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EFFECT OF THERMAL EXPOSURE ON THE RESIDUAL STRESS RELAXATION

IN A HARDENED CYLINDRICAL SAMPLE UNDER CREEP CONDITIONS
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Abstract: This paper describes the effect of thermal exposure (high-temperature exposure) (T =

675◦C) on the residual creep stress relaxation in a surface hardened solid cylindrical sample made

of ZhS6UVI alloy. The analysis is carried out with the use of experimental data for residual stresses

after micro-shot peening and exposures to temperatures equal to T = 675◦C during 50, 150, and 300

h. The paper presents the technique for solving the boundary-value creep problem for the hardened

cylindrical sample with the initial stress–strain state under the condition of thermal exposure. The

uniaxial experimental creep curves obtained under constant stresses of 500, 530, 570, and 600 MPa

are used to construct the models describing the primary and secondary stages of creep. The calcu-

lated and experimental data for the longitudinal (axial) tensor components of residual stresses are

compared, and their satisfactory agreement is determined.
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INTRODUCTION

In mechanical engineering, aerospace industry, and power industry, the operational characteristics of struc-

tural parts and elements are initially determined by the condition of the surface layer, especially compressive

residual stresses arising in various technological treatment processes. Since the 1960’s, the theoretical and experi-

mental studies of the residual stress formation after the procedure of surface plastic hardening have been described

in many works (see, e.g., [1–6]). The treatment of the material with the use of surface plastic deformation changes

its structure and hardness, and the induction of compressive residual stresses improves the operational character-

istics of the parts (fatigue resistance, corrosive cracking, tribological characteristics, etc.) at normal and moderate

temperatures. This problem is also relevant in modern time. It was found in [7–17] that, for instance, the fatigue

resistance of surface hardened parts is significantly affected by compressive residual stresses.

The feasibility of using surface plastic strain to increase the fatigue and long-term strength and so on under

high temperatures is determined by the nature of the relaxation of induced compressive residual creep stresses

under the condition of thermal exposure (temperature exposure without loading) and by the effect of quasistatic

and cyclic loads. A large number of works devoted to the study of the residual stress relaxation under high-

temperature loading are experimental. The relaxation of induced residual stresses in the simplest parts (cylindrical

hollow and solid samples and prismatic bodies) under the condition of thermal exposure or uniaxial loading under

high temperatures was studied in [18–25], and the effect of cyclic loads on the residual stress relaxation was touched

upon in [26–29]. Radchenko et al. [30] carried out an experimental research of temperature exposures and multicyclic
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fatigue tests on the physical and mechanical characteristics (mircohardness, surface roughness, and grain size) in

hardened hollow cylindrical samples made of aluminum alloys.

The theoretical methods for estimating the residual stresses in the course of their formation after hardening

and in the process of their relaxation are in the stage of development and mainly represent uniaxial (rod) mod-

els [19, 29]. The complete solution of the problem of the residual stress relaxation for a hardened cylindrical sample

under tension due to creep is described in [6, 31], and the solution for the solid cylindrical sample under combined

tension and torsion is given in [32]. However, the relationships describing the relaxation process were only validated

for solid cylindrical samples under thermal exposure [31] with the use of the experimental data [2] for the axial

component of residual stresses after hardening and thermal exposure. In [32], the creep model was constructed with

the use of data from other papers for the reason that the experimental creep curves for the material under study

were not presented in [2].

The goal of this paper is to theoretically study the effect of thermal exposure (high-temperature exposure)

on the residual stress relaxation in a surface hardened solid cylindrical sample in order to test the adequacy of the

method proposed in [31]. We used the experimental data [19] on the kinetics of residual stresses for a cylinder of

ZhS6UVI alloy after micro-shot peening at room temperature (T = 20◦C) at time t = 0 and after exposures at

T = 675◦C at times t = 50, 150, and 300 h. The experimental creep curves of the ZhS6UVI alloy at T = 675◦C
and under different stresses are also in [19].

