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 INTRODUCTION

Graphene is a new promising nanomaterial with
unusual properties [1] having record stiffness under
tension in the plane of a sheet [2], but a very small flex�
ural stiffness. As a result, graphene tends to form wrin�
kles at the application of shear deformation [3–6] or
compressing stresses in the plane of the sheet [7–9],
under the action of thermal fluctuations or external
force fields [10–12], owing to the interaction with a
substrate [12–15], and at nanoindentation [16]. The
formation of wrinkles is characteristic of many mate�
rials in the form of membranes or thin films, where a
self�similar hierarchy of wrinkles appears under edge
constraints [17]. This phenomenon is studied in many
scientific fields, underlying the development of various
technologies. In particular, it is known that the forma�
tion of wrinkles in thin metal films on a substrate can
be used to create ordered structures [18].

The authors of [17] showed that the amplitude and
wavelength of wrinkles in quite long membranes wavy
fixed at the edges increase with the distance from a
fixed edge. Transient regions where the wavelength of
wrinkles changes are called wrinklons.

The authors of [15] showed that suspended
graphene is more preferable than graphene on a sub�
strate as a basic element for new�generation micro�
electronics. It was established that the formation of
wrinkles significantly affects the properties of sus�
pended graphene [19], stimulating great interest of
experimentalists [11, 15] and theoreticians [4–6, 20–
22] in study of the geometry of wrinkles and wrinklons.

The geometric properties of wrinkles in a graphene
nanoribbon with fixed edges under uniform plane
strain were analyzed recently in [4, 6, 14, 22]. The
dependences of the wavelength, amplitude, and orien�
tation of wrinkles on the components of uniform strain
and width of the nanoribbon were determined. How�
ever, those works studied relatively narrow nanorib�
bons where the formation of wrinklons is energetically
unfavorable. An increase in the width of the nanorib�
bon results in the appearance of the hierarchy of wrin�
kles with change in the wavelength of wrinkles in wrin�
klons.

In this work, a graphene nanoribbon with fixed
edges and the width sufficiently large to form wrinkles
with various wavelengths connected by wrinklons is
studied with the focus on the energy of the transient
region near the fixed edge of the graphene sheet.

DESCRIPTION OF THE MODEL

We perform calculations for a rectangular transla�
tion cell that contains four atoms and has the dimen�

sions a0 = ρ0 and b0 = 3ρ0, where ρ0 is the inter�
atomic distance. Translation cells are specified by
indices m and n. The (m, n) translation cell in Fig. 1 is
shaded. The atoms in a translation cell is specified by
the index k = 1, …, 4. The x (y) coordinate axis corre�
sponds to the zigzag (armchair) direction. The calcu�
lation cell had the dimensions of M = 56, 64, 72, …,
104 translation cells in the x direction and N = 700 cells
in the y direction and contained 4 × M × N atoms. The
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uniform elastic strain of the graphene lattice was  =

–0.08 or –0.06 at fixed values  = 0.10 and  =
0. As a result, the dimensions of the translation cell

became a = a0(1 + ) and b = b0(1 + ). The width
and length of the deformed nanoribbon were W = aM
and L = bN, respectively.

Periodic boundary conditions were used for the
edges parallel to the y axis. The displacements of
atoms in the translation cells n = 700 were set to zero,
simulating the fixed end of the nanoribbon. The con�
dition mirror symmetry of atomic displacements with
respect to the (xz) = 0 plane was imposed on the other
end of the nanoribbon, which made it possible to con�
sider only half of the nanoribbon with two fixed ends.

To describe the interatomic interactions, we used a
standard set of molecular dynamics potentials [23],
which provides the equilibrium length of a valence
bond ρ0 = 1.418 Å. The standard set of interatomic
potentials was successfully tested in study of the heat
conductivity of a graphene nanoribbon with rough
edges [23], determination of the stability region of a
graphene sheet uniformly deformed in its plane [24],
determination of the geometric parameters of wrinkles
in graphene nanoribbons with fixed edges [22], study
of clusters of discrete breathers in deformed graphene
[25], and study of discrete breathers at the edge of a
graphene nanoribbon [26, 27].
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Applied elastic strains induce a compressive mem�
brane force Tx and tensile membrane force Ty so that
unidirectional wrinkles are formed along the nanorib�
bon.

The relaxation dynamics of the nanoribbon under
given initial conditions is studied in order to find its
equilibrium configuration.

