ(n)
k = Σ

Λ(n+1)
k

∣∣∣
x3=hn

, U
(n)
k = U

(n+1)
k

∣∣∣
x3=hn

, k = 1, . . . , 4, n = 2, . . . ,M − 1; (3.6)

U
(M)
k

∣∣∣
x3→−∞

→ 0, (3.7)

where U
(n)
k , Σ

Λ(n)
k , and Fk (k = 1, . . . , 4) are transforms of the Fourier components u

(n)
τ , Σ

(n)
τ , and fτ , respectively;

the prime denotes differentiation with respect to x3.

Thus, the boundary-value problem of harmonic vibrations of a prestressed thermoelastic medium consisting

of a stack of homogeneous or functionally graded layers lying on homogeneous base, depending on the type of

source, the nature of its effect, and the structure of the medium is described by system (2.12), (2.13) with boundary

conditions (2.14)–(2.17) in notation (2.18)–(2.20). Using methods of operational calculus, we reduce the problem

to solving the boundary-value problem (3.1), (3.2), (3.5)–(3.7) in notation (3.3), (3.4). The solution of system (3.1)

has the following form:

U (M)
p (α1, α2, x3) = −iαp

4∑
k=1

f
(M)
pk ck+g e

σ
(M)
k x3 , p = 1, 2, g = 8(M − 1),

U (M)
p (α1, α2, x3) =

4∑
k=1

f
(M)
pk ck+g e

σ
(M)
k x3 (p = 3, 4)

(3.8)

for the half-space or
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U (n)
p (α1, α2, x3) = −iαp

4∑
k=1

f
(n)
pk

(
ck+g sinh σ

(n)
k x3 + ck+4+g cosh σ

(n)
k x3

)
, p = 1, 2, g = 8(n− 1),

U
(n)
3 (α1, α2, x3) =

4∑
k=1

f
(n)
3k

(
ck+g cosh σ

(n)
k x3 + ck+4+g sinh σ

(n)
k x3

)
, (3.9)

U
(n)
4 (α1, α2, x3) =

4∑
k=1

f
(n)
4k

(
ck+g sinh σ

(n)
k x3 + ck+4+g cosh σ

(n)
k x3

)

for the homogeneous coating layers. Here σ
(n)
k are the roots of the characteristic equation detM

(n)
σ = 0,

M (n)
σ =

⎛
⎜⎜⎜⎝

A
(n)
11 −α2

2θ
(n)
1 σ

(n)
k θ

(n)
2 θ

(n)
1144

−α2
1θ

(n)
1 A

(n)
22 σ

(n)
k θ

(n)
3 θ

(n)
2244

−α2
1σ

(n)
k θ

(n)
2 −α2

2σ
(n)
k θ

(n)
3 A

(n)
33 σ

(n)
k θ

(n)
3344

−α2
1iω E

(n)
T θ

(n)
1144 −α2

2iω E
(n)
T θ

(n)
2244 σ

(n)
k iω E

(n)
T θ

(n)
3344 −A

(n)
44

⎞
⎟⎟⎟⎠ , (3.10)

A
(n)
ll = θ

(n)
3ll3(σ

(n)
k )2 − α2

sθ
(n)
slls + ρ(n)ω2, A

(n)
44 = λ

(n)
33 (σ

(n)
k )2 − α2

sλ
(n)
ss − iωT

(n)
1 θ

(n)
4444,

s = 1, 2, l = 1, 2, 3.

The coefficients of f
(n)
pk (p, k = 1, . . . , 4) satisfy the homogeneous system of equations with the ma-

trix M
(n)
σ (σk) (3.10).

In accordance with [10, 11], we introduce the variables

Y (n) =

(
Y n
Σ

Y n
u

)
, Y n

Σ = ‖ΣΛ(n)
k ‖4k=1, Y n

u = ‖U (n)
k ‖8k=5,

in which system (3.2) is represented as

Y (n)′ = M (n)(α1, α2, x3)Y
(n), (3.11)

M (n) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 m
(n)
13 0 m

(n)
15 m

(n)
16 0 m

(n)
18

0 0 m
(n)
23 0 m

(n)
25 m

(n)
26 0 m

(n)
28

m
(n)
31 m

(n)
32 0 0 0 0 m

(n)
37 0

0 0 m
(n)
43 0 m

(n)
45 m

(n)
46 0 m

(n)
48

m
(n)
51 0 0 0 0 0 m

(n)
57 0

0 m
(n)
62 0 0 0 0 m

(n)
67 0

0 0 m
(n)
73 0 m

(n)
75 m

(n)
76 0 m

(n)
78

0 0 0 m
(n)
84 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

m
(n)
13 =

iα1θ
(n)
1133

θ
(n)
3333

, m
(n)
15 = − (θ

(n)
1133)

