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GENERALIZED THERMOELASTIC PROBLEM OF AN INFINITE BODY
WITH A SPHERICAL CAVITY UNDER DUAL-PHASE-LAGS
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Abstract: The aim of the present contribution is the determination of the thermoelastic tempera-
tures, stress, displacement, and strain in an infinite isotropic elastic body with a spherical cavity in
the context of the mechanism of the two-temperature generalized thermoelasticity theory (2TT). The
two-temperature Lord—Shulman (2TLS) model and two-temperature dual-phase-lag (2TDP) model
of thermoelasticity are combined into a unified formulation with unified parameters. The medium is
assumed to be initially quiescent. The basic equations are written in the form of a vector matrix dif-
ferential equation in the Laplace transform domain, which is then solved by the state-space approach.
The expressions for the conductive temperature and elongation are obtained at small times. The
numerical inversion of the transformed solutions is carried out by using the Fourier-series expansion
technique. A comparative study is performed for the thermoelastic stresses, conductive temperature,
thermodynamic temperature, displacement, and elongation computed by using the Lord-Shulman
and dual-phase-lag models.
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INTRODUCTION

Gurtin and William [1, 2] suggested that there are no a priori grounds for assuming that the second law
of thermodynamics for continuous bodies involves only a single temperature, i.e., it is more logical to assume a
second law in which the entropy contribution due to the heat conduction is governed by one temperature and that
due to heat supply by another. Chen and Gurtin [3] and Chen et al. [4, 5] formulated a theory of heat conduction
in deformable bodies, which depends on two distinct temperatures: conductive temperature and thermodynamic
temperature. For time-independent situations, the difference between these two temperatures is proportional to
the heat supply; in the absence of any heat supply, the two temperatures are identical [4]. For time-dependent
problems, however, and for wave propagation problems in particular, the two temperatures are in general different,
regardless of the presence of the heat supply. The key element that sets the two-temperature thermoelasticity (2TT)
apart from the classical theory of thermoelasticity (CTE) is the material parameter a > 0, called the temperature
discrepancy [4]. Specifically, if a = 0, then ¢ = 6, and the field equations of the 2TT reduce to those of the CTE.

The linearized version of the two-temperature theory (2TT) was studied by many authors. Warren and
Chen [6] investigated wave propagation in the two-temperature theory of thermoelasticity. Lesan [7] established the
uniqueness and reciprocity theorems for the 2TT. Puri and Jordan [8] studied propagation of plane waves under
the 2TT. The existence, structural stability, and spatial behaviour of the solution in the 2TT was discussed by
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Quintanilla [9]. It should be pointed out that both the CTE and 2TT suffer from the so-called paradox of heat
conduction, i.e., the prediction that a thermal disturbance at some point in a body is felt instantly, but unequally,
throughout the body.

During the last five decades, nonclassical thermoelasticity theories involving hyperbolic-type heat transport
equations admitting finite speeds for thermal signals have been formulated. According to these theories, heat
propagation is to be viewed as a wave phenomenon rather than a diffusion phenomenon. Various approaches were
applied to obtain wave-type heat conduction equations by different researchers.

Lord and Shulman [10] formulated the generalized thermoelasticity theory by introducing one relaxation
time in Fourier’s law of the heat conduction equation and, thus, transforming the heat conduction equation into a
hyperbolic type. The uniqueness of the solution for this theory was proved under different conditions in [11-14].

Green and Lindsay [15] introduced one more theory, called the temperature-rate-dependent theory, which
involves two relaxation times. In this model, Fourier’s law of heat conduction is left unchanged, but the classical
energy equation and stress—strain temperature relation are modified.

