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LATTICE BOLTZMANN SIMULATION OF A FLUID FLOW

AROUND A TRIANGULAR UNIT

OF THREE ISOTHERMAL CYLINDERS
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Abstract: The lattice Boltzmann method is employed to simulate heat transfer in the flow past three

arrangements of elliptical and circular cylinders under an isothermal boundary condition. The lattice

Boltzmann equations and the Bhatnagar–Gross–Krook model are used to simulate two-dimensional

forced convection at 30 � Re � 100 and Pr = 0.71. Pressure distributions, isotherms, and stream-

lines are obtained. Vortex shedding maps are observed in detail for several cases. The present results

are in good agreement with available experimental and numerical data.
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INTRODUCTION

The problem of forced convection in fluid flows past cylinders of various cross sections has been a challenge for

both theoretical and applied investigations [1–3]. Bluff body flows constitute an important class of problems within

the domain of fluid mechanics. An elliptical cylinder is one of the important bluff objects referred in computational

fluid dynamics (CFD) in which the aspect ratio and the angle of attack are important parameters [4]. It is also

known that elliptical cylinders offer a smaller flow resistance and higher heat transfer rates than circular cylinders.

In recent decades, the lattice Boltzmann method (LBM) has proved its capability of simulating a large variety of

fluid flows. For isothermal fluid flows, the LBM was found to be an accurate, stable, and computationally economic

method compared to the classical CFD methods [5]. The thermal LBM model was first investigated by Massaioli

et al. [6]. The main limitation of using the LBM in engineering applications is the lack of a satisfactory model

for thermal fluid flow problems. A multi-speed approach consists in extending the distribution function in order

to obtain the macroscopic temperature [7, 8]. However, this approach requires much more computational effort

because of the additional discrete speeds and suffers from numerical instabilities. An alternative approach consists

in finding the velocity by the LBM and solving the macroscopic temperature equation independently. The coupling

to the LBM is made by adding a potential to the distribution function equation [9, 10]. Korichi and Oufer [11]

carried out a numerical investigation of the flow field and heat transfer enhancement in a channel containing three

obstacles: two attached to the lower wall and one to the upper wall. The results showed that the transition from a

steady to an unsteady flow occurs at lower values of the Reynolds number as compared to a channel with obstacles

attached only to the lower wall. A study of a steady flow around two circular cylinders in a tandem arrangement

at four different Prandtl numbers (Pr = 0.1, 1.0, 10.0, and 100.0) was reported recently by Juncu [12]. Numerical

simulations of a forced convective incompressible flow in a horizontal plane channel and heat transfer over two

isothermal tandem square cylinders were carried out by Farhadi et al. [13] and Mohammadi et al. [14] by using the
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Fig. 1. Nine-velocity lattice model.

finite volume and LBM methods. Their study revealed the effects of the gap between two cylinders, the Reynolds

number ranging within Re = 100–1000, and the blockage ratio on the characteristics of the flow field and heat

transfer. The present study emphasizes the implementation of the LBM for simulating the flow field and heat

transfer around isothermal cylinders to compare its results with results obtained by the finite element solution of

the Navier–Stokes equations. The simulation is conducted at Pr = 0.71 and 30 � Re � 100.

1. LATTICE BOLTZMANN METHOD

The lattice Boltzmann method was developed as an alternative numerical approach for solving a wide class

of gas-dynamic problems [15–17].

1.1. Governing Equation

The LBM is derived from lattice gas methods and can be regarded as a first-order explicit discretization

of the Boltzmann equation in the phase space. The LBM is a powerful numerical technique for simulating fluid

flows [15, 18, 19] and heat transfer [20, 21]. In contrast to the classical macroscopic Navier–Stokes (NS) approach,

the lattice Boltzmann method uses a mesoscopic simulation model to simulate the fluid flow [20]. It uses modeling

of the movement of fluid particles to capture macroscopic fluid quantities, such as velocity and pressure. In this

approach, the fluid domain is made discrete in uniform Cartesian cells, each containing a fixed number of distribution

functions that represent a certain number of fluid particles moving in these discrete directions. Hence, depending

on the dimension and number of velocity directions, there are different models that can be used. The present study

deals with a two-dimensional flow and a two-dimensional square lattice with nine velocities. The velocity vectors

c0, . . . , c8 of the D2Q9 model are shown in Fig. 1. For each velocity vector, the particle distribution function is

stored. The velocities of the D2Q9 model (see Fig. 1) are calculated by the formulas

ck =

⎧⎨
⎩

(0, 0), k = 0,

(±1, 0)c, (0,±1)c, k = 1, 2, 3, 4,

(±1,±1)c, k = 5, 6, 7, 8,

where c = Δx/Δt and k is the lattice velocity direction.