In this work, we study wrinklons, i.e., transient
regions connecting wrinkles with different wave�
lengths. The initial conditions were specified so as to
simulate a transition between wrinkles with different
wavelengths in the graphene nanoribbon. To this end,
the displacements of atoms in the direction normal to
the plane of the nanoribbon were specified in the form
of sinusoidal functions: Δz(x, y) = A1sin(2πx/λ1) in the
interval 0 ≤ n ≤ 550 and Δz(x, y) = A2sin(2πx/λ2) in the
interval 551 ≤ n ≤ 699, where λ1 coincides with the
width W of the nanoribbon, λ2 = λ1/2 or λ1/3, and
A1 = A2 = 0.1 Å are taken for the amplitudes of sinuso�
idal displacements. For such small amplitudes, inter�
atomic bonds were not broken at the places of joining
of waves with different λ values. The initial displace�
ments in the plane of the graphene sheet and initial
velocities of atoms were zero. Figures 2a and 2b show
atoms of the nanoribbon having (gray) positive and
(black) negative displacements in the direction normal
to the plane of the nanoribbon obtained according to
the initial conditions.

SIMULATION RESULTS

The relaxation of atoms in the structures shown in

Figs. 2a and 2b results at  = –0.08 in the formation
of structures shown in Figs. 2c and 2d, respectively.
Figure 2 also shows the dependences of (e) the poten�
tial energy e per atom and (f) the maximum displace�
ment ΔZ of atoms from the plane of the nanoribbon on
the number n after the relaxation of the nanoribbon for

 = –0.08 under the initial conditions (solid lines)
λ1  λ1/2 and (dotted lines) λ1  λ1/3. It is note�

worthy that e(n) = (1/4M) em, n, k, where
em, n, k is the potential energy of the (m, n, k) atom.

According to Fig. 2e, the dependences e(n) for two
resulting equilibrium configurations multiply intersect
each other. In order to reveal which transient configu�
ration has the lower total potential energy, we calculate

the quantity E = (4M/W) . Here,
e(0) is the potential energy per atom in translation
cells with n = 0 (far from the fixed edges of the nanor�
ibbon). We calculated the energies of configurations
obtained after relaxation under two initial conditions,
λ1  λ1/2 and λ1  λ1/3, for nanoribbons with the

elastic strain components  = –0.06 and  = 0.10

(see Fig. 2g), as well as  = –0.08 and  = 0.10
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Fig. 1. Structure of undeformed graphene. The x (y) coor�
dinate axis corresponds to the zigzag (armchair) direction.
The length of an interatomic bond is ρ0. A translation cell

has the dimensions a0 = ρ0 and b0 = 3ρ0 and contains
four carbon atoms. The cell with indices m and n is shaded.
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(see Fig. 2h). It can be noted that, although the con�
figurations of wrinklons, as well as the lengths of the
transient region, are significantly different, the result�
ing energies of the transient regions almost coincide
for the two strain values under consideration and for
all wavelengths of wrinkles far from the edge. In par�
ticular, the energies of the transient regions for nan�
oribbons shown in Figs. 2c and 2d are  =

0.82391 eV/Å and  = 0.82552 eV/Å.

It also follows from Figs. 2g and 2h that the energy
of the transient region far from the fixed edge increases
slightly slower than linearly with the wavelength of
wrinkles because the number of degrees of freedom for
the reduction of the energy through the creation of
transient regions with incommensurate transitions of
the wavelength of wrinkles is larger for the longer edge
of graphene.

Eλ1 λ1/2→

Eλ1 λ1/3→

The profiles of wrinklons appearing after relaxation
are shown in Fig. 3 as the dependence of the displace�
ment ΔZ of k = 1 atoms from the plane of the graphene
sheet on the (m, n) translation cell under the initial
conditions (a) λ1  λ1/2 and (b) λ1  λ1/3. The
maximum ΔZ value is reached far from the fixed edge
of the nanoribbon and is 1.4 nm for both cases, which
corresponds to the equilibrium amplitude of the wrin�
kle with the wavelength λ1 for the strains of graphene

 = –0.08 and  = 0.10 [28]. The wrinklon in
Fig. 3a near the fixed edge within the width W con�
tains five sign�alternating waves, which corresponds to
the scheme shown in Fig. 2c. Several bends of the
dependence ΔZ(n), which do not lead to a change in
sign, are seen near the fixed edge in Fig. 3b in addition
to the main waves with change in the sign of the func�
tion ΔZ(n) (see Fig. 2d). Thus, according to change in
the sign of the function ΔZ(n), two transitions λ1 
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Fig. 2. (a, b) Fragment of the nanoribbon near the fixed edge under the initial conditions simulating the transition of a wrinkle
with the wavelength λ1 = W to wrinkles with the wavelengths (a) λ1/2 and (b) λ1/3. Gray (black) color shows carbon atoms having
positive (negative) displacements in the direction normal to the plane of the nanoribbon. (c, d) Same as in panels (a, b), but after

relaxation to one of the minima of the potential energy of the nanoribbon at  = –0.08. (e) Potential energy per atom and (f) the

maximum displacement of atoms from the (xy) versus the number n after relaxation for  = –0.08 under the initial conditions

