ISSN 0021-8944, Journal of Applied Mechanics and Technical Physics, 2015, Vol. 56, No. 3, pp. 433-442. (© Pleiades Publishing, Ltd., 2015.
Original Russian Text (© P. Loganathan, P. Nirmal Chand, P. Ganesan.

TRANSIENT NATURAL CONVECTIVE FLOW OF A NANOFLUID PAST
A VERTICAL PLATE IN THE PRESENCE OF HEAT GENERATION
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Abstract: In this work, an exact analysis on the effects of heat generation and nanoparticle volume
concentration on an unsteady free convective flow of a nanofluid past an impulsively started infinite
vertical plate is presented. Nanofluids containing nanoparticles of aluminum oxide, copper, titanium
oxide, and silver with a nanoparticle volume concentration range smaller than or equal to 0.04 are
considered. The governing dimensionless partial differential equations are solved by using the Laplace
transform technique. The effects of heat generation and nanoparticle volume concentration on the
velocity and temperature profiles are represented graphically. The expressions for the skin friction
coefficient and Nusselt number are derived. The effect of heat transfer is found to be more pronounced
in a silver—water nanofluid than in the other nanofluids. Comparisons with other published results
are found to be in excellent agreement.
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INTRODUCTION

A natural convective flow of a viscous incompressible fluid past a vertical plate has been studied by several
researchers due to its potential application in the nuclear reactor cooling system design. In nuclear reactors, the
reactor is constructed of several parallel vertical plates with heat generation. Fluid cooling and heating play an
important role in many industrial and engineering applications, particularly in nuclear reactors, thin film solar
energy collectors, and power generation and transportation. In these applications, the use of common heat transfer
fluids, such as water, ethylene glycol, and engine oil, limits heat transfer capabilities due to their poor heat transfer.
In many metallurgical processes, such as drawing of continuous filaments through quiescent fluids and annealing of
copper wires, the properties of the end product depend greatly on cooling involved in these processes. The lower
thermal conductivity of conventional heat transfer fluids is the primary limitation in enhancing the performance
and the compactness of many engineering electronic devices.

Nanofluids are nanotechnology-based heat transfer fluids that are derived by stably suspending nanometer-
sized particles in conventional heat transfer fluids. A nanofluid is the term first introduced by Choi [1] to describe
this new class of nanotechnology-based fluids that exhibit thermal properties superior to those of their host fluids.
Nanofluids are found to be devoid of problems such as sedimentation, erosion, and high pressure drop, and a
small volume fraction of particles is needed for heat transfer enhancement as compared to microparticle slurries.
Nanoparticles used in nanofluids are made of metals (aluminum and copper), carbides, metal oxides, graphite
particles, or carbon nanotubes. The base fluid usually is a liquid such as water or ethylene glycol.
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Stokes [2] studied an unsteady flow past an impulsively started infinite plate, which is the fundamental
problem in fluid mechanics and heat transfer (Stokes problem). Soundalgekar [3] presented an exact solution for
the flow past an infinite isothermal plate impulsively started in a viscous incompressible fluid. The effects of
mass transfer and heat sources on the Stokes problem for an infinite vertical plate were studied by Raptis and
Tzivanidis [4].

The present study is an extension of the Stokes problem to nanofluids. The phenomenal increase in thermal
conductivity of the fluids with an addition of a small volume of nanoparticles created tremendous interest in the
technique of heat transfer enhancement. Several researchers [5-8] stated that the thermal conductivity of suspensions
can increase by more than 20% with low nanoparticle volume concentrations (1-5 vol.%).

Eastman et al. [9] showed that 60% enhancement of the thermal conductivity can be obtained with a 5 vol.%
fraction of CuO nanoparticles in the base fluid (water). The increase in the heat transfer coefficient is a better
indicator than the thermal conductivity enhancement for nanofluids used in the design of heat exchange equipment.

Pak and Cho [10] performed experiments on heat transfer in two kinds of nanofluids containing y-AlyO3
and TiOs dispersed in water, and the results showed that the Nusselt number of the dispersed fluid increases with
increasing volume fraction of suspended solid particles and Reynolds number.

Buongiorno [11] considered seven slip mechanisms that can produce a relative velocity between the nanopar-
ticles and the base fluid and showed that the Brownian diffusion and thermophoresis are important mechanisms in
the laminar flow in nanofluids. Wen and Ding [12] studied natural convection in water-based nanofluids contain-
ing TiOy nanoparticles. Gosselin and Silva [13] showed that there are optimum particle loadings for the highest
heat transfer in laminar and turbulent flows of nanofluids. Nanofluid research leads to developing next-generation
coolants for numerous engineering and medical applications.

