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VISCOUS DISSIPATION AND THERMAL RADIATION EFFECTS

ON THE MAGNETOHYDRODYNAMIC (MHD) FLOW AND HEAT TRANSFER

OVER A STRETCHING SLENDER CYLINDER
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Abstract: An axisymmetric magnetohydrodynamic (MHD) boundary layer flow and heat transfer

of a fluid over a slender cylinder are investigated numerically. The effects of viscous dissipation,

thermal radiation, and surface transverse curvature are taken into account in the simulations. For this

purpose, the governing partial differential equations are transformed to ordinary differential equations

by using appropriate similarity transformations. The resultant ordinary differential equations along

with appropriate boundary conditions are solved by the fourth-order Runge–Kutta method combined

with the shooting technique. The effects of various parameters on the velocity and temperature

profiles, local skin friction coefficient, and Nusselt number are analyzed.

Keywords: axisymmetric flow, stretching cylinder, viscous dissipation, thermal radiation, Runge–

Kutta method.

DOI: 10.1134/S002189441603010X

INTRODUCTION

The problem of the flow and heat transfer of a fluid over a stretching surface is very important in engineering

and industrial processes, such as hot rolling, polymer extrusion, wire coating, food processing, etc.

Crane [1] was the first one who focused on the flow of a fluid over a stretching plate. Gupta and Gupta [2]

studied the influence of suction/injection on heat and mass transfer of the fluid. Grubka and Bobba [3] and Ali [4]

analyzed the problem of the flow and heat transfer over a continuously stretching sheet with considering the linear

stretching rate and wall temperature. Wang [5] analyzed the hydrodynamics of the flow over an unsteady stretching

surface. Andersson and Dandapat [6] extended Crane’s work to non-Newtonian power-law fluids. On the other

hand, Andersson et al. [7] studied the momentum transfer in a thin liquid film of a power-law fluid on an unsteady

stretching sheet, and the corresponding heat transfer problem was explored by Chen [8].

As mentioned above, the quality of the final product highly depends on the heating or cooling rate of the

fluid during the process. Thus, Chamkha [9] presented an analysis of a hydromagnetic flow and heat transfer past

a stretching sheet, and Abel et al. [10] considered viscous dissipation effects on heat transfer of a fluid under the

influence of an external magnetic field. The problem of an unsteady mixed convection flow and heat transfer past

a porous stretching sheet with considering thermal radiation effects was investigated by Mukhopadhyay [11]. In

addition, Mukhopadhyay [12] examined the effects of variable viscosity and thermal diffusivity on a boundary layer

flow and heat transfer over a porous stretching sheet. The effect of a nonuniform heat source on fluid heat transfer

over a porous stretching sheet was determined by Tsai et al. [13]. Some other researchers carried out similar studies

for non-Newtonian power-law fluids [14–18].
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Fig. 1. Schematic representation of the problem.

Some studies were also performed for cylindrical geometry. Crane [19] investigated a boundary layer flow due

to a stretching cylinder. Wang [20] extended Crane’s work and considered a viscous fluid flow due to a stretching

hollow cylinder in a quiescent fluid. Ishak et al. [21, 22] examined the effects of suction/injection and magnetic

field on a steady flow and heat transfer of a fluid along a stretching cylinder without considering the transverse

curvature. Zaimi et al. [23] analyzed an unsteady flow and mass transfer over a shrinking cylinder.

The transverse curvature parameter is defined as the ratio of the boundary layer thickness to the cylinder

radius. For very small transverse curvature parameters, the problem can be solved in a two-dimensional formulation.

For a slender cylinder, however, the problem becomes axisymmetric, and the surface transverse curvature parameter

appears in the governing equations. Ishak and Nazar [24] proposed a similarity variable for the problem of the flow

and heat transfer along a stretching slender cylinder. Later on, Bachok and Ishak [25] presented a numerical study of

the flow and heat transfer over a horizontal cylinder with considering the effect of the transverse curvature parameter

and prescribed surface heat flux. Vajravelu et al. [26] explored the influence of the temperature-dependent thermal

conductivity on the flow and thermal boundary layer along a stretching slender cylinder. They also considered

the external heat source and transverse magnetic field for two different thermal boundary conditions. Some other

researchers carried out investigations on mixed convection over a vertical stretching slender cylinder [27, 28].

