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Nonlinear waves of the reaction–diffusion (RD) type occur in many biophysical systems, including the heart,
where they initiate cardiac contraction. Such waves can form vortices called scroll waves, which result in the
onset of life-threatening cardiac arrhythmias. The dynamics of scroll waves is affected by the presence of
inhomogeneities, which, in a very general way, can be of (i) ionic type; i.e., they affect the reaction part, or
(ii) conduction type, i.e., they affect the diffusion part of an RD-equation. We demonstrate, for the first time,
by using a state-of-the-art, anatomically realistic model of the pig heart, how differences in the geometrical
and biophysical nature of such inhomogeneities can influence scroll-wave dynamics in different ways. Our
study reveals that conduction-type inhomogeneities become increasingly important at small length scales,
i.e., in the case of multiple, randomly distributed, obstacles in space at the cellular scale (0.2–0.4 mm). Such
configurations can lead to scroll-wave break up. In contrast, ionic inhomogeneities affect scroll-wave dynam-
ics significantly at large length scales, when these inhomogeneities are localized in space at the tissue level
(5–10 mm). In such configurations, these inhomogeneities can attract scroll waves, by pinning them to the
heterogeneity, or lead to scroll-wave breakup.
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INTRODUCTION
Nonlinear waves occur in excitable media of phys-

ical, chemical, and biological origin. Such waves can
form vortices in two and three dimensions; these are
called spiral and scroll waves, respectively, and they
are involved in the spatiotemporal organization of
wave dynamics in various complex systems. Therefore,
the study of such waves is a subject of interest in a
broad area of research. One of the most important
applications of such studies is the formation of vortices
in cardiac tissue, which is associated with the onset
and development of lethal cardiac arrhythmias [1–7].
Thus, understanding the factors that determine the
dynamics of scroll waves is a topic of great interest.
Cardiac arrhythmias, such as ventricular tachycardias
(VT) are generally associated with stationary, mean-
dering, or drifting, periodic or quasiperiodic scroll
waves; whereas, ventricular fibrillation (VF) is associ-
ated with scroll-wave breakup. The dynamical behav-

ior of scroll waves in cardiac tissue is affected signifi-
cantly by the presence of inhomogeneities [2, 3, 8–
16], which can occur in the heart in many forms.
However, biophysically, they can be grouped into two
major classes: (i) ionic-type, i.e., inhomogeneities in
the properties of different cells that constitute the sys-
tem; and (ii) conduction-type, i.e., inexcitable obsta-
cles. An in-depth knowledge of the role of these inho-
mogeneities is essential for understanding the mecha-
nisms that underlie most cardiac arrhythmias.

In experiments, it is often difficult to study system-
atically the role of these inhomogeneities in the devel-
opment of arrhythmias, with regard to the nature,
position, and distribution of these inhomogeneities
within the heart. Thus, it is important to search for
alternative methods of investigation. Mathematical
modelling provides an important tool here; it has been
used extensively, with outstanding success, in interdis-
ciplinary science. From a mathematical point of view,1 The article is published in the original.
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the excitable, cardiac-tissue medium is described by a
reaction–diffusion (RD) equation of the type:

(1)

with the reaction part  accounting for proper-
ties of cardiac cells and the diffusion part , for
the connection of cells to tissue. In this setting, an
ionic inhomogeneity represents a modification of ,
whereas a conduction inhomogeneity involves a mod-
ification of .

In this Letter, we present an extensive numerical
study of scroll-wave dynamics in the presence of inho-
mogeneities in an anatomically realistic model of the
pig heart. We have used the single-cell, modified,
Luo-Rudy I (mLRI) model [17] to construct our car-
diac-tissue model and the anatomically realistic
geometry obtained in [18]. We have studied the effects
on scroll-wave dynamics of large-length-scale, soli-
tary inhomogeneity (old infarction) and small-length-
scale, multiple, conduction inhomogeneities (fibrosis)
and compared our results from these studies with
those we have obtained from similar large- and small-
length-scale ionic inhomogeneities. Our results illus-
trate for the first time that conduction inhomogene-
ities influence scroll-wave dynamics significantly,
when they occur at small length scales (sub-millime-
ter) in distributed patterns; by contrast, ionic inhomo-
geneities play a significant role in influencing such
dynamics at large length scales (millimeters), when
they are localized in space.