(solid lines) λ1  λ1/2 and (dotted lines) λ1  λ1/3. (g, h) Potential energy of the transient region near the fixed edge versus

the width of the nanoribbon for the strain  = (g) –0.06 and (h) –0.08 under the initial conditions (open symbols) λ1  λ1/2

and (closed symbols) λ1  λ1/3.
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λ1/2  λ1/5 can be identified in Fig. 2c and one tran�
sition λ1  λ1/3 is seen in Fig. 2d. However, in the
latter case, as is seen in Fig. 3b, there are additional
bends in ΔZ(n) near the fixed edge without change in
the sign. The tendency of a decrease in the wavelength
of wrinkles when approaching the fixed edge of the
nanoribbon is clearly seen in both cases. This tendency
was also observed experimentally in [12].

We consider elastic strains appearing in the nanor�
ibbon after relaxation. Figure 4 shows the distributions

of increases in elastic strains Δεxx = εxx –  and

Δεyy = εyy –  near the fixed edge induced by the

deviation of the graphene sheet from a planar shape at
the formation of wrinkles and wrinklons. The x com�
ponent of an increase in the elastic strain reaches
Δεxx = 0.03 and is of the same order of magnitude as

the strain  = –0.08. No significant increase in Δεxx

is observed near the wrinklon. The component Δεyy of
an increase in the elastic strain is zero far from the
fixed edge, increases slightly in the transient region,
and is maximal (~0.003, which is an order of magni�

tude smaller than the strain  = –0.08 in the plane of

the graphene sheet) near the edge of the nanoribbon.
The maximum Δεyy value under the initial condition
λ1  λ1/3 is slightly smaller than that under the con�
dition λ1  λ1/2.

εxx
0

εyy
0

εxx
0

εyy
0

DISCUSSION AND CONCLUSIONS

It was previously shown experimentally [12] and
through atomistic simulation [28] that the potential
energy per atom in the case of unidirectional uniform
wrinkles in the graphene nanoribbon depends on the
wavelength as e ~ λ–2. The wavelength of wrinkles near
fixed edges is determined by the fixing conditions and
the strain of graphene. An increase in the wavelength
of wrinkles in wrinklons is energetically favorable with
an increase in the distance from the fixed edge.

In this work, the molecular quasistatic simulation
has shown that different initial conditions can result in
different stable configurations of wrinklons with dif�
ferent energies. In particular, the configuration shown
in Figs. 2c and 3a has a lower energy than that shown
in Figs. 2d and 3b. Despite a significant difference in
the length and configuration of the two resulting equi�
librium structures, the difference in their energy is
small. In the former and latter cases,  =

0.82391 eV/Å and  = 0.82552 eV/Å.

Perturbation introduced by the fixed edge to all
characteristics under study (potential energy density e,
amplitude ΔZ of displacements perpendicular to the
plane of the nanoribbon, and components of an
increase in the strain Δεxx and Δεyy) propagates from
the edge to the interior of the nanoribbon at a distance
of no more than 3λ1.

We note that, although the configurations of wrin�
klons, as well as the lengths of the transient region,

Eλ1 λ1/2→

Eλ1 λ1/3→

Fig. 3. Displacements ΔZ of atoms along the normal to the plane of the nanoribbon for equilibrium configurations obtained under

the initial conditions (a) λ1  λ1/2 and (b) λ1  λ1/3 versus m and n for the plane strains  = –0.08 and  = 0.10.εxx
0
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obtained at relaxation of the initial structures λ1 
λ1/2 and λ1  λ1/3 are significantly different, the
resulting energies of the transient regions almost coin�
cide for the two strain values under consideration and
for all wavelengths of wrinkles far from the edge. This
apparently explains the variability of the shape of
wrinkles experimentally observed in graphene.

The results obtained above can be useful for further
investigations of the dependence of the physical and
mechanical properties of graphene on the topology of
wrinkles and wrinklons, which will promote the solu�

tion to the important technological problem of the
control of the properties of graphene through its elas�
tic strain.
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Fig. 4. Increases in elastic strains in the nanoribbon Δεxx = εxx –  at (a) λ1  λ1/2 and (b) λ1  λ1/3 and Δεyy = Δεyy – 

at (c) λ1  λ1/2 and (d) λ1  λ1/3 versus m and n for the plane strains  = –0.08 and  = 0.10.
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