The LBM model used in the present work is the same as that employed in [20]. The distribution functions

are calculated by solving the lattice Boltzmann equation. After introducing the Bhatnagar–Gross–Krook (BGK)

approximation, the Boltzmann equation can be formulated as follows [22]:

fk(x + ck Δt, t+Δt) = fk(x, t) +
Δt

τ
[f eq

k (x, t)− fk(x, t)].

Here Δt denotes the lattice time step, ck is the discrete lattice velocity in the direction k, τ denotes the lattice relax-

ation time, and f eq
k is the equilibrium distribution function corresponding to the lattice velocity ck and calculated

by the formula
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Fig. 2. Distribution of nodes near the curved boundary (a) and the bounce-back with interpolation
after the collision (b): nodes on the boundary xw (1), boundary nodes in the fluid region xf (2),
and boundary nodes in the solid body region xb (3).

f eq
k = ωkρ

(
1 +

ck · u
c2s

+
1

2

(ck · u)2
c4s

− 1

2

u2

c2s

)
, (1)

where ωk = 4/9 for k = 0, ωk = 1/9 for k = 1, 2, 3, and 4, ωk = 1/36 for k = 5, 6, 7, and 8, and cs = ck/
√
3 is

the lattice speed of sound. The macroscopic fluid variables (density and velocity) are computed as the first two

moments of the distribution functions for each cell [22]:

ρ =

8∑
k=0

fk, u =
1

ρ

8∑
k=0

fkck. (2)

For the temperature field, the distribution of g has the form

gk(x + ck Δt, t+Δt) = gk(x, t) +
Δt

τg
[geqk (x, t)− gk(x, t)].

The corresponding equilibrium distribution functions for the fluid and solid, respectively, are defined as follows [18]:

geqk = ωkT
(
1 +

ck · u
c2s

)
, geqk = ωkT.

The temperature field is computed as

T =
∑

gk.

1.2. Curved Boundary Treatment

Let us consider the geometry of a part of an arbitrary curved wall (Fig. 2). To impose the no-slip boundary

condition, it is necessary to define the function f(xb, t). The fraction of the fluid Δ in the cell intersected by the

boundary is

Δ =
‖xf − xw‖
‖xf − xb‖ .

The standard (half-way) bounce-back no-slip boundary condition always assumes that Δ = 0.5 on the

boundary wall. Due to the curved boundaries, the values in the interval Δ = 0–1 are possible. Figure 2b shows the

bounce-back behavior at Δ < 0.5. The reflected distribution function fa(x, t + Δt) at xf is unknown. The fluid

particles in the LBM are always considered to move by one cell length per time step. In order to calculate the reflected

distribution function in the node xf , the interpolation scheme [23] was applied. To calculate the distribution function

in the solid region fa(xb, t), the bounce-back boundary conditions were combined with interpolations including a

one-half grid spacing correction at the boundaries. Then, the Chapman–Enskog expansion for the post-collision

distribution function takes the form
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Fig. 3. Schematic diagram of the computational domain.

f̃ᾱ(xb, t+Δt) = (1− λ)f̃α(xf , t+Δt) + λf0
α(xb, t+Δt)− 2

3

c2
wαρ(xf , t+Δt)eαuw,

where

f0
α(xb, t+Δt) = f eq

α (xf , t+Δt) +
3

c2
wαρ(xf , t+Δt)eα(ubf − uf ),

ubf = uff , λ =
2Δ− 1

τm − 2
for 0 < Δ � 1

2
,

ubf =
(
1− 3

2Δ

)
uf +

3

2Δ
uw, λ =

2Δ− 1

τm + 1/2
for

1

2
< Δ � 1.