Later on, Green and Naghdi [16] developed three models for generalized thermoelasticity of a homogeneous
isotropic material, which are labelled as models I, II, and III. If the respective theories are linearized, model I reduces
to the classical heat conduction theory (based on Fourier’s law). The linearized versions of models IT and III permit
propagation of thermal waves at finite speeds. Model II, in particular, exhibits a feature that is not present in
the other established thermoelastic models as it does not sustain dissipation of thermal energy [17]. In this model,
the constitutive equations are derived by starting with the reduced energy equation and by including the thermal
displacement gradient among other constitutive variables. The third Green—Naghdi model [17] admits the dissipation
of energy. Problems concerning with the generalized thermoelasticity proposed by Green and Naghdi [17, 18] were
studied by Mallik and Kanoria [19, 20]. The next generalization of the thermoelasticity theory is known as the
dual-phase-lag thermoelasticity developed by Tzou [21]. Tzou considered microstructural effects into the delayed
response in time in the macroscopic formulation by taking into account that the increase in the lattice temperature
is delayed due to phonon—electron interactions at the macroscopic level. Tzou introduced two-phase-lags to both
the heat flux vector and the temperature gradient.

According to this model, the classical Fourier’'s law q = —kVT is replaced by the modified law
q(P,t +7,) = —kVT(P,t + 7r), where the temperature gradient VT at a point P of the material at the time
t+ 77 corresponds to the heat flux vector g at the same point at the time ¢+ 7,. Here k is the thermal conductivity
of the material. The delay time 77 is interpreted as that caused by the microstructural interactions and is called
the phase-lag of the temperature gradient. The other delay time 7, is interpreted as the relaxation time due to
the fast transient effects of thermal inertia and is called the phase-lag of the heat flux. The case with 7, = 70 =0
corresponds to the classical Fourier’s law. If 7, = 7 and 70 = 0, Tzou refers to the model as a single-phase-lag
model. Roychoudhuri [22] studied one-dimensional thermoelastic wave propagation in an elastic half-space in the
context of the dual-phase-lag model. Quintanilla [23-25] solved several problems on the basis of the dual-phase-lag
model. He also considered the exponential stability and the effect of the delay parameters [26, 27]. Prasad et al. [28]
studied propagation of a finite thermal wave in the context of the dual-phase-lag model.

Youssef [29] developed the theory of two-temperature generalized thermoelasticity based on the Lord-
Shulman model. Under the two-temperature theory, the dual-phase-lag model is modified as q(P,t + 7;) =
—kV¢(P,t + 77), where ¢ is the conductive temperature. Mukhopadhyay and Kumar [30] studied propagation
of thermoelastic waves in an infinite medium with a cylindrical cavity. Variational and reciprocal principles were
considered by Kumar et al. [31]. The uniqueness and growth of solutions in the two-temperature generalized ther-
moelastic theories were investigated by Magane and Quintanilla [32]. Banik and Kanoria [33] studied thermoelastic
interactions in an infinite body with a spherical cavity under the 2TT. Thermoelastic interactions in an infinite
body under the 2TT in the context of the fractional heat equation were analyzed by Sur and Kanoria [34]. Mondal
et al. [35] studied dual-phase-lag thermoelastic interaction due to variable thermal conductivity.

In this work, we investigate the thermoelastic stresses, conductive temperature, and thermodynamic tem-
perature in an infinite isotropic elastic body having a spherical cavity by using the two-temperature generalized
thermoelasticity theory in the context of the 2TLS and 2TDP models. The generalized coupled thermoelasticity
theories are combined into a unified formulation with unified parameters. The governing equations of the two-
temperature generalized thermoelasticity theory are obtained in the Laplace transform domain, which are then
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solved by using the state-space approach [36]. The inversion of the transform solution is carried out numerically by
applying a method based on the Fourier-series expansion technique [37]. A complete and comprehensive analysis
of the results is performed for the 2TLS and 2TDP models. These results are also compared with those of the
one-temperature Lord—Shulman model [38].

1. MATHEMATICAL FORMULATION OF THE PROBLEM

We consider an isotropic infinite solid having a spherical cavity of radius R. A problem with spherical
symmetry is solved in a spherical coordinate system (r,, p) with the origin of the center of the cavity. Therefore,
all the considered functions depend only on the radial coordinate r and time t. It follows that the displacement
vector u, thermodynamic temperature 6, and conductive temperature ¢ can be presented as

u = (u(r,1),0,0), 0 =0(rt), ¢ = o(r,t).

