
ISSN 0021-8944, Journal of Applied Mechanics and Technical Physics, 2016, Vol. 57, No. 4, pp. 690–700. c© Pleiades Publishing, Ltd., 2016.

Original Russian Text c© K. Asemi, H. Ashrafi, M. Shariyat.

THREE-DIMENSIONAL STRESS AND FREE VIBRATION ANALYSES
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BY THE USE OF THE GRADED FINITE ELEMENT METHOD

UDC 539.3K. Asemia, H. Ashrafib, and M. Shariyatc

Abstract: Static and free vibration analyses of plates with circular holes are performed based on

the three-dimensional theory of elasticity. The plates are made of a functionally graded material

(FGM), and the volume fractions of the constituent materials vary continuously across the plate.

The effective properties of the FGM plate are estimated by using the Mori–Tanaka homogenization

method. A graded finite element method based on the Rayleigh–Ritz energy formulation is used

to solve the problem. Effects of different volume fractions of the materials and hole sizes on the

behavior of FGM plates under uniaxial tension are investigated. Natural frequencies of a fully

clamped FGM plate with a circular cutout are derived. The results obtained are compared with

available experimental data.
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INTRODUCTION

Functionally graded materials (FGMs) are a new generation of advanced composite materials wherein the

volume fractions of the constituent materials vary continuously through the structure at the macroscopic level.

Some advantages of the FGMs over laminated composites are elimination of the delamination mode of failure

and reduction of thermal stresses, residual stresses, and stress concentration factors at interfaces [1]. The main

disadvantage of laminated composites is the weakness of the interfaces between the adjacent layers known as a

delamination phenomenon that may lead to a failure. Also, debonding between the matrix and fiber may cause

high thermal stresses.

Owing to their high strength, FGM plates are widely used in different structures; thus, it is important to

study the stresses and free vibrations of FGM plates under mechanical loads to optimize their resistance to failure.

Mechanical properties of FGM plates usually vary through the plate thickness in a continuous manner. Many

researchers have recently attempted to study the bending behavior of FGM plates based on three-dimensional

elasticity solutions [2–6]. Unfortunately, analytical methods can only be successfully applied to the structural

analysis of FGMs with very simple geometrical and loading conditions, and numerical methods are needed in

general cases. Finite element (FE) methods have become the most powerful and reliable tools for analyzing FGM

structures during recent years. Finite element methods based on the first-order and third-order shear deformation

plate theories were developed by Reddy and his colleagues [7, 8]. The majority of research activities aimed at the
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analysis of FGM plates are based on the theories of plates [9–16]. Santare and Lambros [17] and then Kim and

Paulino [18] adopted a graded isoparametric FE approach for comparing the behaviors of graded versus conventional

homogeneous elements under various loading conditions.

Some works can be found in the literature on modeling of nonhomogeneous structures by using the graded

FE method [19–26]. It was shown in those studies that the conventional FE formulations lead to a discontinuous

stress field in the direction perpendicular to the material property gradation, while the graded elements ensure a

continuous and smooth variation. However, if the loading is parallel to the material gradation direction, the graded

FE formulation leads to solutions with sharp jumps in the stress field at the element boundaries, whereas the

conventional homogeneous FE formulation provides a continuous stress field. The use of graded finite elements has

several benefits over the use of conventional homogeneous elements in the dynamic and wave propagation analyses.

In conventional FE methods, the boundaries of homogenous elements of a nonhomogeneous material act as

discrete interfaces for the stress waves. These boundaries cause artificial wave reflections and have a cumulative

effect on the magnitude and speed of propagating stress waves. Therefore, by using the graded FE method, in

which the material property is graded continuously through the elements, the accuracy can be improved without

refining the mesh size.

The presence of a cutout (hole) in a stressed plate creates highly localized stresses in the vicinity of this

cutout. The stress analysis of an FGM plate having a hole and made of a homogeneous or orthotropic material

under uniaxial tension was performed in [27–30]. Kubair and Bhanu-Chandar [31] investigated the effect of the

material property nonhomogeneity on the stress concentration factor (SCF) due to a circular hole in an FGM panel

by using a multiple isoparametric FE formulation. Mohammadi et al. [32] studied the stress concentration factor

around a circular hole in an infinite FGM plate subjected to uniform biaxial tension and pure shear.