2α2
1

θ
(n)
3333

+ P
(n)
1 ,

m
(n)
16 = (θ

(n)
1 θ

(n)
3333 − θ

(n)
2233θ

(n)
1133)

α1α2

θ
(n)
3333

, m
(n)
s8 =

iαs

θ
(n)
3333

(θ
(n)
ss44θ

(n)
3333 − θ

(n)
3344θ

(n)
ss33), s = 1, 2,

m
(n)
23 =

iα2θ
(n)
2233

θ
(n)
3333

, m
(n)
25 = m

(n)
16 , m

(n)
26 = − (θ

(n)
2233)

2α2
2

θ
(n)
3333

+ P
(n)
2 ,

m
(n)
3s =

iαsθ
(n)
s3s3

θ
(n)
3ss3

, s = 1, 2, m
(n)
37 = −α2

k(θ
(n)
k3k3)

2

θ
(n)
3kk3

+ P
(n)
3 , k = 1, 2,
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m
(n)
43 = − iωE∗θ(n)3344

θ
(n)
3333

, m
(n)
45 =

ωE∗α1

θ
(n)
3333

(θ
(n)
3344θ

(n)
1133 − θ

(n)
1144θ

(n)
3333),

m
(n)
46 =

ωE∗α2

θ
(n)
3333

(θ
(n)
3344θ

(n)
2233 − θ

(n)
2244θ

(n)
3333), m

(n)
48 =

iωE∗(θ(n)3344)
2

θ
(n)
3333

+ P
(n)
4 ,

m
(n)
51 = (θ

(n)
3113)

−1, m
(n)
57 = m

(n)
31 , m

(n)
62 = (θ

(n)
3223)

−1, m
(n)
67 = m

(n)
32 ,

m
(n)
73 = (θ

(n)
3333)

−1, m
(n)
75 = m

(n)
13 , m

(n)
76 = m

(n)
23 , m

(n)
78 = −θ

(n)
3344

θ
(n)
3333

, m
(n)
84 = (λ

(n)
33 )−1,

P
(n)
k = α2

i θ
(n)
ikki − ρ(n)ω2 (k = 1, 2, 3), P

(n)
4 = α2

iλ
(n)
ii + iωT

(n)
1 θ

(n)
4444 (i = 1, 2).

System (3.11) is a system of first-order ordinary differential equations with variable coefficients, which can

be solved using numerical methods, in particular, the Runge–Kutta method. We represent Y
(n)
k in the form of the

expansion

Y
(n)
k =

8∑
p=1

cp+g(α1, α2)y
(n)
kp (α1, α2, x3), k = 1, 2, . . . , 8, g = 8(n− 1), (3.12)

where y
(n)
kp (α1, α2, x3) are linear independent solutions of the Cauchy problem for system (3.11) with the initial

conditions y
(n)
kp (α1, α2, x30) = δkp.

The solution of the boundary-value problem (3.1)–(3.7) is the set of solutions for the homogeneous (3.9)

and inhomogeneous (3.12) components of the coating and half-space (3.8). The unknowns ck are determined by

substituting the solutions into the boundary conditions

AC = F . (3.13)

Here Ct = {cp}8(M−1)+4
p=1 is the vector of unknowns; F t = {Fτ ,F0} (Fτ is the Fourier transform of a given load

vector and F0 is the zero vector, whose dimension is determined by the geometry of the problem), and

A =

(
B(1)(h1) 0

A(1)(h2,...,M ) B(M)(hM )

)
. (3.14)

Here B(1)(h1) and B(M)(hM ) are 4 × 8 and 8 × 4 rectangular matrices; A and A(1)(h2,...,M ) are [4(2M − 1)] and

[8(M − 1)] square matrices, respectively. The elements of the matrix (3.14) have the following form:

—for the homogeneous upper layer,

B(1)(h1) =

⎛
⎜⎜⎜⎜⎜⎝

l
(1)
11 c

1
11 l

(1)
12 c

1
21 l

(1)
13 c

1
31 l

(1)
14 c

1
41 l

(1)2
11 s0111 l

(1)2
12 s0121 l

(1)2
13 s0131 l

(1)2
14 s0141

l
(1)
21 c

1
11 l

(1)
22 c

1
21 l

(1)
23 c

1
31 l

(1)
24 c

1
41 l

(1)2
21 s0111 l

(1)2
22 s0121 l

(1)2
23 s0121 l

(1)2
24 s0141

l
(1)0
31 s0111 l

(1)0
32 s0121 l

(1)0
33 s0131 l

(1)0
34 s0141 l

(1)0
31 c111 l

(1)0
32 c121 l

(1)0
33 c131 l

(1)0
34 c141

l
(1)
41 c

1
11 l

(1)
42 c

1
21 l

(1)
43 c

1
31 l

(1)
44 c

1
41 l

(1)2
41 s0111 l

(1)2
42 s0121 l

(1)2
43 s0131 l

(1)2
44 s0141

⎞
⎟⎟⎟⎟⎟⎠

, (3.15)

where

l
(n)
pk cnki = l

(n)
pk cosh σ

(n)
k hi, l

(n)
pk s0nki = l

(n)
pk sinh 0 σ

(n)
k hi, l

(n)2
pk s0nki = l

(n)
pk (σ

(n)
k )2 sinh 0 σ

(n)
k hi,

sinh 0 σ
(n)
k hi = (σ

(n)
k )−1 sinh σ

(n)
k hi, p, k = 1, . . . , 4, n = 1, . . . ,M, i = 1, . . . ,M − 1,

l
(n)
sk = θ

(n)
3ss3f

(n)0
sk + θ

(n)
s3s3f

(n)
3k + Epθ

(n)
3s4sf

(n)
4k , s = 1, 2, l

(n)
3k = (σ

(n)
k )−1l

(n)0
3k , (3.16)

l
(n)0
3k = −α2

1θ
(n)
1133f

(n)0
1k − α2

2θ
(n)
2233f

(n)0
2k + (σ

(n)
k )2θ

(n)
3333f

(n)
3k + θ

(n)
3344f

(n)0
4k ,

l
(n)
4k = f

(n)0
4k , f

(n)
sk = (σ

(n)
k )−1f

(n)0
sk , s = 1, 2, 4;
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—for the functionally graded upper layer,

B(1)(h1) = ‖y(1)kp (α1, α2, h1)‖p=1,...,8
k=1,...,4; (3.17)

B(M)(hM ) =

(
l(M)

f (M)

)
, l(M) = ‖ − l

(M)
ij ‖4i,j=1, f (M) = ‖ − f

(M)
ij ‖4i,j=1; (3.18)

A(1)(h2,...,M ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

B(1)(h2) P (2)(h2) 0 0
... 0 0

0 B(2)(h3) P
(3)(h3) 0

... 0 0

0 0 B(3)(h4) P
(4)(h4)

... 0 0

· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0

... B(M−2)(hM−1) P
(M−1)(hM−1)

0 0 0 0
... 0 B(M−1)(hM )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.19)

Here B(n)(hk) and P (k)(hl) = −B(k)(hl) are 8× 8 matrices; the superscript corresponds to the layer number, and

the argument to the interface between layers. In the general form, taking into account (3.9), (3.12), and (3.16), the

matrices B(n)(hk) are defined as follows:

B(n)(hk) = ‖y(n)lp (α1, α2, hk)‖8l,p=1 (3.20)

for the functionally graded nth layer and

B(n)(hk) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l
(n)
11 cn1k l

(n)
12 cn2k l

(n)
13 cn3k l

(n)
14 cn4k l

(n)2
11 s0n1k l

(n)2
12 s0n2k l

(n)2
13 s0n3k l

(n)2
14 s0n4k

l
(n)
21 cn1k l

(n)
22 cn2k l

(n)
23 cn3k l

(n)
24 cn4k l

(n)2
21 s0n1k l

(n)2
22 s0n2k l

(n)2
23 s0n3k l

(n)2
24 s0n4k

l
(n)0
31 s0n1k l

(n)0
32 s0n2k l

(n)0
33 s0n3k l

(n)0
34 s0n4k l

(n)0
31 cn1k l

(n)0
32 cn2k l

(n)0
33 cn3k l

(n)0
34 cn4k

l
(n)
41 cn1k l

(n)
42 cn2k l

(n)
43 cn3k l

(n)
44 cn4k l

(n)2
41 s0n1k l

(n)2
42 s0n2k l

(n)2
43 s0n3k l

(n)2
44 s0n4k

f
(n)0
11 s0n1k f

(n)0
12 s0n2k f

(n)0
13 s0n3k f

(n)0
14 s0n4k f

(n)0
11 cn1k f

(n)0
12 cn2k f

(n)0
13 cn3k f

(n)0
14 cn4k

f
(n)0
21 s0n1k f

(n)0
22 s0n2k f

(n)0
23 s0n3k f

(n)0
24 s0n4k f

(n)0
21 cn1k f

(n)0
22 cn2k f

(n)0
23 cn3k f

(n)0
24 cn4k

f
(n)
31 cn1k f

(n)
32 cn2k f

(n)
33 cn3k f

(n)
34 cn4k f

(n)2
31 s0n1k f

(n)2
32 s0n2k f

(n)2
33 s0n3k f

(n)2
34 s0n4k

f
(n)0
41 s0n1k f

(n)0
42 s0n2k f

(n)0
43 s0n3k f

(n)0
44 s0n4k f

(n)0
41 cn1k f

(n)0
42 cn2k f

(n)0
43 cn3k f

(n)0
44 cn4k

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.21)