1.3. Force and Heat Transfer Evaluation

Heat transfer between hot and cold walls was computed by using the local and mean Nusselt numbers:

Nul = −∂T

∂n

∣∣∣
wall

, Num =
1

2π

2π∫

0

Nul dθ.

The drag coefficient and the pressure coefficient are defined as

CD =
FD

ρU2∞D/2
, CP =

P − P∞
ρU2∞/2

.

1.4. Numerical Procedure

The physical geometry considered in this study is shown in Fig. 3. The cylinders are arranged in a triangular

configuration. This triangular configuration is mounted inside a channel, which is sufficiently wide in a way that

its walls exert no measurable effect on the flow field characteristics. Moreover, the cylinders are assumed to be

sufficiently long so that the ends effects are neglected. The temperature of the walls Tc is equal to the temperature

of the incoming fluid T∞, which is constant during the computation. The temperature of the cylinders surfaces Th

is also assumed to be constant; however, it is higher than the incoming fluid temperature.

In this study, three kinds of boundary conditions are applied: the bounce-back condition is imposed on the

surfaces of the cylinders and channel walls, and constant velocity and constant pressure are set at the inlet and

outlet boundaries. The bounce-back boundary condition has the form

f7(x, t+Δt) = f5(x, t), f4(x, t+Δt) = f2(x, t), f8(x, t +Δt) = f6(x, t)

on the upper wall of the channel and

f5(x, t+Δt) = f7(x, t), f2(x, t+Δt) = f4(x, t), f6(x, t +Δt) = f8(x, t)

on the lower wall of the channel.
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Fig. 4. Distribution functions at the computational domain bound-
aries: channel inlet (1) and channel outlet (2).

At the inlet of the channel, the boundary condition with a known velocity uin is applied (Fig. 4), and three

unknown distribution functions are calculated on the basis of Eq. (2):

ρin = f0 + f1 + f2 + f3 + f4 + f5 + f6 + f7 + f8,

ρinuin = f1 + f5 + f8 − f3 − f6 − f7;

f1 − f eq
1 = f3 − f eq

3 . (3)

It should be noted that Eq. (3) follows from the equilibrium condition normal to the boundary, where f eq can be

calculated from Eq. (1) as

f eq
1 =

1

9
ρin

(
1 + 3uin +

9

2
u2
in −

3

2
u2
in

)
; (4)

f eq
3 =

1

9
ρin

(
1− 3uin +

9

2
u2
in −

3

2
u2
in

)
. (5)

Substituting Eqs. (4) and (5) into Eq. (3), we obtain

f1 = f3 + (2/3)ρinuin.

Solving these equations, we find the remaining unknown distribution functions:

ρin =
(f0 + f2 + f4) + 2(f3 + f7 + f6)

1− uin
,

f5 = f7 − 1

2
(f2 − f4) +

1

6
ρinuin, f8 = f6 +

1

2
(f2 − f4) +

1

6
ρinuin.

At the channel outlet, the open boundary condition is imposed. The applied approach is to assume that the

pressure at this boundary, i.e., the density ρout, is known. Three unknown distribution functions are calculated as

ux = −1 +
(f0 + f2 + f4) + 2(f1 + f5 + f8)

ρout
,

f3 = f1 − 2

3
ρoutux, f7 = f5 +

1

2
(f2 − f4)− 1

6
ρoutux, f6 = f8 − 1

2
(f2 − f4)− 1

6
ρoutux.

1.5. Code Validation

The numerical simulation was performed by an in-house code written in FORTRAN, by using the LBM.

Numerical investigations were carried out for the flow past a single circular cylinder confined in a channel. Com-

parisons of pressure distributions and drag coefficients obtained in the present work for Re = 100 with the previous

works [24–28] show that very good agreement has been obtained (Fig. 5 and Table 1).
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Fig. 5. Pressure distribution on the circular cylinder surface: potential flow (1), LBM solution for
Re = 100 (2), and experimental data [2] for Re = 100 (3).