The strain tensor components are

ou
Erpr = or’ €99y = €pp =
The cubical dilatation is given by
Ju ] 1 0 ,,
_ - . 1.1
T or + r r2or (r*u) (1.1)

The stress—strain and stress—temperature relations for the present problem are

Orr =21 ZZ + Ae — 0, (1.2)

99 = Opp = 21 :f + de —10. (1.3)

In the context of the two-temperature generalized thermoelasticity based on the Lord—Shulman and dual-phase-lag
theories, the equation of motion in the absence of body forces and the heat conduction equation for a linearly
isotropic generalized thermoelastic solid in the absence of heat sources in the body are, respectively,

Oe o7} 0%u

A+20) 5 =75, =P g’ (1.4)

0 0? ) o2 . .
k(tl + 12 ot + 13 5t2)vz¢ = (1 + 1y ot + 15 8t2)(ch0 + vToé), (1.5)

where p is the density, A and p are the Lamé parameters, v = (3A 4+ 2u)ay (o is the coefficient of linear thermal
expansion), T is the reference temperature, cg is the specific heat at constant strain, V2 is the Laplacian given in
our case by

v _ 10 (TQ 0 )

r2 Or or/)’
t; are unified parameters corresponding to a particular model (¢; = 1, to = 0, t3 = 0, t4 = 79, and t5 = 0 for the
2TLS model; t; =1, ty = 71, t3 = 72/2, t4 = 74, and t5 = 73/2 for the 2TDP model), and 79 is the relaxation time.
The relation between the conductive temperature ¢ and the thermodynamic temperature 6 is

¢ —0=aV3, (1.6)

where a > 0 is the two-temperature parameter. Introducing the dimensionless variables

)

;o r()\+2u)1/2 o u(/\+2u)1/2 v t A+ 2u

» P P p % p
7_:7'0/\"‘2/1* 9 — 0 ¢/:¢ o — o
0 P P ) T07 TO’ 2,U+)\’
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we can write Egs. (1.2)—(1.6) in the form

7oe = et (L= 57) O~ ot (L.7)
099 = Opp = (1 — B%) :f + B%e — ab; (1.8)
Oe 00  0%u
or~ “or T o’ (1.9)
o 0 P Neo, o 0 2N s
(t1 +12G [+ G atz)v 6= (1 G o+ t5G 8t2)(9+6e)7 (1.10)
¢ — 60 =wV3e, (1.11)

where t; = 1, t5 = 0, t3 = 0, t4 = 79/G, and t5 = 0 for the 2TLS model, t; = 1, t5 = 77/G, t3 = 72/(2G?),
ty = 74/G, and t5 = 77/(2G?) for the 2TDP model, G = (X + 2u)/(px), € = vx/k, a = yTo/(A + 2p), w =
a(A+2p)/(ps?), and % = \/(X + 2u); the primes at the dimensionless variables are omitted.

Equation (1.9) can be expressed in the form

0%e 2 2
o2 = Ve — aV*4. (1.12)
The initial and regularity conditions for the present problem are
ou 00
t=0,r>R: =0=¢=0, t=0: = =0,
" b ¢ ot~ ot

t=0,r—>00: u=60=¢=0.

Equations (1.10)—(1.12) are subjected to the thermal boundary condition (the internal surface r = R is
subjected to the thermal shock)

(R, t) = ¢pr = F(t), (1.13)
where
F(t):{ ¢0, t>07
0, t<0,

and to the mechanical boundary condition (there is no cubical dilatation on the internal surface r = R)

e(R,t) =er =0. (1.14)

2. METHOD OF THE SOLUTION

Applying the Laplace transform

to Egs. (1.7)—(1.11), we obtain

— ab; (2.1)



(t1 + t2Gs + t3G?s*)V2p = (1 + t4Gs + t5G*5?)s(0 + <é);