for the homogeneous layer.
If the last layer of the coating is homogeneous, the matrix B(M−1)(hM ) has the form

B(M−1)(hM ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l
(M−1)
11 l

(M−1)
12 l

(M−1)
13 l

(M−1)
14 0 0 0 0

l
(M−1)
21 l

(M−1)
22 l

(M−1)
23 l

(M−1)
24 0 0 0 0

0 0 0 0 l
(M−1) 0
31 l

(M−1) 0
32 l

(M−1) 0
33 l

(M−1) 0
34

l
(M−1)
41 l

(M−1)
42 l

(M−1)
43 l

(M−1)
44 0 0 0 0

0 0 0 0 f
(M−1)0
11 f

(M−1)0
12 f

(M−1)0
13 f

(M−1)0
14

0 0 0 0 f
(M−1)0
21 f

(M−1) 0
22 f

(M−1)0
23 f

(M−1) 0
24

f
(M−1)
31 f

(M−1)
32 f

(M−1)
33 f

(M−1)
34 0 0 0 0

0 0 0 0 f
(M−1)0
41 f

(M−1)0
42 f

(M−1)0
43 f

(M−1)0
44

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.22)

If the last coating layer is functionally graded, the elements of the matrix B(M−1)(hM ) are defined by

formulas (3.20) where n = M − 1 and k = M .

Substituting solution (3.13) into representations (3.8), (3.12), and (3.9) and applying an inverse Fourier

transform, we obtain

u(n)
τ (x1, x2, x3) =

1

4π2

∫ ∫
Ω

k(n)τ (x1 − ξ, x2 − η, x3) fτ (ξ, η) dξ dη; (3.23)

k(n)τ (s, t, x3) =

∫
Γ1

∫
Γ2

K(n)
τ (α1, α2, x3) e

−i(α1s+α2t) dα1 dα2; (3.24)
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K(n)
τ (α1, α2, x3) = ‖K(n)

lj ‖4l,j=1. (3.25)

The components of the matrix K
(n)
τ have the following form:

K
(n)
lj =

−iαl

Δ0

4∑
k=1

f
(n)
lk

(
Δj, k+p sinh σ

(n)
k x3 +Δj,k+4+pσ

(n)
k cosh σ

(n)
k x3

)
, l = 1, 2,

K
(n)
3j =

1

Δ0

4∑
k=1

f
(n)
3k

(
Δj, k+p cosh σ

(n)
k x3 +Δj,k+4+pσ

(n)
k sinh σ

(n)
k x3

)
, (3.26)

K
(n)
4j =

1

Δ0

4∑
k=1

f
(n)
4k

(
Δj, k+p sinh σ

(n)
k x3 +Δj,k+4+pσ

(n)
k cosh σ

(n)
k x3

)

for the homogeneous components (p = 8(n− 1), n = 1, 2, . . . ,M − 1);

K
(n)
lj =

1

Δ0

8∑
k=1

Δj,k+py
(n)
l+4,k(α1, α2, x3) (l = 1, . . . , 4) (3.27)

for the functionally graded components, and

K
(M)
lj =

βl

Δ0

4∑
k=1

f
(M)
lk Δj,k+8(M−1) e

σ
(M)
k x3 (l = 1, . . . , 4, β = {−iα1,−iα2, 1, 1}). (3.28)

for the half-space. Here Δ0 and Δns are the determinant and algebraic cofactor of the corresponding element of

the matrix A (3.14) with elements (3.15)–(3.22).

The integral representation (3.23), (3.24) and the Green’s function (3.25)–(3.28) define the displacement of

an arbitrary point of the medium under the action of the specified load on its surface. The contours Γ1 and Γ2 in

representation (3.24) are found in the region of analyticity of the integrand and are selected in accordance with the

rules [16].