The solution of the problem includes the following steps: (1) the formation of the initial stress–strain state in

the sample after surface plastic strain by the technique described in [6, 33]; (2) the calculation of the residual stress

fields in the hardened sample with temperature loading from T = 20◦C (hardening temperature) to T = 675◦C
(thermal exposure temperature) (t = 0); (3) the solution based on the technology [31] for the boundary-value

problem of residual stress relaxation under creep conditions with thermal exposure (T = 675◦C); (4) the calculation
of the final fields of residual stresses with temperature unloading from T = 675◦C to T = 20◦C for a predetermined

time after completion of the creep process.

1. FORMATION OF THE INITIAL STRESS–STRAIN STATE

IN A SOLID CYLINDRICAL SAMPLE AFTER SURFACE PLASTIC STRAIN

Let residual stresses and plastic strains be induced by means of surface plastic strain (air-shot peening)

in the surface layer of the solid cylindrical sample of radius R. The problem is solved in a standard cylindrical

coordinate system (r, θ, z). The radial, circumferential, and axial residual stresses are denoted by σres
r , σres

θ , and

σres
z , and the corresponding tensor components of residual plastic strains after hardening are referred to as qr, qθ,

and qz. The off-diagonal components of the residual stress and plastic strain tensors are neglected due to their

smallness as compared with diagonal components.

In the assumption that there are no secondary plastic strains in the compression region of the surface layer

and with the use of the experimentally determined component σres
θ = σres

θ (r), the following dependences were

obtained for other components of residual stress and plastic strain tensors in [6, 33]:

σres
r = −1

r

R∫
r

σres
θ (ξ) dξ; (1)

qθ(r) =
(1 + μ)(1− 2μ)

E(1 + αμ)2
r−ν

r∫
0

ξν−1
[
σres
r (ξ) + (1 + α)σres

θ (ξ)
]
dξ

− 1 + μ

E(1 + αμ)

[
(1− μ)σres

θ (r) − μσres
r (r)

]
, ν =

2 + α

1 + αμ
; (2)

qz(r) = αqθ(r), qr(r) = −(1 + α)qθ(r); (3)

ε0z =
2

R2

R∫
0

r
(
qz(r) − μ

E

[
σres
r (r) + σres

θ (r)
])

dr; (4)
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Fig. 1. Distribution of the axial component over the radius of the cylindrical sample made of
ZhS6UVI alloy after hardening: curves denote calculations and points denote the experiment.

σres
z (r) = E

(
ε0z − q(r)

)
+ μ

(
σres
r (r) + σres

θ (r)
)
. (5)

Here E is Young’s modulus, μ is Poisson’s ratio, and α is the phenomenological hardening anisotropy parame-

ter [19, 22]. In the case of air-shot peening α = 1, the stress diagrams σres
θ and σres

z are practically identical [6].

The scheme for calculating the fields of residual stresses and plastic strains in the solid cylinder after hard-

ening of its surface (at time t = 0− 0) has the form

σres
θ (r)

(1)

−−→ σres
r (r)

(2)

−−→ qθ(r)
(3)

−−→ qr(r), qz(r)
(4)

−−→ ε0z
(5)

−−→ σres
z (r) (6)

(the numbers above the arrows indicate the numbers of expressions used to calculate the corresponding value).

Scheme (6) shows that the components σres
r , σres

z , qr, qθ, and qz are eventually determined via the parameter σres
θ

(α = 1).

Thus, the phenomenological model (6) is based on the available experimental data about the distribution

of the component σres
θ = σres

θ (r). However, it can only be determined experimentally in a thin hardened layer

(compression region), so these data are necessary to be extrapolated onto the entire region 0 ≤ r ≤ R. For this

purpose, we can use an approximation of the form

σres
θ (r) = σ0 + σ1 e

−(R−r)2/b2 , (7)

where σ0, σ1, and b are the approximation parameters [6].