¢—0=wV3e.
The boundary conditions (1.13) and (1.14) in the transformed domain take the form
. O
O(R,s5)=F(s) ="
é(R,s) =e=0.
It follows from Egs. (2.3) and (2.4) that
- 1 T G3Ew
T 14 asw 14+ asw
where
s(1 4 t4Gs + t5G%s?)
az =

t1 +t2Gs +t3G?s2
Substituting @ from Eq. (2.7) into Eq. (2.3), we obtain

V¢ = L1¢ + Loé.
Using Egs. (2.8) and (2.2), we find

V2e = M,¢ + Mae,

where
Ll = s ) L2 = 4se ’
1+ asw 1+ agw
aas s2(1 + azw)? + aaze
M, = , My = .
(1 + asw)[1 + asw(1l + ae)] (14 asw)[1l + asw(1l + ag)]
The differential equations (2.8) and (2.9) can be written in the vector—matrix form as
V2V (r,s) = A(s)V(r,s),
where

Virs) = < f((:j; ) A(s) = < J\le ]\L;z )

3. STATE-SPACE APPROACH
The formal solution of Eq. (2.10) can be written in the form

V(r,s) = f e~ VAOC=R) (R, 5.

where

v = ( iy )
The characteristic equation of the matrix A(s) takes the form
k* — k(Ly + M) + (LyMy — Ly M) = 0.
The roots of Eq. (3.2) satisfy the following relations:

ki + ko = L1+ Ms, kiko = L1 Moy — LoM;.
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The spectral decomposition of the matrix A(s) is
A(s) = k1 Eqy + koEo,
where F7 and E, are called the projectors of A(s) and satisfy the conditions
Ei+Ey =1, E\E, = Z, F’=FE;, i=1,2
(I is the identity matrix and Z is the zero matrix). Therefore, we obtain

VA(s) = ki Er + ks Es,

1 Ly — ko Ly 1 ki1 — Ly —Ls
El — , E2 = .
kl —kz Ml Mz—kz kl _kQ _Ml kl _MQ

where

Thus, we have

1 Ly + Vkiks Ly
B(s) = V/A(s) = :
Vi + ks M, My + kiky
Now solution (3.1) can be written as
V(r,s) = ]j e BO=R (R ). (3.3)

To find the form of the matrix exp [-B(s)(r — R)], we now apply the Cayley—Hamilton theorem. The characteristic
equation of the matrix B(s)

mz—m(\/k1+\/k2)+\/k1\/k2:0

has the roots

mlz\/kl, mgz\/kg.

The Taylor series expansion for the matrix exponential in Eq. (3.3) has the following form [39]:

o~ BE)(r—R) _ i (=B(s)(r — R))" (3.4)
n=0 n

We can express the matrix B? and the higher orders of the matrix B in terms of the matrix B and the second-order
unit matrix I [39]. Then the infinite series in Eq. (3.4) can be presented as

e*B(S)(TfR) = bo(’f‘, S)I + bl ('f’, S)B(S)’

where by and b; are coefficients depending on r and s.
The characteristic roots my and mq of the matrix B must satisfy Eq. (3.4). Therefore, we have

e PR = by 4 by Py; (3.5)
eiPz(T*R) =bo + b1 Ps. (36)
Solving Egs. (3.5) and (3.6), we find the coefficients by and b;:
y _ PreP0o) _pemPirR) e
0 PP, ’ ' P - P,
Hence, Eq. (3.4) can be written as
e BOU=R) — [ (r,5) = [hij(r, 5))], 1,7 =1,2, (3.7)
where
(P12 _ l) esz(rfR) _ (P22 _ l) efPl(rfR) el efPl(rfR) _ eng(rfR)
hi1 = p2_ po ) hia = p2_ p2 ;
i~ )
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M, e—Pl(r—R) _ e—P2(r—R) (P12 _ Ml) e—P2(r—R) _ (P22 _ Ml) e—Pl(r—R)