METHODS

A modified version of the original Luo-Rudy I
model [19], namely, the mLRI [17], was used to model
the electrophysiological properties of the pig cardiac
cell. The original parameters of the mLRI model,
including the effects of Eqs. (4)–(7) of Qu et al. [17]
were used to simulate the pig heart electrophysiology
in our studies. In two dimensions (2D), this parameter
set yielded a spiral wave rotating at a frequency

12 Hz, the approximate frequency of spiral waves
[20, 21] in the pig heart.

Here, the transmembrane potential ( ) of a car-
diac cell depends on the sum of  ionic currents ( )
and the applied current stimulus ( ) according to
the following partial differential equation:

(2)

where  is the specific membrane capacitance of the
cell. The diffusion tensor  is a  matrix [23, 24]
with elements

(3)
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Diffusion coefficients for longitudinal ( ) and trans-
verse ( ) propagation are chosen as  cm2/ms
0.00025 cm2/ms, respectively, to obtain conduction
velocities 59 cm/s and 20.5 cm/s, respectively, in
the longitudinal and transverse directions; these are
consistent with the normally accepted values for pig
cardiac tissue [22]. The vector  specifies the local,
muscle-fiber orientation.

To construct an anatomically realistic simulation
domain, processed DTMRI data points, have been
embedded into a cubical simulation domain [23, 24],
with  vertices. Each node in this cubical domain
are labeled as a heart point (HP), if the node coincides
with one of the points from the processed data set, or
as a non-heart point (NHP) otherwise. The temporal
part of Eq. (2) is solved by using Euler’s method; we
use a centered, finite-difference scheme with

 cm to solve Eq. (2) in space.
Zero-flux boundary conditions are incorporated on
the boundaries of the anatomically realistic heart by
adopting a phase-field approach [25].

To model large-scale inhomogeneities, spheres of
radius  were embedded in  different positions of
the simulated heart wall (P1, P2, and P3), with the
possibility of protrusion into the inner cavities, or out
of the exterior surface of the heart. Small-scale inho-
mogeneities were modeled as randomly distributed
cubical cells of side  [24], that contained  node
each (5, 10, 15, and 20% by number). To model con-
duction-type inhomogeneities,  was set to 
inside the inhomogeneity. To model ionic inhomoge-
neities, only the value of the slow, inward conductance

 was set to 0.02 ms/cm2 [3] at the sites covered by
the inhomogeneity, without adjusting the elements of
the diffusion tensor. Figure 1 shows the positions and
distributions of inhomogeneities considered.
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Fig. 1. (Color online) (Upper panels) Schematic diagrams
of the pig heart with the large-length-scale, spherical inho-
mogeneity at positions P1, P2, and P3. (Lower panels)
Small-length-scale inhomogeneities that are distributed
randomly, covering 5, 15, and 20%, respectively, of nodal
sites.
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RESULTS
No Inhomogeneities

In the absence of inhomogeneities, we obtain a sin-
gle stable periodically rotating scroll, with an average
frequency 12 Hz. We then study scroll-wave dynamics
in the presence of large- and small-scale conduction
and ionic inhomogeneities. Thus, in total, we consider

 different cases with different inhomogeneities. Our
main findings from these  cases are listed in Tables 1
and 2. The details of our results are also discussed
below with figures to illustrate the most important
types of dynamical behaviors.

