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Abstract—Analytical formulas are obtained that describe stationary fields in magnetic and electric separators
of charged particles of ion spectrometers of two types taking edge effects into account: a time-of-flight spec-
trometer with magnetic separation and a Thomson mass spectrometer. Based on a numerical solution of the
equation of ion motion in magnetic and electric fields taking the edge effects into account, it is shown that
calculation using the effective constant-field method without taking the edge effects into account leads to
errors not only in determining the ion energy, but also in the estimation of the mass and charge compositions
of the ion flow, which is formed under irradiation of solid targets with femtosecond laser pulses of relativistic
intensity. On the basis of the developed approaches, experimental data that were obtained using spectrome-
ters of both types at a laser radiation intensity of above 1018 W/cm2 on targets are interpreted and it is shown
that the developed algorithms provide their fast and efficient analysis.
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INTRODUCTION
Over several recent decades, ultrashort-pulse lasers

that provide radiation intensities on the surface of irra-
diated targets that exceed the so-called relativistic
intensity (  W/cm2 at a wavelength
of 1 μm) have become widespread [1, 2]. At such
intensities, the maximum energy of ions per their unit
charge reaches tens of megaelectronvolts, while a typ-
ical ion energy spectrum is reasonably described by a
function  with a characteristic “tempera-
ture” T from units to tens of megaelectronvolts [3].
Such ion f lows are used in the production of semicon-
ductor materials, medicine (e.g., for therapy of cancer
diseases [4]), as well as in nuclear physics for initiating
various processes (excitation of nuclear levels [5],
thermonuclear reactions [6], and fission reactions [7])
and obtaining fast neutrons through reactions with
nucleon transfer [8] or a photonuclear reaction [9].

When studying mechanisms of laser-plasma accel-
eration of ions, it is often required to determine their
charge composition or energy spectrum. Track detec-
tors (e.g., CR-39) are often used to detect the fastest
ions and thermonuclear neutrons [10]. The ion energy
spectra can be measured using time-of-flight (TOF)
spectrometers; in order to increase the measurement
accuracy, particles are separated by an electric field
(for slow particles, up to 100 keV/charge [11]) or a
magnetic field [12].

Microchannel plates (MCPs), which can effi-
ciently detect even individual ions, are used to detect
ions in such spectrometers. A significant disadvantage
of such spectrometers is the necessity of a large num-
ber of laser shots for acquiring a full spectrum; this
considerably complicates studies of, viz., nano- and
microstructured targets.

A Thomson mass spectrometer (MS) is a more uni-
versal instrument that is widely used to diagnose f lows
of fast ions from laser plasma. Its operating principle
consists in the simultaneous ion separation in energy
and charge-to-mass ratio  using parallel electric
and magnetic fields. At present, there are many varia-
tions of the design of such a MS that were developed
specially for particular experiments: spectrometers
with aligned [13] and separated [14] electric and mag-
netic fields and even spectrometers with a special
shape of electrodes [15]. However, as a rule, stationary
electric and magnetic fields, which are created by
plane–parallel plates and permanent magnets, are
used most frequently.

The use of permanent magnets and parallel metal
plates in both Thomson and TOF spectrometers with
particle separation by an electric/magnetic field requires
an accurate consideration of edge effects in calculations
of trajectories of particles for the correct interpretation
of results or in an experimental calibration.
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Fig. 1. A diagram of the TOF magnetic spectrometer. 
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Fig. 2. (а) A diagram of the Thomson mass spectrometer
(distances are given in millimeters) and (b) its 3D model.
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The edge effects are usually taken into account
either through the equivalent magnetic field Beffl0 =

 [16], where  is the magnet length and 
is the “effective” magnetic-field amplitude, which is
determined experimentally from the deflection of cal-
ibration particles or using special calculation packages
(TOSCA 3D [17], SIMION and RADIA [18], and
Geant [19]). As a rule, all such packages numerically
solve the Laplace equation with specified boundary
conditions.