ho1 = hoo =
21 P12 _ P22 ’ 22 P12 . P22
Hence, from Egs. (3.3) and (3.7), we obtain
_ R _
V(r,s) = . [hij(r, s)]V (R, s). (3.8)
Applying the Laplace transform to Egs. (1.3) and (1.4), we obtain
. b
O(R,s5)=F(s)="; (3.9)
é(R,s) =e=0. (3.10)
Hence, using the boundary conditions (2.5) and (2.6), we find the solutions for ¢ and € from Eq. (3.8):
Iy RF( ) —Py(r—R —Pi(r—R
0= (pa_ ppy (P = L) e 070 — (P = Ly) e MO, (3.11)
_ RF(s)M, —Pi(r—R) —P>(r—R)
€= e T\ —e 2 . (3.12)
r(P2— P2) | |
In view of Egs. (3.11) and (3.12), Eq. (2.8) yields
- RF
6= () (P2 — Ly)e P20=B) _(p2 _ [)e (=B, (3.13)

r(1+ asw) (P — P3)
Applying the Laplace transform to Eq. (1.1), using Eq. (3.10), and then integrating, we find the radial displacement

_ RF(S)M]_ P2T+1 7P2( 7R) P17“+1 7P1( 7R))
= " " . 14
7 2(p2 — p) ( P2 P2 (3:.14)
The stress component o, in the Laplace transform domain is obtained from Egs. (2.1) and (3.12)—(3.14):

B RF(s)
~ r3P2PI(P? - P2)

a'rr

P —L
[P2 ~hr=R) (ﬁQerQPf +2(1 = B2)My(Pir + 1) + Mir?(1 = %) + O‘(l i 1))
asw

P?—L
— P2~ 2(r—h) (52M1r2p22 +2(1 — BA)M1(Por + 1) + Mir®(1 — %) + 0‘(1 le 1))] (3.15)
azw
Equations (3.11)—(3.15) complete our solution in the Laplace transform domain.
4. DERIVATION AND ANALYSIS OF SMALL TIME SOLUTIONS
Under dual-phase-lag heat conduction, Egs. (2.2)—(2.4) take the form
NV2¢p = MO + eMe, ¢ —0=wV2e, VZe = s’e + aV?0,
where M = s(1+ 745 4+ 775%/2) and N = 1+ 77s.
This leads to the following equation for ¢ and é:
(N + Mw+ aeMw)V* — (s*N + M + aeM + s*Mw)V? + s> M](¢,€) =0
The biquadratic equation
(N + Mw + aeMw)P* — (s°N + M + aeM + s> Mw)P? + s*M =0
has the roots P2 1 2N 4 M M
L2 7 9(N 4+ Mw + acMw) (S (N + M) + M(1 +as)
+ /[2(N + Mw) + M(1 + ae)]? 4M52(N+Mw+aaMw)). (4.1)

Applying the inverse Laplace transform to Eqgs. (3.11)—(3.15), we find ¢, e, 6, u, and .
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The roots P; 2 depend on the Laplace transform parameter s; for this reason, it is difficult to determine the
inverse transform. As the second sound effects (propagation of thermal waves with a finite speed) are short-lived,

it is sufficient to derive and analyze the solutions for small times ¢. This is done by taking the Laplace parameter s
to be large.

Thus, we obtain the following results for large values of s:

Plzs 1 X1 1(/\3 1/\5)1

U1 2)\18 2U1 /\1_4/\%8

if the plus sign is taken in Eq. (4.1) and

1 1 1 13\ 1

Py~ S + K2 i (MB _ Mg)
vy 2 p1 s 2ua\pr 4 pi/s

if the minus sign is taken in Eq. (4.1). Here we have

B 4A C 4Alrr +w(l+ae)]  8A
M=24, =B+ - an=C+  — ,

! 2 + A 3 + A Tiw(l + ag) T2

2 1+ w(l+ ae)

Tqw 1+ ae

)

H1 = "Tq; Ho = —2, MBZ(C—Z—AF)TQ—

w(l +ag)r2\1/2 2w(1 4 )72\ 1/2
U1 = ( ) , U2 = ( ) )