Figure 1 shows the experimental and estimated values of the axial component σres
z = σres

z (r) for the cylindrical

sample of radius R = 3.76 mm made of ZhS6UVI alloy after the procedure of air-shot peening with T = 20◦C,
E0 = 2.3·105 MPa, and μ = 0.3 [19]. Approximation (7) is constructed with the use of the self-equilibrium condition

for the component σres
θ = σres

θ (r):

R∫
0

σres
θ (r) dr = 0,

and also the conditions at the characteristic points

σres
θ (R) = σ∗, σres

θ (r0) = 0, (8)

where σ∗ is the experimental value of the stress on the surface of the cylinder and r0 is the radius at which the

circumferential component is zero. These three conditions help us obtain a system of three nonlinear equations

with respect to the parameters σ0, σ1, and b in Eq. (7), which is solved numerically. However, as the experimental
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Fig. 2. Uniaxial creep curves for the ZhS6UVI alloy at T = 675◦C and under different stresses:
solid curves refer to the experimental data and dashed curves refer to the calculation by Eq. (11);
σ = 500 (1), 530 (2), 570 ((3), and 600 MPa (4).

curve in [19] is shown for σres
z rather than for σres

θ , the technique for determining the approximation parameters (7)

becomes more complicated. Taking into account the similarity of the relationships σres
θ = σres

θ (r) and σres
z = σres

z (r),

the initial approximations for σ∗ and r0 in Eqs. (8) are selected from the dependences for the axial component,

the initial values of σ0, σ1, and b of approximation (7) are determined, scheme (6) is numerically implemented,

the dependence σres
z = σres

z (r) is determined, and the functional of the standard deviation of the calculated values

of σres
z (rk) on the corresponding experimental values of σres∗

z (rk):

Δz(σ0, σ1, b) =

(
N∑

k=1

[
σres
z (rk)− σres∗

z (rk)
]2 / N∑

k=1

[
σres∗
z (rk)

]2)1/2
(9)

(N is the number of sampling points of the radius rk in the hardened layer).

Then, the problem is reduced to the optimization problem whose solution requires varying the variables σ∗

and r0 in Eqs. (8) and the parameters σ0, σ1, and b in Eq. (7); at the same time, scheme (6) is implemented on each

step in order to reach the minimum value of the functional (9): Δz(σ0, σ1, b) → min. The implementation of this

scheme results in obtaining the following parameters: σ0 = 22.491 MPa, σ1 = −1071.865 MPa, and b = 0.089 mm.

The deviation of the estimated values from the experimental values (see Fig. 1) is equal to Δz = 3.32%.

2. CONSTRUCTING THE CREEP MODEL OF THE ZHS6UVI ALLOY AT T = 675◦C

One of the main stages in the solution of the problem of the residual stress relaxation is selecting a rheological

model. Its construction requires the use of experimental creep curves for this alloy given in [19] (Fig. 2). There

are two sections on these curves. Assuming that creep strain is irreversible, we use the creep model described by

Samarin in [34], which has the following form in the case of uniaxial stress:

p = v + w, ẇ(t) = cσn, v(t) =

s∑
k=1

vk(t),

v̇k(t) =

{
λk[akσ

m − vk(t)], akσ
m > vk(t),

0, akσ
m ≤ vk(t).

(10)

Here v is the viscoplastic component of the creep strain p, w is the viscous flow strain, and c, n, λk, ak, m, and

s are the model parameters, whose determination technique is described in [34]. Under constant stress σ = const,

expressions (10) for the creep curve help us obtain the dependence
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p(t) =

s∑
k=1

ak

(
1− e−λkt

)
σm + cσnt. (11)

Applying the procedure from [34] for the experimental data given in Fig. 2, we obtain the follow-

ing approximation parameters (11) [consequently, models (10) too]: s = 1, λk = λ = −0.21, m = 2.564,

a1 = a = 4.221 · 10−11 MPa−m, n = 4.509, and c = 4.237 · 10−18 MPa−n. Figure 2 shows the approximating creep

curves (11) as dashed curves. It can be seen that the calculated and experimental data are in good agreement. The

deviation of the calculated values of the creep strain from the experimental values in the root-mean-square norm is

found from the expression

δ =
1

M

M∑
i=1

( N∑
k=1

[
pi(tk)− p∗i (tk)

]2 / N∑
k=1

[
p∗i (tk)

]2)1/2
and is equal to δ = 8.7%. Here M is the number of creep curves under constant stresses (in the present case, M = 4),

N is the number of sampling points on each creep curve, tk is the sampling time, and pi(tk) and p∗i (tk) are the

calculated and experimental values of the creep strain, which correspond to the curve with the number i (i = 1,M).