This approach has substantial disadvantages: the
equivalent field does not take nuances in the spatial dis-
tribution of fields near magnets or plates into account,
while a sufficiently accurate numerical field calculation
for simulation using special programs requires consid-
erable resources and a long period of time. These factors
significantly complicate the calculation and optimiza-
tion of MSs and the interpretation of the data that is
obtained.

This paper presents a numerical analysis of the
equation of particle motion through electric and mag-
netic fields with analytical consideration of edge
effects and shows the necessity of taking these effects
into account for a TOF spectrometer with a magnetic
particle separator and a Thomson MS. The experi-
mental data were interpreted for both types of spec-
trometers. The use of analytical formulas for taking the
edge effects into account made it possible to signifi-
cantly reduce the simulation time and perform an effi-
cient analysis of the obtained data.

THE EXPERIMENTAL FACILITY
Radiation of the Ti : Sa laser system of the Interna-

tional Laser Center (ILC) of Moscow State University

+∞
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was used in the experiments. The laser-radiation
wavelength was 800 nm, the pulse repetition rate was
10 Hz, the duration of a single pulse was  fs, and the
pulse energy was 10 mJ. A laser pulse was focused with an
off-axis parabolic mirror (  mm, ) at an
angle of  to the target surface; in this case, the peak
intensity on the target was  W/cm2.

Ions were registered with the TOF magnetic spec-
trometer [12] and the Thomson MS. All experiments
were performed at a residual pressure in the interac-
tion chamber of at most  Torr.

The TOF magnetic spectrometer (its schematic dia-
gram is shown in Fig. 1) consists of a chamber in which
ions are deflected by a magnetic field, a TOF tube, and a
detection system. This system consists of a VEU-7М sec-
ondary electron multiplier based on a 50-mm-diameter
MKP-25-10F chevron microchannel plate (MCP); the
MCP gain exceeded  at a nominal voltage of 2.4 kV.

A pair of NdFeB magnets in the form of rectangu-
lar parallelepipeds with dimensions of 30 × 8 × 4 mm
was used to deflect ions; the maximum induction of the
magnetic field on the axis created by two magnets (at a
distance between the magnets of 2 cm) was 265 mT. After
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the diaphragm and paired magnets, ions enter a long
pipe at the end of which the MCP is located. A metal
anode for collecting electrons, the signal from which
was fed to the computer, is positioned behind the
MCP. The pipe length (together with the magnet) was
l = 129 cm, while the distance from the target to the
point at which the pipe was attached to the chamber
(to the magnet) was d = 32 cm.

In order to avoid the re-reflection at the inner sur-
face of the pipe, rings of black Teflon were installed on
it. The pipe was attached to the chamber using mov-
able corrugations, which allowed rotation of the ion
spectrometer by small angles. Thus, knowledge of the
ion time of f light to the MCP and the pipe angle of
rotation, it is possible to calculate the ion charge-to-

mass ratio  and the ion energy; the information

on the number of detected ions per unit time (i.e., the
ion current) made it possible to obtain the energy

spectrum for each .

The Thomson MS uses both an electric and a mag-
netic field. The design and the 3D model of the
Thomson MS, which will be discussed below, are
shown in Fig. 2. The magnetic field is created by two
magnets in the form of rectangular parallelepipeds 6 ×
8 × 1.6 cm in size, the distance between them is 4 cm,
and the maximum induction of the field on the axis is
65 mT. In this design, the magnets are outside the vac-
uum chamber; thus, they can be changed directly
during the experiment, thereby changing the mea-
sured range of ion energies. The mass spectrometer is
made of nonmagnetic stainless steel, thus eliminating

the influence of its body on the magnetic-field distri-
bution.

The electric field is created by a pair of plane–par-
allel plates, across which a voltage of 0.2–6 kV is set;
the distance between them ranges from 1 to 3 cm, the
length of the plates is Le = 25 cm, and their width is

12 cm. A collimating aperture with a diameter of
0.1 mm was in front of the magnets (at a distance of
L1 = 21 cm). Ions were detected using the MCP with a

K-67 luminophor screen (analogue of R-43). The MCP

gain  was at least  at a rated voltage at the MCP

of 2.5 kV.