A new theoretical model which predicts strongly particle-size-dependent conductivity was proposed by Jang
and Choi [14]. This model can improve manufacturing of nanotechnology-based coolants. Kuznetsov and Nield [15]
studied a natural convective boundary layer flow of a nanofluid past an infinite vertical plate by considering ther-
mophoresis and the Brownian motion of nanoparticles. Chamkha and Aly [16] investigated an MHD free convection
flow of a nanofluid past a vertical plate in the presence of heat generation or absorption effects. In both of
the above-mentioned cases [15, 16], only steady-state effects were considered. Nield and Kuznetsov [17] studied
the Cheng-Minkowycz problem for a natural convection boundary layer flow in a porous medium saturated by a
nanofluid. Khan and Pop [18] reported a boundary layer flow of a nanofluid past a stretching sheet. Hamad et
al. [19] investigated magnetic field effects on a free convection flow of a nanofluid past a semi-infinite vertical flat
plate. Recently, an unsteady boundary layer flow of a nanofluid over a permeable stretching/shrinking sheet was
theoretically studied by Bachok et al. [20]. Ahmed and Pop [21] studied a mixed convection boundary layer flow
from a vertical flat plate embedded in a porous medium filled with a nanofluid. Lin et al. [22] investigated a natural
convective boundary layer flow of a nanofluid in a vertical cavity.

In the literature, no studies have been reported so far with regard to heat generation effects on a transient
free convective flow of a nanofluid past an infinite vertical plate.

The objective of this paper is to analyze heat generation effects on a transient natural convective flow of
Al;03, Cu, TiO, and Ag nanoparticles with water as a base fluid past an infinite vertical plate. The unsteadiness
is caused by impulsive motion of the vertical plate.

1. MATHEMATICAL ANALYSIS

Let us consider an unsteady incompressible two-dimensional flow of a nanofluid past an impulsively started
infinite vertical plate. The flow moves along the x axis directed along the vertical plate in the upward direction,
and the y axis is taken normal to it (Fig. 1).

At t’ < 0, the plate and the fluid are at the same temperature. At ¢’ < 0, the plate is at rest; at ¢’ > 0,
it starts to move in the vertical direction with a constant velocity ug. It is assumed that the viscous dissipation
effects are neglected, and the fluid has a volumetric rate of heat generation (Qy. The plate surface is maintained at
a constant temperature Ty,, which is higher than the temperature of the ambient nanofluid T,,. The fluids under
consideration are water-based nanofluids, each containing four different types of nanoparticles: aluminum oxide
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Fig. 1. Schematic diagram of the flow configuration: (1) vertical
plate; (2) nanofluid; (3) temperature profile; (4) velocity profile.

Table 1. Thermophysical properties of water and nanoparticles

Nanofluid component  p, kg/m3 ¢, J/(kg-K) &k, W/(m-K)

Water 997.1 4179.0 613

Al203 3970.0 765.0 40
Cu 8933.0 385.0 401

TiO2 4250.0 686.2 8.9528
Ag 10500.0 235.0 429

(Al;03), copper (Cu), titanium oxide (TiO3), and silver (Ag). In this case, the nanofluids are assumed to behave
as single-phase fluids with a local thermal equilibrium between the base fluid and the nanoparticles suspended in it
so that no slip occurs between them.

The coordinate system and the flow configuration are shown in Fig. 1. The thermophysical properties of the
nanofluids are listed in Table 1 (p is the density, ¢, is the specific heat at constant pressure, and & is the thermal
conductivity) [23].

The basic unsteady momentum and thermal energy equations based on the model for nanofluids [24] satisfying
the Boussinesq approximation [25] are

ou 1 0%u
(unf a2 T (PB)nryg(T — Too)),

ot Pnf
1)

oT 1 o*r (

= i T-T.)).
91 = (pey)as 21 gy + DT = T)
The initial and boundary conditions are
<0, u=0T="Tyx Vu, >0, u=uy, T=T, at y=0,

(2)

u—0, T—Ty as y— oo
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Table 2. Models of nanofluids based on different formulas for thermal conductivity and dynamic viscosity