For the case of a complex stress state, model (10) can be written in the form [34]

pij = vij + wij , ẇij = (3/2)cSn−1(σij − σ0δij/3), σ0 = σ11 + σ22 + σ33,

v̇kνν(t) = (1 + μk)β
k
νν(t)− μk(β

k
11(t) + βk

22(t) + βk
33(t)), (12)

β̇k
νν =

{
λ[aSm−1σνν − βk

νν(t)], aSm−1σνν > βk
νν(t),

0, aSm−1σνν ≤ βk
νν(t),

where pij is the creep strain tensor, wij and vij are the strain tensors of the viscous flow and viscoplastic (irreversible)

component pij , S is the stress intensity, μk is Poisson’s ratio for the component vνν (according to [34], μk = 0.42),

and c, n, λ, a, and m are the parameters having the same meaning as in approximation (11) with s = 1; the

components vij are calculated in the main axes, so the summation for ν in expression (12) is not carried out.

3. SOLVING THE PROBLEM OF THE RESIDUAL STRESS RELAXATION

IN THE HARDENED CYLINDRICAL SAMPLE DUE TO CREEP

UNDER THE CONDITION OF THERMAL EXPOSURE

WITH ACCOUNT FOR TEMPERATURE LOADING

We consider the temperature loading mode. Assuming that there are no additional plastic strains in the

temperature loading of the sample from T = 20◦C (E0 = 2.3 · 105 MPa) to T = 675◦C (E1 = 1.85 · 105 MPa),

expression (2) has the following form for the time of complete warm-up of the cylindrical sample (assuming it

occurred instantly) at T = 675◦C:

qθ(r) =
(1 + μ)(1− 2μ)

E1(1 + αμ)2
r−ν

r∫
0

ξν−1 E1

E0

[
σres
r (ξ) + (1 + α)σres

θ (ξ)
]
dξ

− 1 + μ

E1(1 + αμ)

E1

E0

[
(1 − μ)σres

θ (r) − μσres
r (r)

]
, ν =

2 + α

1 + αμ
; (13)

because the value of qθ(r) does not depend on temperature. Expression (13) is valid if, after hardening (with

E = E0), all the remaining residual stress diagrams are multiplied by the coefficient E1/E0 (so that we obtain the

residual stress distribution at T = 675◦C).
We consider the residual stress relaxation at T = 675◦C due to creep strain. At t = 0+0 (after temperature

loading up to T = 675◦C), the stress–strain state of the cylindrical sample is determined by the residual stress

tensor:

σij(r, 0 + 0) =

⎛
⎝ σres

r (r) 0 0

0 σres
z (r) 0

0 0 σres
θ (r)

⎞
⎠ . (14)
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The strain tensor components at any time t have the form

εr(r, t) = er(r, t) + qr(r) + pr(r, t), εθ(r, t) = eθ(r, t) + qθ(r) + pθ(r, t),

εz(r, t) = εz(t) = ez(r, t) + qz(r) + pz(r, t),
(15)

where pθ, pz, and pr are the creep strain tensor components; the elastic strains are determined from Hooke’s law:

er(r, t) = [σr(r, t)− μ(σθ(r, t) + σz(r, t))]/E1; (16)

eθ(r, t) = [σθ(r, t)− μ(σr(r, t) + σz(r, t))]/E1; (17)

ez(r, t) = [σz(r, t)− μ(σθ(r, t) + σr(r, t))]/E1, (18)

and, at t = 0 + 0, the stress tensor components are identical to the residual stress tensor components (14). In

Eqs. (15), the temperature strains are not accounted for as they are uniform by the cylinder volume and do not

affect the stress redistribution process due to creep; in addition, the plane section hypothesis is used εz(r, t) = εz(t).