NUMERICAL SIMULATION

Magnetic Field
As was mentioned above, fields that are created by

permanent magnets are commonly used in spectrom-
eters. In a general case, a stationary magnetic field can
be found by integrating the Maxwell equations
(together with the material equations):

(1)

where B is the magnetic-field induction; H is the mag-

netic-field strength; and  is the current of free

charges.

In the case of a uniformly magnetized paral-
lelepiped, these equations are easily integrated [20]:

(2)

Here, , , and  are the linear

dimensions of the parallelepiped, while  is the
magnetization vector.

The line in Fig. 3 shows the change in the induction

 on the x axis for y = 0 at a height of h = 5 mm
above the magnet; points are the magnetic-field values

measured with a calibrated Hall sensor. This depen-

dence approximates well the actual magnetic field of a

uniformly magnetized magnet. It should be noted that

the results of a numerical calculation based on the

summation of a large number of magnetic dipoles

coincide well with the analytical dependence.
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Fig. 3. The comparison of the experimental (dots) and theoretical (line) dependences of the magnetic-field induction ,

created by (а) one magnet, which is used in the Thomson mass spectrometer, at a height of h = 5 mm and (b) two magnets of the

TOF magnetic spectrometer on the axis between the magnets, the distance between which is  mm.

–100 –50 0 50 100

–20

0

20

40

60

x, mm x, mm

B, mT B, mT

–10 4020 3010

0

0

50

100

(а) (b)

150

200

250

2xb
2xb

( ,0, )zB x h

=2 8h
The negative “tail” of the magnetic field is a feature
of such magnetic fields; it creates a perpendicular
component of the particle velocity even before it enters
the main magnetic field, deflecting this particle in the
opposite direction relative to the direction of deflec-
tion by the main field. It should be noted that magnets
with soft-iron yokes [18] can be used to eliminate the
negative magnetic-field “tails,” while formulas (2)
cannot be used.

Electric Field

A correct analysis of particle trajectories in the
Thomson MS requires taking the edge effects of the
electric field into account. Some of the simplest con-
figurations of electrostatic fields can be found by the
conformal mapping method. For fields created by two
plane–parallel rectangular plates, there is an analyti-
cal solution [21] in special functions. It can be simpli-
fied in the case of wide and long plates that are often
used in spectrometers, whose transverse dimensions of
significantly exceed the distance between them. Thus,
it is possible to be limited to considering a 2D profile
and neglect the influence of one of the edges of the
capacitor on the other.

The electric field of such a system is described by a
so-called Rogowski profile [22]. To find the field near
the edges of a semi-infinite capacitor with the poten-

tials  of the plates and the distance  between
them, it is necessary to find the complex potential w =

f(z) = , that maps the appearance of
two half-lines (i.e., the plane with two omitted half-

lines) on the band . The inverse
potential is known well:

(3)
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The solution of this equation is expressed through
the Lambert W-function [23]:

(4)

The electric-field strength is expressed as:

(5)

where the number of the complex branch of the solu-

tion is .

Because, in our case, the capacitor length signifi-
cantly exceeds the distance between the plates, the
obtained solution can be symmetrized: it is shifted by
half the capacitor length and reflected relative to

. The final field distribution after the symmetri-
zation is shown in Fig. 4.

Spectrometers
The correct interpretation of the results requires

analysis of the particle motion in electric and magnetic
fields. The motion of a nonrelativistic particle is gen-
erally described by the equation

(6)

where p is the particle momentum, and  are the elec-

tric strength and magnetic-field induction, respectively.

In the case of constant fields with given boundary condi-

tions, the analytical solution of this equation is known

well, which is often used in the interpretation of experi-

mental results by introducing effective magnetic and
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Fig. 4. The theoretical dependences of the projections

 and  of the electric field, which is

described by the Rogowski profile, on the capacitor axis.
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electric fields. To solve this equation taking the edge

effects into account on the basis of analytical dependen-

cies for  (2) and  (5), we used the Wol-

fram Mathematica package.