Hu et al. [33] used the theory of elastodynamics and employed the image method to investigate the multiple

scattering and dynamic stress in a semi-infinite FGM slab with a circular cavity. Fang et al. [34] studied the multiple

scattering and strain energy density in semi-infinite FGMs with a circular cavity by using the theory of multiple

scattering of elastic waves and expansion of wave functions. Nath et al. [35] extended the finite difference technique

to obtain the stress as well as the displacement components of the deformed shape of a boron/epoxy orthotropic

composite plate with an internal hole subjected to a uniform tension at its two opposite ends. Janghorban and

Zare [36] investigated the thermal effects on free vibrations of functionally graded nonuniform straight-sided plates

with circular and non-circular cutouts by using the FE method. Using the theory of complex variable functions,

Yang et al. [37] studied the two-dimensional stress distribution in an FGM plate with a circular hole (the material

properties varied continuously along the radius and the FGM plate was modeled by the method of piecewise

homogeneous layers) under arbitrary constant loads. Linkov and Rybarska-Rusinek [38] presented and compared

two (exact and approximate) efficient methods to evaluate the stress concentration in multi-wedge systems with

FGM wedges. In the above-mentioned studies, the two-dimensional stress distribution of an FGM plate with a

circular hole was investigated.

The challenge of the present study is the static and free vibration analyses of FGM plates with a circular

hole, based on the three-dimensional theory of elasticity. By using the three-dimensional graded FE method, the

effects of variations of the volume fractions and hole sizes on displacement and stress fields are investigated, and

the natural frequencies are obtained.

1. GOVERNING EQUATIONS

The governing equations of the problem are developed through the following sections.

1.1. Material Gradient and Geometry

Let us consider a rectangular FGM plate of length a, width b, and thickness h, so that 0 < x � a, 0 < y � b,

and 0 < z � h (Fig. 1). The plate has a central hole of diameter d and is subjected to uniform tension in the x

direction at the edges x = 0 and x = L, while other boundaries of the plate are free (x, y, and z are the axes of the

Cartesian coordinate system).
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Fig. 1. Geometry of the FGM plate.

We assume that the FGM plate is made of two randomly distributed isotropic materials, and its properties

vary only in the thickness direction. The volume fractions of the ceramic and metal phases are given by the formula

Vc = 1− (z/h)n, Vm = 1− Vc,

where n is the non-negative volume fraction exponent; the subscripts c and m are used to denote the ceramic and

metal materials, respectively.

The Mori–Tanaka homogenization method is used to find the effective properties at any arbitrary point.

According to the Mori-Tanaka homogenization method, the effective bulk modulusK and the effective shear modulus

G of the FGM plate may be found by the formulas

K −Kc

Km −Kc
=

Vm

1 + (1− Vm)(Km −Kc)/(Kc + 4Gc/3)
; (1)

G−Gc

Gm −Gc
=

Vm

1 + (1− Vm)(Gm −Gc)/(Gc + fc)
, (2)

where

fc =
Gc(9Kc + 8Gc)

6(Kc + 2Gc)
. (3)

The effective values of the modulus of elasticity and Poisson’s ratio are

E =
9KG

3K +G
, ν =

3K − 2G

2(3K +G)
.

According to distributions (1)–(3), the bottom surface of the FGM plate is purely ceramic, the top surface is purely

metallic, and different volume fractions of the constituents can be obtained for different values of n. The effective

mass density of the FGM plate is determined by the rule of mixtures.

1.2. Equations of Motion

In the absence of body forces, the equations of motion for a rectangular FGM plate can be written as

σij,j = ρ(z)üi,

where i and j correspond to the x, y, and z coordinates, the comma denotes partial differentiation with respect to

the Cartesian coordinate variables, and ρ is the mass density which depends on the z coordinate.

1.3. Stress–Strain Relations

In accordance with Hooke’s law, the stress–strain relations of linear elasticity are written in the matrix

form [39] as

[σij ] = D [εij ],
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where

D =
E(z)(1− ν)

(1 + ν)(1− 2ν)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
ν

1− ν

ν

1− ν
0 0 0

ν

1− ν
1

ν

1− ν
0 0 0

ν

1− ν

ν

1− ν
1 0 0 0

0 0 0
1− 2ν

2(1− ν)
0 0

0 0 0 0
1− 2ν

2(1− ν)
0

0 0 0 0 0
1− 2ν

2(1− ν)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (4)

It should be noted that Young’s modulus E varies in the z direction and Poisson’s ratio ν is assumed to be constant.