CONCLUSIONS

A mathematical model was developed for an inhomogeneous prestressed thermoelastic half-space which is a

stack of homogeneous or functionally graded layers rigidly attached to a homogeneous base. Each inhomogeneous

component of the medium can be subjected to an inhomogeneous initial stress and temperature. Consistent lin-

earization of the constitutive relations of the nonlinear mechanics of a thermoelastic medium is performed using the

theory of superposition of small deformations on finite deformations with the inhomogeneity of the medium taken

into account. A method was proposed and integral formulas were derived that take into account the inhomogeneity

of the coating elements, different laws of change in the properties of these elements, the inhomogeneity of their

stress state, and different conditions at the interface between the layers.

The work was supported by the Russian Science Foundation (Grant No. 14-19-01676).

REFERENCES

1. A. E. Green, “Thermoelastic Stresses in Initially Stressed Bodies,” Proc. Roy. Soc. London, Ser. A 266, 1–19
(1962).

2. D. Iesan, “Incremental Equations in Thermoelasticity,” J. Thermal Stresses 3, 41–56 (1980).
3. J. Wang and P. Slattery, “Thermoelasticity without Energy Dissipation for Initially Stressed Bodies,” Int. J.

Math. Math. Sci. 31, 329–337 (2002).
4. B. Singh, “Wave Propagation in an Initially Stressed Transversely Isotropic Thermoelastic Solid Half-Space,”

Appl. Math. Comput. 217, 705–715 (2010).
5. B. Singh and Renu, “Surface Wave Propagation in an Initially Stressed Transversely Isotropic Thermoelastic

Solid,” Adv. Stud. Theor. Phys. 6 (6), 263–271 (2012).

839



6. V. V. Kalinchuk, G. Yu. Suvorova, and T. I. Belyankova, “Green’s Function of a Thermoelastic Prestressed
Layer,” Vestnik. Yuzhn. Nauch. Tsentra RAS 8 (3), 14–21 (2012).

7. T. I. Belyankova, V. V. Kalinchuk, and G. Yu. Suvorova, “A dynamic Contact Problem for a Thermoelastic
Prestressed Layer,” Prikl. Mat. Mekh. 76 (5), 811–822 (2012) [J. Appl. Mat. Mekh. 76 (5), 537–546 (2012)].

8. V. B. Kalinchuk and D. Yu. Levi, “A Dynamic Contact Problem for a Prestressed Thermoelastic Half-Space,”
Vestnik. Yuzhn. Nauch. Tsentra RAS 10 (2), 3–8 (2014).

9. D. N. Sheidakov, T. I. Belyankova, N. E. Sheidakov, and V. V. Kalinchuk, “Equations of the Dynamics of a
Prestressed Thermoelastic Medium,” Vestnik. Yuzhn. Nauch. Tsentra RAS 4 (3), 9–15 (2008).

10. V. V. Kalinchuk and T. I. Belyankova, “On the Dynamics of a Medium with Properties Continuously Varying
with Depth,” Izv. Vyssh. Uchebn. Zaved., Sev.-Kavk. Region, Estestv. Nauki, Special Issue, 46–49 (2004).

11. V. V. Kalinchuk and T. I. Belyankova, Dynamics of the Surface of Inhomogeneous Media (Fizmatlit, Moscow,
2009) [in Russian].

12. T. I. Belyankova and V. B. Kalinchuk, “On the Analysis of Dynamic Properties of a Layered Half-Space,”
Akust. Zh. 60 (5), 492–504 (2014).

13. A. I. Lurie, Nonlinear Theory of Elasticity (Nauka, Moscow, 1980) [in Russian].
14. G. A. Maugin and A. J. Berezovski, “Material Formulation of Finite-Strain Thermoelasticity and Applications,”

J. Thermal Stresses 22 (4/5), 421–449 (1999).
15. J. F. Nye, Physical Properties of Crystals: Their Representation by Tensors and Matrices (Clarendon Press,

Oxford, 1957)
16. I. I. Vorovich and V. A. Babeshko, Dynamic Mixed Problems of Elasticity for Nonclassical Regions (Nauka,

Moscow, 1979) [in Russian].

840


	Abstract
	INTRODUCTION
	1. FORMULATION OF BOUNDARY-VALUE DYNAMIC PROBLEMSFOR THERMOELASTIC BODIES
	2. FORMULATION OF DYNAMIC PROBLEMSFOR A PRESTRESSED THERMOELASTIC HALF-SPACE WITH A COATING
	3. GREEN’S FUNCTION FOR AN INHOMOGENEOUS PRESTRESSEDTHERMOELASTIC HALF-SPACE
	CONCLUSIONS
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


		2016-11-28T12:21:04+0300
	Preflight Ticket Signature