Substituting Eq. (18) in the third expression in system (15), we find

σz(r, t) = E1

[
εz(t)− qz(r) − pz(r, t)

]
+ μ

[
σθ(r, t) + σr(r, t)

]
. (19)

Subtracting Eq. (17) from Eq. (16), we exclude the component σz(r, t):

er(r, t)− eθ(r, t) =
1 + μ

E1

[
σr(r, t)− σθ(r, t)

]
. (20)

In view of the equilibrium equation

r
dσr(r, t)

dr
+ σr(r, t) = σθ(r, t), (21)

Eq. (20) can be written in the form

er(r, t)− eθ(r, t) = −1 + μ

E1
r
dσr(r, t)

dr
. (22)

We use the operator of the total derivative with respect to the variable r in Eqs. (21) and (22) and further for the

stress tensor components and strain tensors as the time t is included in the expressions parametrically.

We differentiate expression (17) with respect to r:

deθ(r, t)

dr
=

1

E1

[dσθ(r, t)

dr
− μ

(dσr(r, t)

dr
+

dσz(r, t)

dr

)]
. (23)

Differentiating Eq. (19) with respect to r and substituting dσz/dr into Eq. (23), we find

deθ(r, t)

dr
=

1 + μ

E1

[
(1− μ)

dσθ(r, t)

dr
− μ

dσr(r, t)

dr
+

μE1

1 + μ

(dqz(r)
dr

+
dpz(r, t)

dr

)]
. (24)

After differentiating Eq. (21) with respect to r, expressing dσθ/dr from the resulting expression, and substi-

tuting it in Eq. (24), we have

deθ(r, t)

dr
=

1 + μ

E1

[
r(1 − μ)

d2σr(r, t)

dr2
+ (2− 3μ)

dσr(r, t)

dr
+

μE1

1 + μ

(dqz(r)
dr

+
dpz(r, t)

dr

)]
. (25)

Converting the strain compatibility equation

r
dεθ(r, t)

dr
+ εθ(r, t) = εr(r, t)

and accounting for expressions (15) and (22), we obtain

r
deθ(r, t)

dr
= −1 + μ

E1
r
dσr(r, t)

dr
+ (qr(r)− qθ(r)) + (pr(r, t)− pθ(r, t)) − r

(dqθ(r)
dr

+
dpθ(r, t)

dr

)
. (26)

Substituting Eq. (25) into Eq. (26) and considering the expressions for plastic strains (3), we obtain the

ordinary differential equation with respect to σr :
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r2
d2σr(r, t)

dr2
+ 3r

dσr(r, t)

dr
= g(r, t). (27)

Here

g(r, t) =
E1

1− μ2

[2 + α

1 + α
qr(r) + pr(r, t)− pθ(r, t)− r

(dpθ(r, t)
dr

+ μ
dpz(r, t)

dr

)
+

r

1 + α
(1 + μ)

dqr(r)

dr

]
. (28)

Equations (27) and (28) with the boundary conditions

σr(r, t)
∣∣∣
r=R

= 0, lim
r→0

dσr

dr
= 0

constitute the boundary-value problem whose solution has the form

σr(r, t) = −
R∫
r

1

ξ3

ξ∫
0

g(η, t)η dη dξ. (29)

Equation (29) describes the distribution of the radial stress tensor component σr .

The distribution of the circumferential component σθ can be found from the equilibrium equation (21) with

known σr:

σθ(r, t) =
d

dr
[rσr(r, t)]. (30)

In order to determine σz using expression (19), we find the value of εz(t) from the condition that the total

thrust acting on the sample is zero:

R∫
0

rσz(r, t) dr = 0. (31)

Substituting Eq. (19) into Eq. (31), performing the necessary operations of integration, and allowing the

resulting relationship with respect to εz(t), we obtain

εz(t) =
2

R2

R∫
0

r
(
qz(r) + pz(r, t)− μ

E1
[σr(r, t) + σθ(r, t)]

)
dr. (32)

Calculating the value of εz(t) in accordance with Eq. (32), we can find the function σz(r, t) from Eq. (19).