According to this background, it is clear that there is no sufficient information on the effect of thermal

radiation and viscous dissipation on the flow and heat transfer along a stretching slender cylinder in the available

literature. Hence, an MHD boundary layer flow and heat transfer of an incompressible fluid over a steady linearly

stretching slender cylinder with a prescribed surface temperature is studied in the present work. The effects of

thermal radiation, viscous dissipation, and Prandtl number on the temperature profile are also investigated.

MATHEMATICAL FORMULATION

Let us consider a Newtonian electrically conducting fluid around a slender cylinder with a prescribed surface

temperature (Fig. 1). Surface stretching induces an incompressible laminar boundary layer flow in the x direction.

The flow is also affected by an external radial magnetic field. The surface stretching rate Uw and the surface

temperature Tw are defined as

Uw = bx/l, Tw = T∞ + c(x/l)s,

where b is the stretching velocity, l is the reference length, T∞ is the quiescent fluid temperature, s is the prescribed

surface temperature exponent, and c is a positive constant; the x axis coincides with the axial direction of the

cylinder.

For an axisymmetric flow, the governing differential equations are the mass, momentum, and energy conser-

vation equations

∂ (ru)

∂x
+
∂ (rv)

∂r
= 0;

464



u
∂u

∂x
+ v

∂u

∂r
= ν

(∂2u
∂r2

+
1

r

∂u

∂r

)
+

1

ρ
(j ×B)x; (1)

ρcp

(
u
∂T

∂x
+ v

∂T

∂r

)
=

1

r

∂
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)
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∂ (rqr)

∂r
; (2)

the boundary conditions can be written as

u = Uw, v = 0, r = a, u = 0, r → ∞,

T = Tw, r = a, T = T∞, r → ∞,

where u and v are the velocity components in the x and r directions, respectively, T is the fluid temperature, and

ν is the kinematic viscosity. The term (j ×B)x in Eq. (1) is the x component of the Lorentz force produced by the

external radial magnetic field in the form B = (B0/r)er (∇ ·B = 0).

As the magnetic Reynolds number is assumed to be small, the induced magnetic field is negligible [29];

consequently, according to Ohm’s law, the electric current in the direction eθ is

j = σ[E + V ×B]eθ, (3)

where E is the electric field intensity satisfying Maxwell‘s equations for a steady magnetic field with no charge:

∇ ·E = 0 ⇒ E = E(r, x)eθ

or

E = E(r)eθ = (c′/r)eθ . (4)

Here c′ is a constant obtained by substituting Eq. (4) into Eq. (3) and then using Eq. (1) for the inviscid free stream:

u
∂u∞
∂x

+ v
∂u∞
∂r

= ν
(∂2u∞
∂r2

+
1

r

∂u∞
∂r

)
− σ(c′B0 + u∞B2

0)

ρr2
⇒ c′ = 0.

Thus, we obtain j ×B = −(σuB2
0/r

2)ex for the Lorentz force, and Eq. (1) is simplified to

u
∂u

∂x
+ v

∂u

∂r
= ν

(∂2u
∂r2

+
1

r

∂u

∂r

)
− σuB2

0

ρr2
. (5)

The term Φ in Eq. (2) represents the viscous dissipation contribution, which can be found as

Φ = μ
[
2
((∂v

∂r

)2

+
(v
r

)2

+
(∂u
∂x

)2)
+
(∂v
∂x

+
∂u

∂r

)2]
. (6)

In the boundary layer approximation, Eq. (6) reduces to

Φ = μ
(∂u
∂r

)2

. (7)

Furthermore, according to the Rosseland approximation [30], thermal radiation is considered as a radiative

heat flux in the r direction:

qr = −4σ∗

3k∗
∂T 4

∂r
(8)