)\1 /\1
wry L, 4
A= 5 B = wTy, C=w+27q(1+o<5), F = —wr,(1+ae).
Thus, for large values of s, we have
s 1 X1 s 1 ps 1
P ~ , Py, ~ .
! ’U1+2/\1’U1 2 ’U2+2,u1112

After simplifications, we obtain the following relations for large values of s:

My - 1 41 1 02 4+ 61 Mo
P22—P12_85L0 86 L() ’

PE— 1L, 1(+1)1+1[ 1 MO(+1)}
o~ - - w
s(P§ —P?) — Lo v vi/s sl Ly Lo v/l

P? -1, 1(+1)1+1[ 1 M0(+1)}
~ — — w .
s(P§—P?) Lo v vi/s sl Ly Lo v3

In these relations, we have

11 142 A2
Lo= o5 — o, M= "2 - "2
07 2 o2 07 2 A2
2« 2 27 2T,
5y = o e LN
! w22 (1 + ae) 2= o+ T, w  w(l+ae)

Finally, we obtain the following solutions for the conductive temperature ¢ and strain e fields in the Laplace
transform domain for large values of s:

P, 8) =~ RQSO({LlO (w+ Ulg)i _ {Llo + ]Z[;)(QH— vlg)} 812}exp(— (51 + 2;\121}1)5)

(o L o ) e (= (002,09
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€(&,s) ~ Rog Ké: 515 + 516 2 +L(11M0) exp ( - (;2 + 2:121;2)5)

N (23 815 + 516 : +LilM0) exp ( B (51 + 2;\121;1)5)]

(¢ =r — R). Finally, applying the inverse Laplace transforms, we obtain

s =ni{ oo (=0, O o= )= L+ oo I )

0 P Ry o (| R RS9 ) () ST
1= Tl (=, 1 L (= ) gy = (e )
- P ( h 2;\121;1 5) {Z 214 (t_ 51)4 + 1;0 (t_ fl )5 : +Li1MO}H(t_ fl)} (4.3)

The small time solutions (4.2) and(4.3) for the conductive temperature and elongation reveal the existence of
two waves. The expressions for ¢ and e are composed of two parts, and each part corresponds to a wave propagating
with a finite speed. The speed of the wave corresponding to the first part is v; and that corresponding to the second
part is wvs.

By means of direct inspection of solutions (4.2) and (4.3), we find that the elongation e is continuous, whereas
the temperature ¢ is discontinuous at the wave fronts. The finite jumps experienced by the temperature at the
wave fronts are found as

=Rovesn (= 8 € p (k) Bl = —Reem (=€) ) (9t ).
[¢] ey, — Ht0exp (= 0 £) (0t 2 [¢] eton doexp( =y o &) (w0t 2

The finite jumps are not constant, but they decay exponentially with distance from the cavity boundary.
The velocity vo corresponds to the modified speed of thermal signals, and v; corresponds to the modified elastic
dilatational wave speed. As v; < wvg, the faster wave is a predominantly modified Tzou wave (T-wave) and the
slower one is a predominantly modified elastic wave (E-wave).

5. NUMERICAL INVERSION OF THE LAPLACE TRANSFORM

Let us find the inverse Laplace transform numerically. Let f(r,s) be the Laplace transform of a func-
tion f(r,t). Then, the inversion formula for the Laplace transform can be written as

d+ic0
/ e f(r, s)ds, (5.1)

d—i00

1
2711

f(rv t) =

where d is an arbitrary real number greater than the real part of all the singularities of the function f(r, s).
Assuming that s = d + iw in Eq. (5.1), we obtain
/ e™ f(r,d + iw) dw.

— 0o

dt

f(’l", t) = o

Expanding the function h(r,t) = e~ f(r,t) into the Fourier series in the interval [0, 2T], we obtain the approximate
formula [37]

f(T‘, t) = foo(rv t) + Ep,
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where

1 o0
foo(r,t) = 200+ch, 0<t<2T; (5.2)
k=1
edt - ikt
k= 5 e“”t/Tf(r,d—i— T )

The discretization error Ep can be made arbitrary small by choosing d large enough [37]. Leaving a finite number
of terms in series (5.2), we obtain the approximate value for the function f(r,t):

N
1
fn(rt) = 200—1—ch, 0<t<2T. (5.3)
k=1

Using Eq. (5.3), we have to take into account a truncation error, which must be added to the discretization error
to produce the total approximation error.