1.4. Strain–Displacement Relations

The strain–displacement relations of the infinitesimal theory of elasticity are presented in the following

matrix form:

[ε] = [d][q], [d] =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂/∂x 0 0

0 ∂/∂y 0

0 0 ∂/∂z

(1/2) ∂/∂y (1/2) ∂/∂x 0

0 (1/2) ∂/∂z (1/2) ∂/∂y

(1/2) ∂/∂z 0 (1/2) ∂/∂x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, [q] =

⎡
⎣ u

v

w

⎤
⎦ . (5)

For an all-round clamped plate, the boundary conditions are

u(x, y, z)
∣∣∣
y=0
y=b

= 0, v(x, y, z)
∣∣∣
y=0
y=b

= 0, w(x, y, z)
∣∣∣
y=0
y=b

= 0,

u(x, y, z)
∣∣∣
x=0
x=a

= 0, v(x, y, z)
∣∣∣
x=0
x=a

= 0, w(x, y, z)
∣∣∣
x=0
x=a

= 0.

2. GRADED FINITE ELEMENT MODELING

Let us consider a three-dimensional 8-node linear brick element. In contrast to the conventional solid

(brick) elements, the material properties are among the nodal degrees of freedom. Following the common FE

approximation, the components of the displacement vector q of an arbitrary point of the element can be related to

the nodal displacement vectors of the element through the shape function matrix N as

q(ξ, η, ζ) = N(ξ, η, ζ)δ(e), (6)

where

δ(e) = {U1, V1,W1, . . . , U8, V8,W8}t,

N(ξ, η, ζ) =

⎡
⎣ N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0 N6 0 0 N7 0 0 N8 0 0

0 N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0 N6 0 0 N7 0 0 N8 0

0 0 N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0 N6 0 0 N7 0 0 N8

⎤
⎦ .
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The components of the shape function matrix can be expressed in terms of the local coordinates as [40, 41]

Ni(ξ, η, ζ) = (1/8)(1 + ξiξ)(1 + ηiη)(1 + ζiζ),

where −1 � ξ � 1, −1 � η � 1, and −1 � ζ � 1. By using the graded FE method, the FGM material properties

can also be determined based on their nodal values. Thus, the expressions for the modulus of elasticity Ei and mass

density ρi corresponding to the ith node take the form

E(ζ) =

8∑
i=1

EiNi(ξ, η, ζ) = NΞ, ρ(ζ) =

8∑
i=1

ρiNi(ξ, η, ζ) = NΘ,

where Ξ and Θ are the vectors of the nodal elasticity modulus and mass density, respectively:

Ξ = (E1, E2, . . . , E8)
t, Θ = (ρ1, ρ2, . . . , ρ8)

t, N = (N1, N2, . . . , N8)
t.

Therefore, Eq. (4) can be rewritten as

D = ΛNΞ = ΩΞ.

Substitution of Eq. (6) into Eq. (5) yields the strain matrix of the element e:

ε(e) = dN (e)δ(e) = Bδ(e).

The governing equations of the FE model can be derived based on principle of the minimum total potential energy

and the Rayleigh–Ritz method. The total potential energy of the plate can be expressed as

Π(e) =
1

2

∫

V (e)

(ε(e))tσ(e) dV −
∫

A(e)

(q)tp dA+

∫

V (e)

ρ(q)tq̈(e) dV

=
1

2

∫

V (e)

(δ(e))tBtΩΞBδ(e) dV −
∫

A(e)

(δ(e))tN tp dA

+

∫

V (e)

(δ(e))tN tNΘNδ̈(e) dV, (7)

where V (e) and A(e) are the volume and area of the element, p is the traction vector, and the last term of Eq. (7)

represents the work of the inertial loads.

Therefore, employing the principle of the minimum total potential energy

∂Π(e)

∂ (δ(e))t
= 0

yields the following result:( ∫

V (e)

N tNΘN dV
)
δ̈(e) +

( ∫

V (e)

BtΩΞB dV
)
δ(e) =

∫

A(e)

N tp dA

or

M (e)δ̈(e) +K(e)δ(e) = F (e),

where

K(e) =

∫

V (e)

BtΩΞB dV, M (e) =

∫

V (e)

N tNΘN dV, F (e) =

∫

A(e)

N tp dA,

p = (px, 0, 0)
t.

As the plate is subjected to uniaxial tension along the x direction, the components of the traction vector are

equal to zero in the y and z directions. The integrals of the mass and stiffness matrices are evaluated numerically

by using eight Gaussian points and the Gauss–Legendre technique [41].