(σ∗ and k∗ are the emissivity and the Boltzmann constant, respectively). The variable T 4 is expanded about T∞
into the Taylor series

T 4 � T 4
∞ + 4T 3

∞(T − T∞) + 6T 2
∞(T − T∞)2 + . . . ,

which is reduced to the following equation by neglecting higher-order terms of T − T∞:

T 4 � 4T 3
∞T − 3T 4

∞. (9)
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Substitution of Eq. (9) into Eq. (8) yields

qr = −16T 3∞σ∗

3k∗
∂T

∂r
. (10)

Substituting Eqs. (7) and (10) into Eq. (2), we obtain the energy balance equation

ρcp

(
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+ v

∂T

∂r

)
= k

1

r

∂
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(
r
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∂r

)
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(∂u
∂r

)2

+
16T 3

∞σ
∗

3k∗
1

r

∂

∂r

(
r
∂T

∂r

)
. (11)

A dimensionless similarity variable of the form described in [24],

η =
r2 − a2

2a

(Uw

νx

)1/2

, (12)

is applied to transform the governing partial differential equations to first-order ordinary differential equations. The

stream function is defined as

ψ = (νxUw)
1/2af(η). (13)

The velocity components have the form

u = Uwf
′(η), v = −a

r

(νb
l

)1/2

f(η). (14)

At a prescribed surface temperature, the temperature profile θ is defined as

θ =
T − T∞
Tw − T∞

. (15)

Substituting Eqs. (12)–(15) into Eqs. (5) and (11), which can be solved numerically by the fourth-order

Runge–Kutta method, we obtain the equations

ff ′′ − (f ′)2 − M

1 + 2γη
f ′ + 2γf ′′ + (1 + 2γη)f ′′′ = 0; (16)

sf ′θ − fθ′ − 1

Pr ′
[2γθ′ + (2γη + 1)θ′′]− Ec [(2γη + 1)(f ′′)2] = 0 (17)

with the corresponding boundary conditions for the transformed velocity and temperature:

f ′(0) = 1, f(0) = 0, f ′(∞) = 0,

θ(0) = 1, θ(∞) = 0.

Here γ =
√
lν/(ba2) is the transverse curvature parameter, M = σB2

0 l/(ρa
2b) is the magnetic field parameter,

Ec = (Uw)
2/(cp(Tw−T∞)) is the Eckert number, Pr ′ = (1+N)/Pr is the modified Prandtl number, Pr = ρcpν/k is

the Prandtl number, and N = 16T 3
∞σ

∗/(3kk∗) is the thermal radiation parameter; the local skin friction coefficient

and local Nusselt number are defined by the expressions

Cfx = −2τw/(ρU
2
w) = −2f ′′(0)(Rex)−1/2, Nux =

∂θ

∂ (r/a)

∣∣∣
r=a

=
a

x
(Rex)

1/2θ′(0),

where Rex = Uwx/ν is the local Reynolds number.

It is important to note that Eqs. (16) and (17) can be simplified in special basic cases by omitting some of

the parameters. For example, in the case with γ = 0, the problem can be reduced to the problem of the flow and

heat transfer over a horizontal stretching sheet; under the assumption that M = N = 0, it is reduced to Crane’s

problem [1].

NUMERICAL PROCEDURE AND VALIDATION

To use the fourth-order Runge–Kutta method, Eqs. (16) and (17) should be reduced to a system of nonlinear

first-order differential equations

df0
dη

= f1,
df1
dη

= f2,
df2
dη

=
(M/(1 + 2γη))f1 + (f1)

2 − f0f2 − 2γf2
1 + 2γη

,

dθ0
dη

= θ1,
dθ1
dη

=
Pr ′ [sf1θ0 − f0θ1 − Ec (1 + 2γη)(f2)

2]− 2γθ1
1 + 2γη

,

f0(0) = 0, f1(0) = 1, θ0(0) = 1, f1(η∞) = 0, θ0(η∞) = 0.