Two methods are used to reduce the total error: the Korrecktur method to reduce the discretization error
and the e-algorithm to accelerate the convergence [37].

The function f(r,t) is evaluated in the Korrecktur method by the formula

f(r,t) = foo(r,t) —e 29T £ (r,2T 4+ t) + EY,
where the discretization error is |[E,| < |Ep|. Thus, the approximate value of the function f(r,t) is
P (rt) = fa(rt) = e fuo(r, 2T + 1), (5:4)

where N’ < N is an integer number.

We now describe the e-algorithm that is used to accelerate the convergence of the series in Eq. (5.3). Let
m

N = 2¢q + 1 (q is a natural number) and let s, = ch be a sequence of the partial sums of series in (5.3). We

k=1
define the e-sequence by
€o,m =0, €1,m = Sms  Epti,m = Ep—1,m+1 + , p=1,23,....
Ep,m+1 — Ep,m
The sequence €1,1,€3,1,€5,1,---,ENn,1 [37] converges to f(r,t) + Ep — co/2 faster than the sequence of the partial

sums s, (m=1,2,3,...).
The actual procedure used to invert the Laplace transform consists of using Eq. (5.4) together with the
e-algorithm. The values of the constants d and T are chosen according to the criterion outlined in [37].

6. NUMERICAL RESULTS AND DISCUSSION

To obtain the solution for the thermal stresses, conductive temperature, and thermodynamic temperature in
the space-time domain, we have to apply the Laplace inversion to Egs. (3.9)—(3.15). This has been done numerically
by using the above-described procedure [37]. The numerical code is written in the Fortran-77 programming language.

For the purpose of illustration, we consider a copper-like material with the material constants k =
386 N/(K-s), ar = 1.78-107° K1, cp = 383.1 m? /K, n = 8886.73 m/s?, u = 3.86-10° N/m?, A = 7.76-10'° N/m?,
p = 8954 kg/m3, 70 = 0.015 s, 70 = 7, = 0.02 s, Ty = 293 K, € = 0.0168, o = 0.0104, and Fy = 1, which satisfies
the stability condition of the dual-phase-lag model 7r /7, > 1/2.

Figure 1 shows the effect of the radial coordinate on the conductive temperature ¢, thermodynamic temper-
ature 0, radial stress o,,., displacement u, and strain e for ¢ = 0.2 for the Lord—Shulman and dual-phase-lag models,
where w = 0 and 0.1 correspond to the one-temperature and two-temperature theories, respectively. It is seen
that the conductive temperature ¢ reaches the maximum value at the internal surface r = R, which satisfies our
theoretical boundary condition, and then it gradually decays and asymptotically tends to zero far from the center
of the spherical cavity. The magnitude of the conductive temperature is larger for the Lord—Shulman model than
for the dual-phase-lag model. The rate of decay of the conductive temperature is faster for the one-temperature
theory than that for the two-temperature theory.
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Fig. 1. Effect of the radial coordinate on the conductive temperature (a), thermodynamic tem-
perature (b), radial stress (c), displacement (d), and strain (e) for ¢ = 0.2 and w = 0 and
0.1: one-temperature Lord—Shulman model of thermoelasticity (1); two-temperature Lord—Shulman
model of thermoelasticity (2); one-temperature dual-phase-lag model of thermoelasticity (3); two-
temperature dual-phase-lag model of thermoelasticity (4).
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Fig. 2. Conductive temperature versus time predicted by the two-temperature Lord—Shulman ther-
moelasticity model (1) and two-temperature dual-phase-lag model (2) for r = 1.2 and w = 0.1.

The temperature 6 attains its maximum value at the internal surface r = 1 for both one-temperature and
two-temperature models, then it asymptotically tends to zero as r increases. The magnitude for the Lord—Shulman
model is larger than that for the dual-phase-lag model.