Figure 5 shows the trajectories of protons  and 
carbon ions that were obtained as a result of the
numerical simulation of the particle motion in the
magnetic TOF spectrometer. The continuous curves
correspond to the f light of particles through the field
that is described by expression (2), while the dashed
and dashed–dotted lines correspond to the f light
through the field with sharp boundaries and the

amplitude  and ,

respectively. The numerical simulation shows a signif-
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Fig. 5. The trajectories of protons  and   carbon ions that r

TOF magnetic spectrometer. The continuous lines correspond 
(2); the dashed and dashed–dotted lines are the trajectories of p

amplitudes  and , respectively.
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icant effect of the magnetic-field edge effects on the
ion deflection angle. As noted above, the deflection
angle decreases due to the presence of negative “tails”
of the magnetic field, and the main contribution is
made by the field before the magnets.

In the considered configuration of the TOF spec-

trometer, taking the edge effects into account is neces-

sary in the estimation of the ion energy (due to

changes in the effective f light length) and determina-

tion of the Z/M parameter. Even in calculations using

the effective magnetic field, there is a significant error

that depends on the TOF base of the spectrometer;

when the maximum field on the axis of magnets is

used in the calculation formulas, the data interpreta-

tion will be erroneous.

The numerical simulation shows that the replace-

ment of the field taking the edge effects into account

by a rectangular field with the amplitude  is

valid only for detectors with a large TOF base (in this

case,  cm) and is not applicable to compact detec-

tors [13–15, 24].

The advantage of the magnetic-field model (6) is

the pronounced dependence of the magnetic-field

amplitude on the geometric parameters of the magnet:

this allows accurate analysis and optimization of the

spectrometer. An important optimization parameter is

the minimization of the spectrometer length, since the

smallest length provides a greater f low of detected par-

ticles. On the other hand, the field amplitude depends

on the geometric dimensions of the magnets.

Figure 6 shows the dependence of the deflection of

protons  on the thickness of the magnets (at a fixed

distance between them). It can be seen that the deflec-

tion first rapidly increases and then saturates. We note

that although the amplitude of the magnetic field also

= effB B

>10
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 Vol. 62  No. 6  2019

esult from the numerical simulation of the particle motion in the

to the f lights of particles through the field described by formula
articles that move through a field with sharp boundaries with the
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Fig. 6. The dependences of the deflection of protons 

with different initial energies on the thickness of the mag-

nets at a fixed distance between them.
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Fig. 7. The deflections of protons and carbon ions by elec-

tric and magnetic fields that were obtained as a result of the

numerical simulation of the particle motion in the Thom-

son mass spectrometer for (1) an electric field with sharp

boundaries, (2) an electric field with a sharp boundary at

the input end and a “tail” at the capacitor output end, and

(3) an electric field with edge effects at the both ends. Fig-

ures on the right of dots show the particle energy divided by

1 keV.
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has a similar behavior, saturation occurs at another thick-

ness of the magnets. In our example, the maximum

deflection (and, therefore, the maximum energy recorded

by the spectrometer) remains almost unchanged if the

magnet thickness exceeds 2.67 cm.

The edge effects of the electric field must also be

taken into account in the Thomson MS. In the config-

uration that is presented in Fig. 2, the electric plates

and the ion-recording MCP are inside a metal vacuum

chamber (see Fig. 2b), the electric field is shielded,

and it does not go beyond the chamber. This configu-

ration is almost equivalent to the sharp boundary of

the electric field at one end of the capacitor and the

presence of the edge effect at the other end.

In this case, taking the edge effects into account

leads to an increase in the deflection by  mm for

protons with an initial energy of 300 keV, which causes

an error of  keV in determining the energy (see Fig.

7). However, in MSs with configurations where the

electric field is not shielded [14, 16, 25], both edge

effects of the electric field must be considered. For this

MS configuration, the deflection along the z axis

increases from 2.65 to 3.65 mm for  ions, which is

equivalent to an error of  keV in determining the

particle energy.