For validation, the current numerical results were compared with data of four references [3, 4, 24, 26] in

some similar cases. All the results are in good agreement: the difference is not greater than 10−4 (Tables 1 and 2).
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Table 1. Local skin friction coefficients −f ′′(0) for different values of M and γ

−f ′′(0)

M Data of Vajravelu et al. [26] Present study

γ = 0 γ = 0.5 γ = 1 γ = 0 γ = 0.5 γ = 1

0 1.000001 1.182410 1.358198 1.000001 1.182410 1.358203
0.5 1.224745 — — 1.224745 1.354751 1.499818
1.0 1.414214 — — 1.414214 1.513473 1.634410
1.5 1.581139 — — 1.581138 1.660637 1.762612
2.0 1.732051 — — 1.732050 1.797992 1.884995

Table 2. Temperature gradients −θ′(0) for γ = M = Ec = N = 0, s = 1,

and different values of the Prandtl number

Pr
−θ′(0)

Data of
Grubka and Bobba [3]

Data
of Ali [4]

Data of
Ishak and Nazar [24]

Present study

0.10 — — — 0.2090
0.72 0.8086 0.8058 0.8086 0.8086
1.00 1.0000 0.9961 1.0000 1.0000
2.00 — — — 1.5231
3.00 1.9237 1.9144 1.9237 1.9236
5.00 — — — 2.5575
10.00 3.7207 3.7006 3.7207 3.7206

Table 3. Local skin friction coefficients −f ′′(0) for different values

of the transverse curvature and magnetic field parameters

M
−f ′′(0)

γ = 0 γ = 0.25 γ = 0.50 γ = 0.75 γ = 1.00

0 1.000001 1.091825 1.182410 1.271146 1.358203
0.5 1.224745 1.286865 1.354751 1.426281 1.499818
1.0 1.414214 1.460675 1.513473 1.571918 1.634410
1.5 1.581138 1.690141 1.660637 1.709124 1.762612
2.0 1.732050 1.818930 1.797992 1.838857 1.884995

RESULTS AND DISCUSSION

The problem of the flow and heat transfer of a Newtonian fluid over a stretching slender cylinder is analyzed

numerically. The results of the solution are illustrated in Figs. 2–8 and Tables 3–5.

Figure 2 show the axial f ′(η) and transverse f(η) velocity profiles for different values of the magnetic field

parameterM and transverse curvature parameter γ. It is observed that an increase in the magnetic field parameter

decreases the boundary layer thickness. This behavior can be due to the fact that the magnetic field induces the

Lorentz force affecting the flow field. In addition, it can be seen from Fig. 2b that f(η) �= 0 on the boundary layer

edge. The skin friction coefficients −f ′′(0) are listed in Table 3 for several values of the magnetic field parameter

and surface curvature. As it follows from Table 3, an increase in the magnetic field parameter causes an increase in

the skin friction coefficient, which is depicted in Fig. 3 for a range of Reynolds numbers and two different values of

the transverse curvature parameter. For instance, an increase in the magnetic field parameter from 0 to 2 leads to

an increase in the value of −f ′′(0) by 38.78% in the case with γ = 1 and approximately by 73.2% in the case with

γ = 0. Moreover, at M = 0–2, there is a regressive rate of the increase in the skin friction coefficient −f ′′(0). This
behavior is due to the fact that an increase in the magnetic field parameter decreases the axial velocity, which, in

turn, decreases the value of the Lorentz force; as a result, the influence of the magnetic field parameter is diminished.

As it follows from Fig. 2, the boundary layer thickness in the case with γ = 1 is greater than that in the

case with γ = 0, which means that the velocity increases with an increase in the transverse curvature of the surface.

An interesting point is that the transverse curvature parameter and the magnetic field parameter produce similar

effects on the skin friction coefficient.
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Fig. 2. Axial (a) and transverse (b) velocity profiles for different values of γ and M : the solid and
dot-and-dashed curves show the results for γ = 0 and 1, respectively; M = 0 (1), 1 (2), and 2 (3).
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Fig. 3. Local skin friction coefficient versus the local Reynolds number for different values of γ
and M (notation the same as in Fig. 2).