Thus, we determine the kinetics of all stress tensor components in the surface layer with thermal exposure

by using the algorithm

g(r, t)
(28),(29)−−−−→ σr(r, t)

(30)−−→ σθ(r, t)
(32)−−→ εz(t)

(19)−−→ σz(r, t)

(the number above the arrows denote the number of the expression used to calculate the corresponding value).

Let the creep process be followed by the temperature unloading of the sample from T = 675◦C (E1 =

1.85 · 105 MPa) to T = 20◦C (E0 = 2.3 · 105 MPa) at t = t∗ + 0. As it is assumed that the plastic strains and

accumulated creep strain components do not change during the temperature unloading, the residual stresses can

be calculated at t = t∗ + 0 if the stress tensor components obtained by the time t = t∗ − 0 are multiplied by the

coefficient E0/E1 (inverse to the coefficient with temperature loading).

4. NUMERICAL IMPLEMENTATION AND ANALYSIS OF THE RESULTS

In the implementation of the described technique, the problem was solved numerically using time steps. The

rheological strain process was divided into segments [tj , tj+1] of length Δtj (j = 0, 1, 2, . . .), within in the limits of

which the stress-state characteristics were assumed to be constant and corresponding to the time t = tj and the

increments of the creep strain tensor components on this interval were calculated by the numerical integration of

Eqs. (12) using Euler’s method with σ11 = σθ, σ22 = σr, and σ33 = σz . In the implementation of the proposed

method, all of the derivatives were approximated by the corresponding difference relationships and the integrals

were calculated by quadrature numerical integration formulas.
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Fig. 3. Residual stress distribution σz in the cylindrical hardened sample over its radius at different
times: (1) after hardening at t = 0−0; (2) after temperature loading from T = 20◦C to T = 675◦C
at t = 0+0; (3) after the creep with thermal exposure at T = 675◦C and t = 50−0 (a), 150−0 (b),
and 300−0 h (c); (4) final values after temperature unloading from T = 675 to 20◦C at t = 50+0 (a),
150 + 0 (b), and 300 + 0 h (c); curves denote the calculation and points denote the experiment.

The calculation results of the residual stress relaxation σz = σz(r, t) in the cylindrical hardened sample

under the condition of thermal exposure at T = 675◦C and different exposure times are shown in Fig. 3. The points

in Fig. 3 show the experimental data for the same strain component after micro-shot peening at T = 20◦C and

the final data after the end of the creep process for the corresponding time and subsequent temperature unloading

given in [19]. It can be seen that the calculated and experimental values of the component σz = σz(r, t) are in

satisfactory agreement. Note that the calculated and experimental data in the root-mean-square norm (9) differ

by 3.32% after hardening; for the final stress diagrams, after the creep process of length t = 50, 150, and 300 h is

completed and after subsequent temperature unloading, the difference in the values amounted to 2.85, 9.25, and

17.94%, respectively.

It follows from Fig. 3 that the maximum (in absolute value) calculated stresses σz in the relaxation process

decreased by 22% for t = 50 h, by 39% for t = 150 h, and by 54% for t = 300 h; the experimental values decreased

by 23, 42, and 57%, respectively.
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Nevertheless, the residual stresses in the cylindrical sample made of ZhS6UVI are significantly high under

the condition of thermal exposure during t = (0–300) h at T = 675◦C, which is very important because the efficiency

of the use of the surface plastic strain methods (for example, to improve the fatigue resistance of parts in power

engineering and aircraft engine manufacturing due to the presence of compressive residual stresses) is currently

widely recognized [1–17, 19, 29, 31–33]. The values of the residual stresses in the creep process can help us judge

upon the efficiency of the surface plastic strain methods (in the present case, air-shot peening) under the condition

of the high-temperature loading.
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