After assembling the element matrices, the global dynamic equilibrium equations for the FGM plate can be

written as follows [41]: [M ]{δ̈}+ [K]{δ} = 0.

For the static analysis, the governing equation reduces to

[K]{δ} = {F}.
For the free vibration analysis, the problem reduces to the eigenvalue problem

([K]− [M ]ω2){δ} = 0.

It should be noted that the problem may generally be solved in a rectangular Cartesian coordinates system

followed by a transformation of the displacements and stresses into a polar coordinate system.
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Fig. 2. Fig. 3.

Fig. 2. Dimensionless displacements over the plate thickness h for x = y = a/2: the points and curves
show the present results and the data of [42], respectively, for an all-round clamped plate (1), a plate
with two simply supported and two clamped edges (2), a simply supported plate (3), and a plate with
two simply supported and two free edges (4).

Fig. 3. Distributions of the in-plane stress ratio in front of the notch root versus the dimensionless
coordinate for z = h/2 and h/d = 1 obtained in this work (1) and in [43] (2).

3. RESULTS AND DISCUSSION

The present section contains the results of the stress and free vibration analyses of the FGM plate.

3.1. Static Analysis

The written three-dimensional graded FE computer code for analyzing FGM plates with circular cutouts

is verified by using data of an FGM plate with no hole under the same loading, which were previously reported

in [42]. The plate is subjected to a uniform pressure at its upper surface. The problem parameters are n = 1, a = b,

h/a = 0.2, Ec = 70 GPa, Em = 200 GPa, P = 1 Pa, and ν = 0.3.

The transverse distributions of dimensionless displacements across the FGM plate, which were obtained in

the present work for different boundary conditions, are compared in Fig. 2 with those obtained in [42]. It is seen

that the results are in good agreement.

To show the validity of the present solution for plates with a circular cutout, a homogenous plate [43] is

considered. The plate is subjected to uniaxial tension. The problem parameters are d = 2 mm, a = b = 200 mm,

H = 2 mm, and E = 200 GPa. The longitudinal distribution of the in-plane stress ratio σx/σy in front of the notch

root as a function of the dimensionless coordinate 2x/d at z = h/2 is compared in Fig. 3 with the corresponding

results of [43]. The results are seen to be in good agreement.

Let us consider a square FGM plate with a central hole having the diameter d = 0.2, 0.3, or 0.4 m, side length

a = b = 1 m, and dimensionless thickness h/a = 0.2. The plate is made of a combined ceramic–metal material

with Ec = 380 GPa, ρc = 3800 kg/m3, ρm = 2707 kg/m3, and Em = 70 GPa. The plate is subjected to uniform

tension in the x direction at the edges x = 0 and x = L, while its other boundaries are free. The static pressure

and Poisson’s ratio are taken as constant values: P = 40 MPa and ν = 0.3. The number of graded elements in the

z direction is 12 according to a mesh sensitivity study to ensure that the results converge reliably. Figure 4 shows

the transverse distributions of the hoop stress across the plate. It is seen that the graded FE method provides a

smoother and more accurate stress field than the conventional FE method for the same number of elements.

The transverse and circumferential distributions of the hoop stress for θ = 0◦ and around the hole at z = h/2

for d = 0.4 m and different values of the exponent n are shown in Figs. 5 and 6, respectively. Figure 5 shows that

the transverse distribution of the hoop stress changes considerably with the exponent n. Figure 6 also illustrates
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numbers of graded finite elements (1, 3, and 4) and homogeneous finite elements (2): nez = 12 (1
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Fig. 5. Transverse distributions of the hoop stress for θ = 0◦, d = 0.4 m, and different values of n:
n = 0.5 (1), 1 (2), 3 (3), and 5 (4).

Fig. 6. Circumferential distributions of the hoop stress for z = h/2, d = 0.4 m, and n = 0.5 (1),
1 (2), 3 (3), and 5 (4).

that the hoop stress around the hole increases for n = 0.5–3.0. The distributions of the hoop and axial stresses

over the plate thickness for θ = 0◦, n = 3, and different hole diameters are shown in Fig. 7. It is seen that the

hoop stress increases with increasing hole diameter, whereas the axial stress decreases. The results obtained show

that the natural boundary conditions on the top and bottom surfaces of the FGM plate are satisfied, and the stress

fields are continuous owing to the use of graded finite elements.