Fig. 4. Temperature profiles for s = 1, Pr = 1, N = 1, Ec = 0.02, and different values of γ and M
(notation the same as in Fig. 2).
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Table 4. Wall temperature gradients −θ′(0) for different values of parameters

M Ec N s Pr
−θ′(0)

γ = 0 γ = 1

0 0.02 1.0 1.0 1.0 0.6273 1.0231
0.5 0.02 1.0 1.0 1.0 0.5723 1.0084
1.0 0.02 1.0 1.0 1.0 0.5302 0.9945
1.5 0.02 1.0 1.0 1.0 0.4968 0.9815
2.0 0.02 1.0 1.0 1.0 0.4691 0.9694
1.0 0 1.0 1.0 1.0 0.5364 1.0015
1.0 1.00 1.0 1.0 1.0 0.2244 0.6518
1.0 2.00 1.0 1.0 1.0 −0.0876 0.3020
1.0 3.00 1.0 1.0 1.0 −0.3997 −0.0478
1.0 4.00 1.0 1.0 1.0 −0.7119 −0.3976
1.0 0.02 0 1.0 1.0 0.8806 1.3035
1.0 0.02 0.5 1.0 1.0 0.6578 1.1036
1.0 0.02 1.0 1.0 1.0 0.5302 0.9945
1.0 0.02 1.5 1.0 1.0 0.4476 0.9258
1.0 0.02 2.0 1.0 1.0 0.3901 0.8784
1.0 0.02 2.5 1.0 1.0 0.3479 0.8438
1.0 0.02 3.0 1.0 1.0 0.3157 0.8175
1.0 0.02 1.0 1.0 1.0 0.5302 0.9945
1.0 0.02 1.0 2.0 1.0 0.7424 1.2025
1.0 0.02 1.0 3.0 1.0 0.9311 1.3878
1.0 0.02 1.0 4.0 1.0 1.1016 1.5558
1.0 0.02 1.0 5.0 1.0 1.2577 1.7098
1.0 0.02 1.0 1.0 0.1 0.1299 0.6622
1.0 1.00 1.0 1.0 1.0 0.5302 0.9945
1.0 1.00 1.0 1.0 2.0 0.8806 1.3035
1.0 1.00 1.0 1.0 3.0 1.1584 1.5670
1.0 1.00 1.0 1.0 5.0 1.6002 2.0029
1.0 1.00 1.0 1.0 10.0 2.4082 2.8115

The effect of the magnetic field parameter on the temperature field is illustrated in Fig. 4. With an increase

in the magnetic field parameter, the wall temperature gradient decreases; consequently, the major part of heat is

transmitted to the fluid near the boundary layer edge, resulting in an increase in temperature. According to the

numerical results presented in Table 4, an increase in the magnetic field parameter from 0 to 2 induces a decrease

in −θ′(0) by 5.25 and 25.22% for the cases with γ = 1 and γ = 0, respectively.

Figure 5 illustrates the influence of viscous dissipation on the temperature field for different values of the

Eckert number. It is seen that the temperature profile grows with an increase in the Eckert number. Also, it is

observable from Table 4 that the wall temperature gradient decreases with increasing Eckert number, whereas the

temperature increases. Another valuable remark is that the temperature gradient changes its sign if the Eckert

number is increased above a particular critical value. In this case, the viscous dissipation mechanism acts as a

heat source and produces thermal energy in the flow, which is responsible for this change in the sign of the wall

temperature gradient. This critical value of the Eckert number depends on the magnetic field parameterM , Prandtl

number Pr , thermal radiation parameter N , and surface temperature exponent s (Table 5). The critical Eckert

number is seen to decrease with increasing magnetic field parameter and Prandtl number. On the other hand, the

critical Eckert number increases with an increase in the thermal radiation parameter, which is also true about the

role of the surface temperature exponent.