Model Shape f)f Thermal conductivity Dynamic viscosity
nanoparticles
k ks + 2k — 2p0(ks — ks)
1 Spherical nf =" f f ° = 1—)2°
p by T et 2k 4l — ) g = py/(1 =)
k ks + 2k — 2p0(ks — ks)
2 Spherical nf oo BT fo = pg(1+7.3p + 12392
p kT et 2k 4l — ) Hng = s ( ¢ ¢%)
3 Cylindrical kg _ ks +kp/2—p(ky —ks)/2 fg = g /(1= )2
(nanotube) kg ks +kp/24+ (ks —ks)
odri k k ki/2—p(kyr —ks)/2
4 Cylindrical nf _ s +ky/ o(ky s)/ png =pf(1+ 730+ 123¢2)
(nanotube) kg ks +kp/24+ (ks —ks)

Here u is the velocity along the x axis, p,s is the effective density of the nanofluid, .y is the effective dynamic
viscosity of the nanofluid, 8,y is the thermal expansion of the nanofluid, and g is the acceleration due to gravity.
For nanofluids, the expressions for p, s and (pcp)ns are written as

pny = (L= @)ps + ©ps,

3)
(0B)ng = (L= @) (pB) s +@(pB)s,  (pep)ns = (1= ¢)(pcp) s + ¢ (pcp)s-
The effective thermal conductivity of the nanofluid given by the model of Hamilton and Crosser [26] is
ke _ ks + (n—1Dky = (n—1)p(ky — ks) @

kg ks +(n = Dk + @(ky — ks)
In Egs. (1)—(4), n is the empirical shape factor for the nanoparticle (n = 3 for spherical nanoparticles and n = 3/2
for cylindrical nanoparticles), ¢ is the solid volume fraction of nanoparticles, i is the dynamic viscosity, and j is the
thermal expansion coefficient. The subscripts nf, f, and s represent the thermophysical properties of the nanofluids,
base fluid, and solid nanoparticles, respectively. The expressions for the thermal conductivity and dynamic viscosity
for various models are given in Table 2.
Let us introduce the following dimensionless variables:

U:u, Y:yuo’ t:t/ug, o T—TOO,
Ug vy vy Tow — Tso

Tw - Too
Q= 2Qon , Gr = 98( 3 )Vf, Pr = v
ug(pep) f Up ay

Here Gr is the Grashof number, Pr is the Prandt]l number, and vy is the kinematic viscosity of the fluid.
The dimensionless governing partial differential equations (1) and boundary conditions (2) have the form

ou — 1 1 82U 1- ¥ + @(pﬂ)s/(pﬁ)f Gro: (5)
ot (1—9)?> 1— o+ pps/py OY? L—o+ps/ps ’
00 1 kng 1 020
ot 1—o+o(pcy)s/(pep)y ( kg Pr oy? N ) ©
t<0,U=0,0=0 VY, t>0,U=160=1 for Y =0,
7
U—0, 6—-0 for Y — 0. @
Let us introduce the following variables:
1 1 _ L=+ 0B)s/(0B)s
a1 = 2.5 ’ = L
(1=9)*® 1=+ ¢ps/ps L=+ ¢ps/py
1 knp 1 Q
as Oy

o 1- w+ ‘P(pcp)S/(pC;D)f ky Pr 7
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Now Egs. (5) and (6) can be written as
8U_a 82U+a9 (’99_a 020
/) T VA )
Equations (6) subjected to the boundary conditions (7) are solved by using the Laplace transform technique.
The velocity U and temperature 6 are obtained as

— OZ46‘. (8)

zt zt

Qo3 n e e 1
[erfc(\/al)— , (Ar+42)+ 5 (Bl+32)—2(cl+c2)},

)
Vo 10y

=) o) oo 2, )

Ay =exp (277\/021 )erfc(\/zl +\/zt), Ay :exp(—277\/z )erfc(\/zl —\/zt),

B; =exp (27]\/(2 + au)t ) erfe (\/23 +(z+ a4)t),

U= erfc(

where

(O%:]

By :exp(—2n\/(2 Z;Mﬂ )erfc( [ \/(Z+a4)t),

Vo
_ aqt n _ B ayt no_
Cy =exp (27]\/ o ) erfc (\/043 +Vaut ), Cy = exp ( 277\/ oy ) erfc (\/a3 Vaut ),
_ —Oé4/0[3 _ Y . _ 2 / 2
z= 1as —1/a” n= W erfc(s) =1 —erf(s), erf(s)= J e % ds.
0

The Nusselt number and the skin friction coefficient are found from the expressions

nf (O 5}
Nu= _2\1/t kkff (5707) ‘n:O’ Cr= 2\1/t (1 —1@)2'5 (3[7;) ‘n:O'

2. RESULTS AND DISCUSSION

The dimensionless partial differential equations (5) and (6) together with the boundary conditions (7) are
solved by using the Laplace transform technique for the exact solution. The calculations are performed for various
values of problem parameters. The nanoparticle volume concentration is assumed to change in the range 0 < ¢ <
0.04. Sedimentation takes place when the nanoparticle volume concentration exceeds 8%.