The radial stress o, predicted by both models is compressive near the internal surface r = 1, and the
maximum magnitudes are also attained there. Also, the magnitude of the thermal stress decays gradually as r
increases and finally tends to zero far from the cavity. Also, the magnitude of the thermal stress is larger for the
Lord—-Shulman model than that for the dual-phase-lag model.

The displacement u predicted by the Lord—Shulman model is also larger than that for the dual-phase-lag
model. As r increases, the magnitude of u decays and asymptotically tends to zero far from the cavity.

The elongation e is equal to zero at the internal surface r = 1 (see Fig. le), which agrees with our mechanical
boundary condition. The peak value of the elongation is reached at r ~ 1.2. The peak value predicted by the Lord—
Shulman model is greater than that of the dual-phase-lag model for both w = 0 and w = 0.1.

Figure 2 shows the conductive temperature ¢ versus the time ¢ for r = 1.2 and w = 0.1. It is observed that
the conductive temperature increases at first with increasing ¢ and then reaches a steady state.

CONCLUSIONS

The problem of investigating the conductive temperature, thermodynamic temperature, thermal stress,
displacement, and elongation in an infinite homogenous isotropic elastic spherical shell is considered in the light of
two-temperature generalized thermoelasticity in the context of the dual-phase-lag heat conduction equation. The
Laplace transform is used to write the basic equations in the form of a vector-matrix differential equation, which is
then solved by the state-space approach. The numerical inversion of the Laplace transform is performed by using
the Fourier’s series expansion technique [37]. The analysis of the results permits some concluding remarks.

In some practical relevant problems, particularly heat transfer problems involving very small time intervals
and very high heat fluxes, the hyperbolic equations give significantly different results than the parabolic equations.
According to this phenomenon, the lagging behavior in heat conduction in solids should not be ignored, particu-
larly when the elapsed times during the transient process are very small (about 10~7 s) or the heat flux is very
high. Whenever such a physical situation arises, it is convenient to use the dual-phase lag model of generalized
thermoelasticity.

When very high heat fluxes arise in the body for a very small time interval (about 10=7 s), then the
heat conduction in the deformable solid depends on two distinct temperatures: conductive temperature ¢ and
thermodynamic temperature 6. As the thermodynamic temperature 6 is a function of the conductive temperature
and its first two spatial gradients, i.e., § = é((b, V,a?p) [3], it is convenient to choose the two-temperature
theory rather than the one-temperature theory. For time-independent situations, the difference between these
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two temperatures is proportional to the heat supply; in the absence of any heat supply, the two temperatures
are identical. In this case, the solutions predicted by the two-temperature generalized thermoelasticity theory are
continuous, which seems to be physically plausible. Thus, the two-temperature thermoelasticity model is more
realistic than the one-temperature model.

The small time solutions for the conductive temperature ¢ and strain e reveal the existence of two waves
propagating with a finite speed.

The expressions for ¢ and e are composed of two parts, each corresponding to a wave propagating with
a finite speed. For the conductive temperature, the speed of the wave corresponding to the first part is v; and
that corresponding to the second part is vy. For the strain e, the speed of the wave corresponding to the first
part is vo and that corresponding to the second part is v;. Both waves decay exponentially with distance. The
temperature ¢ and strain e are identically equal to zero for x > wvst. This implies that, at a given instant of
time ¢, the points of the solid beyond the faster wave front (x = v2t®) do not experience any disturbances. This
observation confirms that the two-temperature dual-phase-lag theory is also a wave thermoelasticity theory, like
other generalized thermoelasticity theories. The domain 0 < & < vot® is the domain of influence of the disturbance
at a given time, contrary to the result that this domain extends and the effects occur instantaneously everywhere
in the solid, as predicted by the classical thermoelasticity theory. The results obtained in this work agree with the
results of [38].

We are grateful to Prof. S. C. Bose of the Department of Applied Mathematics, University of Calcutta for
his valuable suggestions and guidance in preparation of the paper.
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