Table 1. Drag coefficient CD for a circular cylinder at Re = 100

Reference CD Reference CD

Present study 1.45 Khan et al. [26] 1.40
Park et al. [24] 1.33 Hoffman [27] 1.47
Sucket and Brauer [25] 1.45 Von Wieselsberger [28] 1.43

Table 2. Mean Nusselt numbers for different arrangements of the cylinders

Arrangement of the cylinders
Num

Cylinder 1 Cylinder 2 Cylinder 3

Fig. 7a 6.30 6.39 5.81
Fig. 7b 5.65 5.66 5.15
Fig. 7c 6.24 6.29 6.08

2. RESULTS AND DISCUSSION

The streamline patterns for different Reynolds numbers are shown in Fig. 6. For low Reynolds numbers

(Re < 60), the streamlines are steady and agree well with previous experimental results. At Re > 60, the streamlines

vary due to flow unsteadiness. As the Reynolds number increases, the wake region decreases, which offers a

qualitative explanation for the decrease in the drag coefficient on the cylinder surface. At low Reynolds numbers,

it is seen that two vortices downstream of the cylinder, symmetrically placed about the channel centerline, remain

attached to the cylinder. The size of the vortices for the circular cylinder is greater than those for the elliptical

one and increases with the Reynolds number. If the Reynolds number is increased beyond a certain critical value,

the streamline patterns on the rear side of the cylinder become wavy and sinuous, and unsteady vortex shedding

becomes more visible. Figure 6 depicts the streamline patterns for the flow past the circular and elliptical cylinders

at different Reynolds numbers. Steady flow vortices seem to be more and more elongated as the Reynolds number

increases. It is seen from Fig. 6 that the vortices are shed at Re = 100, which is known as the famous von Kármán

vortex street.

The distributions of the local Nusselt number and isotherms at Re = 50 are presented in Fig. 7. It is seen

that the flow near the downstream cylinder faces is accelerated, the streamline patterns become wavy, and the

unsteady vortex shedding pattern becomes more visible. The maximum Nusselt number of each cylinder occurs at

the stagnation point (Figs. 7a, 7c, and 7e). At a fixed Reynolds number, the maximum local heat transfer rates on

the surfaces of the elliptical cylinders are significantly higher than those on the surfaces of the circular cylinders.

The mean Nusselt numbers for different arrangements of the cylinders are listed in Table 2. It is clear that the value
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Fig. 6. Streamline patterns for steady flows behind a circular cylinder (a, b, e, and f) and behind
an elliptical cylinder (c, d, g, and h) at different Reynolds numbers: Re = 30 (a–d) and 100 (e–h).

of Num is lower for the downstream cylinders. The Nusselt numbers for the circular cylinders are found to be lower

than for any geometry considered in this study; the presence of a vertical elliptical cylinder further downstream

leads to an increase in the rate of convective heat transfer from the hot cylinder.
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Fig. 7. Distributions of the local Nusselt number (a, c, and e) and isotherms (b, d, and f) for
different shapes and arrangement of the cylinders at Re = 50: circular cylinders (a and b); elliptical
cylinders (c–f); the cylinders are denoted by the numbers 1–3.

CONCLUSIONS

A detailed numerical study of the flow and heat transfer around a triangular unit of three isothermal cylinders

with different arrangements was investigated. A two-dimensional lattice Boltzmann method (LBM) was developed

to study heat transfer problems. In comparison with conventional CFD methods, the LBM has a simple calculation

procedure and can be used to describe complex geometries and boundary conditions. To illustrate the flexibility

of the method, various parameters, such as the pressure distribution and the drag coefficient, were investigated. It

was shown that these results were in good agreement with previous results.

In conclusion, some of the main points are briefly remarked.

The LBM can reproduce the essential features of the flow past a cylinder.

The maximum rate of heat transfer of the triangular unit is reached at the stagnation point of the cylinder.

The mean Nusselt number of upstream cylinders is higher in comparison to the downstream cylinder.

The local rates of heat transfer at the elliptical cylinders are significantly higher than those on the surfaces

of the circular cylinders.

The presence of a vertical elliptical cylinder further downstream leads to an increase in the rate of convective

heat transfer from the hot cylinder.
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