Figure 6 demonstrates the effect of thermal radiation on the fluid temperature profile: the temperature

increases with an increase in the radiation parameter value. According to Table 4, as the radiation parameter

increases from 0 to 2, the wall temperature gradient decreases by 55.7% in the case with γ = 0 and by 32.61% in

the case with γ = 1.

Figure 7 displays the role of the surface temperature exponent s on the temperature profile. It is clear that

an increase in the surface temperature exponent leads to a greater wall temperature gradient. According to Table

4, the wall temperature gradient increases by 75.63 and 39.55% in the cases with γ = 0 and 1, respectively, as the

surface temperature exponent s increases from 1 to 3.
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Fig. 5. Fig. 6.

Fig. 5. Temperature profiles for M = 1, s = 1, Pr = 1, N = 1, and different values of γ and Ec: the solid and
dot-and-dashed curves show the results for γ = 0 and 1, respectively; Ec = 0 (1), 1 (2), and 5 (3).

Fig. 6. Temperature profiles for M = 1, s = 1, Pr = 1, Ec = 0.02, and different values of γ and N : the solid and
dot-and-dashed curves show the results for γ = 0 and 1, respectively; N = 0 (1), 1 (2), and 2 (3).

Table 5. Eckert numbers for θ′(0) = 0 and different values of parameters

M Pr N s
Ec

γ = 0 γ = 1

1.0 1.0 1.0 1.0 1.7190 2.8634
2.0 1.0 1.0 1.0 1.2076 2.4319
1.0 2.0 1.0 1.0 1.5438 1.9936
1.0 1.0 2.0 1.0 1.8379 3.7070
1.0 1.0 1.0 2.0 2.5187 3.6159

The effect of the Prandtl number on the temperature profile is plotted in Fig. 8. Obviously, the result of using

fluids with higher Prandtl numbers is the lower temperature. The data in Table 4 confirm the commonly known

claim that fluids with higher Prandtl numbers have greater wall temperature gradients and, as a consequence, lower

temperatures.

The effect of the transverse curvature parameter γ on the temperature profiles is illustrated in Figs. 4–8

and Table 4. In all cases, an increase in the surface transverse curvature leads to an increase not only in the wall

temperature gradient, but also in the temperature profiles. This phenomenon may be due to the fact that an increase

in the surface transverse curvature leads to an increase in the boundary layer thickness and, as a consequence, in

the temperature and velocity profiles.

CONCLUSIONS

The flow and heat transfer of a fluid over a stretching slender cylinder in the presence of an external radial

magnetic field and different transverse curvatures is studied numerically; the effects of viscous dissipation, thermal

radiation, Prandtl number, and different prescribed surface temperature exponents on the temperature profile are

examined. The following remarks can be made as a result of this study.

An increase in the magnetic field parameter from 0 to 2 leads to a decrease in the velocity profile, whereas

the skin friction coefficient increases by 38.78% in the case with γ = 1 and approximately by 73.2% in the case with
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Fig. 7. Temperature profiles for M = 1, Pr = 1, N = 1, Ec = 0.02, and different values of γ and s: the solid and
dot-and-dashed curves show the results for γ = 0 and 1, respectively; s = 1 (1), 2 (2), and 3 (3).

Fig. 8. Temperature profiles for M = 1, s = 1, N = 1, Ec = 0.02, and different values of γ and Pr : the solid and
dot-and-dashed curves show the results for γ = 0 and 1, respectively; Pr = 1 (1), 5 (2), and 10 (3).

γ = 0.

An increase in the magnetic field parameter from 0 to 2 causes a rise in the temperature profile, while the

wall temperature gradient decreases by 5.25 and 25.22% in the cases with γ = 1 and γ = 0, respectively.

The wall temperature gradient decreases with an increase in the Eckert number, whereas the temperature

increases. In addition, there is a particular critical value of the Eckert number at which the wall temperature

gradient is equal to zero.

An increase in the thermal radiation parameter from 0 to 3 leads to enhancement of the temperature profile

and to a decrease in the wall temperature gradient.

An increase in the surface temperature exponent from 1 to 5 reduces the temperature profile and increases

the wall temperature gradient.
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