In this study, we consider spherical nanoparticles with the thermal conductivity and dynamic viscosity
defined as

kng _ ks 4 2kp — 20(ky — ks) _ Kby

kp ket 2k +plk— k) T (12
Nanofluids containing aluminum oxide (Al;O3), copper (Cu), titanium oxide (TiOz), and silver (Ag) nanoparticles
with water as a base fluid are considered. The Prandtl number of the fluid is taken to be 6.2. The velocity U and
temperature 6 are calculated by Eqgs. (9). The results are in good agreement with those for a regular fluid without
nanoparticles [3] (Fig. 2).

The transient velocity profiles U of the silver—water nanofluid (¢ = 0.04) as functions of the parameter 7
for two time instants ¢ and for different values of the heat generation parameter @) are shown in Fig. 3. Increasing
the value of the heat generation parameter ) has a tendency to increase the thermal state of the fluid. In turn,
an increase in the fluid temperature induces a flow toward the plate through the thermal buoyancy effect. The
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Fig. 2. Velocity U (a) and temperature 6 (b) versus the parameter 1 for a copper—water nanofluid:
the solid curves show the results of the present study (Q = 0.2 and ¢ = 0.04); the dashed curves
show the data of [3] (Q = 0 and ¢ = 0).
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Fig. 3. Fig. 4.

Fig. 3. Velocity U versus the parameter n for a silver—water nanofluid at Pr = 6.2, ¢ = 0.04,
Gr = 5, and different values of @: the solid and dashed curves show the results for ¢ = 0.4 and 0.6,
respectively; @ = 0.05 (1) and 0.2 (2).

Fig. 4. Temperature 0 versus the parameter 7 for a silver-water nanofluid at Pr = 6.2, ¢ = 0.04,
Gr = 5, and different values of the parameter @: the solid and dashed curves show the results for
t = 0.2 and 0.4, respectively; Q = 0.2 (1) and 2.0 (2).

momentum boundary layer thickness decreases; hence, the nanofluid velocity also decreases. It is also observed that
the nanofluid velocity increases with time.

Figure 4 depicts the temperature profiles 6 of the silver—water nanofluid (¢ = 0.04) as a function of the
parameter n for two time instants ¢ and for different values of the heat generation parameter @ (Pr = 6.2 and
¢ = 0.04). It is observed that the temperature of the nanofluid decreases with an increase in the value of the
heat generation parameter (). As the heat generation parameter increases, more heat is produced; hence, the
nanofluid velocity increases. The temperature decreases monotonically with increasing n for different values of the
heat generation parameter () and time ¢.

The transient velocity profiles U of the copper—water nanofluid and titanium—oxide—water nanofluid are plot-
ted as functions of n for different values of ¢ in Fig. 5. With an increase in the nanoparticle volume concentration ¢,
the fluid velocity decreases for a fixed value of 7. It is also observed that the decrease in the fluid velocity with an
increase in the nanoparticle volume concentration is more pronounced for the copper—water nanofluid. This may be
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Fig. 5. Velocity U versus the parameter n at Pr = 6.2, Q = 0.2, Gr = 5, and different values of ¢:
the solid and dashed curves show the results for ¢ = 0.6 and 0.4, respectively; curves 1-3 show the
results for the fluid without nanoparticles (¢ = 0), for the nanofluid with titanium oxide particles
(¢ = 0.02), and for the nanofluid with copper particles, respectively.

Fig. 6. Velocity U versus the parameter n for ¢ = 0.04, Gr =5, Q@ = 0.2, Pr = 6.2, and different
types of nanoparticles: fluid without nanoparticles (1), nanofluid with AloO3 particles (2), nanofluid
with TiO2 particles (3), nanofluid with Cu particles (4), and nanofluid with Ag particles (5).
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Fig. 7. Fig. 8.

Fig. 7. Velocity U of the nanofluid with aluminum oxide particles versus the parameter 7 at
Pr =6.2, Q = 0.2, Gr = 5, and different values of the parameter ¢: the solid and dashed curves
show the results for t = 0.6 and 0.4, respectively; ¢ = 0 (1), 0.02 (2), and 0.04 (3).