Conduction Inhomogeneities

Figure 2 shows the effects of various conduction
heterogeneities on scroll-wave dynamics (cases 1 and
2). We find that solitary, large-scale conduction inho-
mogeneities do not have any pronounced effect on
scroll-wave dynamics. Indeed, at all  positions of the
inhomogeneity P1, P2, and P3, the scroll wave
remains insensitive to the presence of the obstacle
(Fig. 2a). However, small-scale conduction inhomo-

10
10

3

geneities affect scroll-wave dynamics substantially by
changing the characteristics of the scroll wave and
causing its breakup. At all distributions of small-scale
conduction inhomogeneities that we have considered,
namely, 5, 10, 15, and 20% inhomogeneity (case 2),
we observe the following a shortening of the spatial
wavelength of the scroll, and scroll-wave breakup at
inhomogeneities 15% (Fig. 2b).

Ionic Inhomogeneities

Figure 3 illustrates the effects of various ionic het-
erogeneities on scroll-wave dynamics (cases 3 and 4).
We see that solitary, large-scale ionic inhomogeneities
have a substantial effect on scroll-wave dynamics. We
observe interesting dynamical behavior, such as,
scroll-wave breakup (Fig. 3a: P1) and anchoring (P3)
(case 3). On the contrary, small-scale ionic inhomo-
geneities do not lead to qualitatively interesting
dynamics: for all the inhomogeneities, we have con-
sidered, namely, 5, 10, 15, and 20% (case 4) (Fig. 3b)
we do not find a pronounced change in scroll-wave
dynamics.

*

Table 1. Conduction inhomogeneity

Case 
no. Inhomogeneity type Dynamics

1 large (P1)
large (P2)
large (P3)

Scroll wave remains pas-
sive towards the presence of 
the inhomogeneity

2 small (5%) Scroll wavelength reduces
small (10%) Scroll wavelength reduces
small (15%) Unstable breakup
small (20%) Stable breakup

Table 2. Ionic inhomogeneity

Case 
no. Inhomogeneity type Dynamics

3 large (P1) Stable breakup
large (P2) No change
large (P3) Stable anchoring

4 small (5%) No significant qualitative 
change. Dynamics is insen-
sitive to the presence of the 
inhomogeneity

small (10%)
small (15%)
small (20%)

Fig. 2. (Color online) Representative snapshots of scroll-
wave dynamics in anatomically realistic pig hearts in the
presence of (a) large- and (b) small-scale conduction
inhomogeneities. 

Fig. 3. (Color online) Representative snapshots of scroll-
wave dynamics in anatomically realistic pig hearts in the
presence of (a) large- and (b) small-scale ionic inhomoge-
neities. 
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Taken together, our results demonstrate that large-
scale conduction inhomogeneities do not affect scroll-
wave dynamics in the pig heart. However, if the inho-
mogeneity is of ionic type, it can lead to scroll-wave
breakup. On the contrary, small-scale conduction
inhomogeneities have a significant influence on the
dynamics of scroll waves; such inhomogeneities gen-
erally lead to some decrease in the spatial wavelength
of the scroll wave and initiate scroll-wave breakup.
Small-scale ionic inhomogeneities, however, prove to
be protective against breakup.

DISCUSSION
We have carried out a comprehensive numerical

study of scroll-wave dynamics in an ionic model for
pig cardiac tissue; and we have compared, in the same
conditions, the effects of conduction and ionic hetero-
geneities, both for small and large length scales [3, 12,
13], on such scroll-wave dynamics.

Our principal, qualitative result that small-scale
inhomogeneities are important in the diffusion part is
a consequence of the effect of the diffusion processes
on the reaction part (called the electrotonic effect in
electrophysiology) [26]. However, we have also found
that small-scale conduction inhomogeneities are not
averaged out by the diffusion. Therefore, their mean-
field consideration, e.g., by using homogenization
techniques, should be done with caution. For large-
scale heterogeneities, our results are in line with find-
ings for human cardiac-tissue simulations [27]. How-
ever, these have been performed on a completely dif-
ferent cardiac geometry, different cell models, and for
substantially different values of scroll wavelengths. In
addition to dynamical anchoring (via the transient-
breakup phase) described in [27] we have also
observed anchoring of the other type resulting from a
drift of the scroll for qualitatively different positions of
the heterogeneity: in particular, we have placed het-
erogeneity inside the septum and have found that it
can attract scroll waves and thus lead to interesting
new dynamics.
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