In addition, it is necessary to take the changes in

the amplitudes of the electric and magnetic fields for

slow ions (with energies lower than 150 keV for the

considered configuration) into account not only along

the x axis but also on the z coordinate. In this case, the

“tail” of the electric field “raises” an ion, and the lat-

ter enters the region of a stronger magnetic field,

where it is deflected by the magnetic field to a higher

degree (see Fig. 8).
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THE MEASUREMENT RESULTS

Figure 9a shows the results of experiments on the

interaction of ultrashort laser pulses with a carbon tar-

get using the TOF spectrometer, as well as calculations

with and without consideration of the edge effects.

The calculated curves for oxygen ions with different

ionization multiplicity are presented for comparison.

The analysis of this figure shows that disregarding edge

effects may lead to erroneous conclusions on the ion

composition of the target. Figure 9b shows a similar

calculation for long magnets that are used in the

Thomson spectrometer. It is seen that, in this case, the

calculation in the effective average-field model with

disregard of the edge effects leads to an erroneous

identification of ions.

We checked the correctness of the calculation model in

a comparative experiment with  and  films as

targets [9]. In the ion signal on the deuterated target,

we observed an increase in the signal that corre-

sponded, according to our calculations, to 

by several times; this signal was due to deuterium ions

or fully ionized carbon ions.

2CH 2CD

∼/ 0.5Z M
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Fig. 8. The trajectories of protons  that resulted from the

numerical simulation of particle motion in the Thomson
mass spectrometer with (1) an electric field with sharp
boundaries, (2) an electric field with a sharp boundary at
the input end and a “tail” at the capacitor output end, and

(3) an electric field with edge effects at the both ends. 
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Figure 10 shows an image from the luminophor of

the Thomson MS: dots indicate the theoretical posi-

tions of ions that are deflected in the electric and mag-

netic fields; the boundary that separates particles,

which reach the plane where the MCP is positioned,

from particles whose trajectories intersect the elec-

trodes (i.e., such particles cannot be detected) is

shown as well. The coincidence of the experimental

and theoretical boundaries for С2+ ions, which cannot

be detected because they hit the electrodes, confirms
INSTRUMENTS AND EXPERIMENTAL TECHNIQUES 

Fig. 9. The dependences of the ion detection time on the MCP d
eter and (b) for the magnets that are used in the Thomson mass s
field with account for the edge effects, the dashed curves corresp
cate the experimental results.
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the correct operation of the theoretical model of the

Thomson MS.

CONCLUSIONS

Calculating the trajectories of particles in ion spec-

trometers with their electro- and magnetostatic sepa-

ration within the model of the effective field with rect-

angular edges leads to erroneous conclusions about

the mass and charge compositions of the ion current of

plasma that is created by a relativistically intense laser

pulse. Since the calculation of the energies of particles

in the TOF spectrometer is based on time-of-flight

measurements and the mass of a detected particle, this

also leads to errors in determining the particle energies.

A substantial simplification of the calculation pro-

cedure is provided by the approach we proposed, in

which the electric and magnetic fields are specified in

an analytical form that takes the edge effects into

account, while the trajectories of charged particles in

these fields are calculated via a numerical solution of

the equations of motion. The performed calculations

for two configurations of ion spectrometers that are

used in experiments (a TOF spectrometer with magnetic

separation and a Thomson mass spectrometer with com-

bined electro- and magnetostatic separation) and the

comparison with the experimental data showed the effi-

ciency of the offered approach and a good compliance

with the experiment. Hence, the approach that is pre-

sented in this study considerably simplifies not only the

initial design of ion spectrometers but also facilitates

the analysis of the experimental data.
 Vol. 62  No. 6  2019

isplacement (carbon target) for (a) the TOF magnetic spectrom-
pectrometer. The continuous curves correspond to the magnetic
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Fig. 10. An image from the luminophor of the Thomson
mass spectrometer and the corresponding theoretical
dependences of ion displacements in the electric and mag-
netic fields. The bright spot at the right lower corner is due
to illumination with X-rays from plasma.
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