Figure 8 shows the transverse distributions of the radial displacement component for θ = 0◦, d = 0.4 m,

and different values of the exponent n. In addition, the circumferential distributions of the hoop displacement

component as a function of the coordinate θ are illustrated in Fig. 9 for z = h/2, d = 0.4 m, and different values

of n. It is seen in Figs. 8 and 9 that the displacement fields decrease with increasing n. This behavior is caused by

an increase in the modulus of elasticity due to increasing volume fraction of the ceramic phase. On the other hand,
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Fig. 8. Transverse distributions of the radial displacements for θ = 0◦, d = 0.4 m, and n = 0.5 (1),
1 (2), 3 (3), and 5 (4).

Fig. 9. Circumferential distributions of the hoop displacements for z = h/2, d = 0.4 m, and
n = 0.5 (1), 1 (2), 3 (3), and 5 (4).

due to an asymmetric distribution of material properties, the stiffness of the lower layers becomes higher for larger

values of n. For this reason, the radial displacements of various points across the plate are not identical. Therefore,

the deformed shape of the initial cylindrical hole in the plate becomes a truncated cone with a noncircular base.

3.2. Free Vibration Analysis

We computed the natural frequencies for an FGM plate made of a combined ceramic–metallic material

and compared them with the relevant analytical results for an FGM plate made of this material reported in [44].

The specifications of this plate are a = b, h/a = 0.2, Ec = 70 GPa, Em = 200 GPa, ρc = 2702 kg/m3, ρm =

5700 = 5700 kg/m3, and ν = 0.3. The dimensionless fundamental natural frequencies (ω̄ = ωh
√
ρc/Ec ) for the

clamped FGM plate calculated by the above-described algorithm and those reported in [43] are listed in Table 1,

which shows good agreement between these results.
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Table 1. Dimensionless fundamental natural frequencies ω̄
of a clamped FGM plate for different values of n

n
ω̄

Present work Data of [44]

1 0.3231 0.3204
2 0.3197 0.3165
5 0.3181 0.3154

Table 2. Natural frequencies of a clamped FGM plate for different values of n and d

Mode
number

ω, Hz

d = 0.2 m d = 0.3 m d = 0.4 m

n = 0.5 n = 1.0 n = 5.0 n = 0.5 n = 1.0 n = 5.0 n = 0.5 n = 1.0 n = 5.0

1 1907.8 2066.8 2381.1 2039.6 2209.5 2546.9 2293.2 2486.3 2868.7
2 3111.1 3398.9 3924.0 2971.5 3243.0 3744.7 2946.9 3211.6 3709.8
3 3111.9 3399.8 3925.0 2973.5 3245.3 3747.4 2947.5 3212.2 3710.5
4 4304.9 4713.0 5449.3 4221.5 4621.2 5339.8 4076.6 4459.5 5151.1
5 4709.3 5202.8 5996.3 4785.6 5249.3 6069.5 4578.6 5017.4 5802.4
6 4709.4 5202.9 5996.3 4997.7 5525.8 6394.7 5384.3 5955.1 6922.2
7 4898.0 5372.9 6217.6 4998.1 5526.2 6395.0 5384.4 5955.2 6922.2
8 5218.9 5719.3 6638.0 5331.6 5892.3 6804.0 5452.7 6031.8 6993.7
9 5291.6 5844.1 6731.8 5390.4 5953.7 6860.6 5605.8 6192.9 7142.3
10 5540.3 6120.0 7053.5 5547.6 6090.5 7100.2 5752.3 6311.1 7268.0

Let us consider a square FGM plate with the parameters mentioned in Section 3.1, but the plate is clamped

at its four edges. The natural frequencies of the fully clamped FGM plate with a central hole 0.2, 0.3, or 0.4 m in

diameter for different values of the exponent n are listed in Table 2. The natural frequencies increase with increasing

hole diameter for n � 5 as well, which is a result of reduction in the volume fraction of the metallic phase.

CONCLUSIONS

The static and free vibration analyses of an FGM plate with a circular hole are performed on the basis of

the three-dimensional theory of elasticity. The material properties vary continuously over the plate thickness. The

graded finite element method and the Rayleigh–Ritz energy formulation are applied. Comparisons with available

results show good agreement. Effects of the volume fractions of the ceramic and metallic phases on the static behavior

of FGM plates under uniaxial tension and on the natural frequencies of a fully clamped plate are investigated. The

results obtained in the present study show that the mechanical stress distribution and natural frequencies can be

modified to desired ones by selecting appropriate volume fractions of the constituent materials. In particular, the

stress field around the circular cutout in the FGM plate can be effectively reduced. The use of graded elements

provides smoother and more accurate results than homogeneous elements.
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