Fig. 8. Temperature 6 of the nanofluid with copper particles versus the parameter n at Pr = 6.2,
Q = 0.2, Gr = 5, and different values of the parameter ¢: the solid and dashed curves show the
results for ¢ = 0.2 and 0.4, respectively; ¢ =0 (1), 0.02 (2), and 0.04 (3).

due to the fact that the thermal conductivity of the nanofluid depends on the nanoparticle volume concentration.
It is observed that the nanofluid velocity increases with time in the presence of heat generation.

Figure 6 shows the velocity profiles U of all nanofluids as functions of the parameter n. It is observed that
addition of different types of nanoparticles suppresses the velocity regardless of the type of nanoparticles. It is also
noticed that the velocity of the silver—water nanofluid is smaller as compared to other nanofluids under consideration,
which infers that the change in the flow velocity is associated with the thermal conductivity of nanofluids.
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Fig. 9. Nusselt number versus time for the silver—water nanofluid at Pr = 6.2, Q = 0.2, Gr = 5,
and ¢ = 0 (1), 0.01 (2), 0.02 (3), and 0.04 (4).

Fig. 10. Nusselt number versus time at Pr = 6.2, Q = 0.2, Gr = 5, and ¢ = 0.04 for nanofluids
with different types of nanoparticles: nanofluid with TiO2 particles (1), nanofluid with AloOs
particles (2), nanofluid with Cu particles (3), and nanofluid with Ag particles (4).

The transient velocity profiles U of the aluminum—-oxide—water nanofluid are plotted in Fig. 7 as functions
of the parameter 7 for different volume concentrations (¢ = 0, 0.02, and 0.04). It is observed that the fluid velocity
is higher in the absence of nanoparticles than the nanofluid velocity. The velocity is found to increase with time.

Figure 8 shows the effect of the nanoparticle volume concentration 7 on the temperature profile 6 of the
copper—water nanofluid for ¢ = 0, 0.02, and 0.04. It is seen that the thermal boundary layer increases continuously
with an increase in the nanoparticle volume concentration. This is due to the physical behavior of nanofluids that
the thermal conductivity increases with an increase in the nanoparticle volume concentration. It is inferred from
Figs. 7 and 8 that the changes in the velocity and temperature of nanofluids are associated with the change in the
nanoparticle volume concentration. This suggests the use of nanofluids in processes that involve heat transfer.

Figure 9 shows that the rate of heat transfer increases with an increase in the nanoparticle volume concentra-
tion in the range 0 < ¢ < 0.04 owing to the higher thermal conductivity of nanofluids. The greater the nanoparticle
volume concentration, the greater the heat transfer rate, which is an important feature of nanofluids.

The nanofluid properties vary significantly within the boundary layer because of the temperature gradient.
The effect of the temperature gradient can result in a significant decrease in viscosity and, thus, enhance the heat
transfer. The heat transfer rate is more pronounced in the silver-water nanofluid than in the other nanofluids
(Fig. 10). This is due to the fact that silver (Ag) nanoparticles have the highest thermal conductivity among all
types of nanoparticles under consideration.

It is observed from Fig. 11 that the skin friction coefficient C'; increases with an increase in the nanoparticle
volume concentration. As the time increases, the skin friction coefficient decreases and becomes negative, which
shows that a reverse type of the flow occurs near the plate. Thus, the presence of nanoparticles results in an
increased magnitude of skin friction.

CONCLUSIONS

The present analysis investigates an unsteady natural convective flow of a nanofluid past an infinite vertical
plate with heat sources. The dimensionless partial differential equations are solved by using the Laplace transform
technique. The velocity and temperature profiles of different types of nanofluids with different nanoparticle volume
concentrations are studied. The expressions for the Nusselt number and skin friction coefficient are also obtained.
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Fig. 11. Skin friction coefficient versus time for the copper—water nanofluid for Pr = 6.2 and
different values of Gr: the solid and dashed curves show the results for ¢ = 0.04 and 0, respectively;
Gr=0.3 (1) and 0.5 (2).

The conclusions of this study can be summarized as follows. An increase in the nanoparticle volume con-

centration ¢ yields an increase in the nanofluid temperature, which leads to an increase in the heat transfer rate.
An increase in the nanoparticle volume concentration ¢ leads to an increase in the skin friction coefficient. An in-
crease in the heat generation parameter decreases the temperature and velocity of the nanofluid. The silver—water
nanofluid is proved to have a higher heat transfer rate than the nanofluids containing copper, aluminum oxide, and
titanium oxide particles.
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