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Abstract—This work examines the action of the f luctuations of a body in a supersonic air f low on coupled heat
and mass transfer in a heat-protection material in the presence of injected thermochemical destruction prod-
ucts and heat and mass transfer between the body and the incoming flow. The results of a numerical study of
a spatial supersonic f low around a spherically blunted cone oscillating in the pitch plane are presented. The
influence of the oscillations of a body with angular velocity of 0–100 deg/s on the surface temperature and
heat transfer characteristics is considered.
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INTRODUCTION
Flying vehicles undergo a strong thermal action

that alters their shape and aerodynamic characteristics
during motion at hypersonic velocities in dense layers
of the Earth’s atmosphere. The presence of f luctuat-
ing motions change the f low conditions and thermal
state of the body as compared to their absence. The
influence of variable angles of attack on aerodynamic
characteristics of axisymmetric bodies exposed to the
air f low was studied earlier (e.g., in [1, 2]). In connec-
tion with this, it is interesting to analyze the influence
of such oscillatory motions on the thermal state of the
body when it interacts with high-enthalpy f lows.
During the f low around a body with a constant angle
of attack [3, 4], the difference between heat f luxes on
the leeward and windward sides can be very consider-
able, which leads to nonuniform heating. To reduce
this effect, supersonic f lying vehicles can be put into
rotational and oscillatory motion. The interrelated
character of thermal and aerodynamic processes
makes it necessary in the mathematical simulation to
solve the problem in conjugate formulation [5]. The
influence of body rotation around an axis on conjugate
heat and mass transfer characteristics at supersonic
flow around the body was studied in [6–8].

In this work, the gas f low is described by boundary
layer equations with allowance for the laminar and
turbulent f low regimes. A system of conservation
equations for a porous medium is written to describe
the thermal state of the body. Different destructive
processes on the conical part of the body surface in a
flow and the filtration of the cooling gas in pores on
the spherical bluntness are taken into account. The
problem is solved in the conjugate formulation [5, 9]

because this makes it possible to significantly increase
the accuracy of the determination of the aerodynamic
and thermal characteristics as compared with separate
estimations of the aerodynamics, thermochemical
destruction, and parameters of the body motion.

FORMULATION OF THE PROBLEM

The relaxation times in the gaseous and condensed
phases were estimated in [5, 9]. Based on these estima-
tions, the characteristics of conjugate heat and mass
transfer are found from the solution of quasi-station-
ary equations of the spatial boundary layer at different
flow regimes. The thermal state of the porous shell is
determined from the solution of the nonstationary
equation of energy conservation for a porous spherical
bluntness and quasi-stationary equation for the filtra-
tion rate of the cooling gas in pores within the frame-
work of the single-temperature model.

For the model of chemical-equilibrium air accord-
ing to the passivity hypothesis and the Lewis numbers
being unity for all components, the system of equa-
tions of the spatial boundary layer in the natural coor-
dinate system associated with the outer surface of the
shell exposed to a f low has the form [3, 8] (Fig. 1)
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Fig. 1. Scheme of the f low around the body: (1) porous
spherical bluntness and (2) conical part of the body (car-
bon composite or graphite).
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For the porous spherical shell ( ) and
one-dimensional process of injected gas filtration in
the direction of the normal to the surface in the con-
sidered coordinate system associated with the axis of
symmetry of the body, we have [9, 10] at 0 ≤ η < 2π
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For the conical part of the body ( ), the
equations of energy and mass conservation in the
moving coordinate system are written according to
the mathematical models presented in [6, 10] at 0 ≤
η < 2π:

(10)
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(12)

In contrast to [6–8], periodic oscillations of the
angle of attack in the pitch plane are considered in this
paper. This motion is described by the expression
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In formula (13), t is the duration of the process, i =
1, 2…,  is the f luctuation period,  is
the angular velocity of the angle of attack β, and βm is
the maximum angle of attack.

The following assumptions are introduced: (i) the
characteristic linear velocity of body oscillation is
much less than the velocity of the incoming flow

; (ii) the characteristic time of the
oscillatory process is much greater than the relaxation
time of the gaseous phase (tω  ta, tω = 4βm/ωf, ta =
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RN/V∞). This allows one to use boundary layer equa-
tions in the quasi-stationary form.

The initial conditions are

(14)

The boundary conditions in the gaseous phase are
written as follows: at the outer boundary of the bound-
ary layer at ,

(15)

where , and  in (5) are determined from the
solution of the system of Euler equations [11];

on the surface of the body exposed to the f low at
,

(16)

On the outer surface of the shell in the f low
( ), the following conditions take place [6, 9]
at :
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On the inner surface of the hemisphere and conical
part, the following relationships are written [9]:
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On the sphere–cone transition ring , condi-
tions of perfect contact are used, at , the adia-
batic condition

(21)

On the outer and inner surfaces of the spherical
bluntness region, equality of pressures in pores and in
the external environment takes place:

(22)

In the absence of the f low symmetry plane, the fol-
lowing periodicity conditions take place:
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At the interface at , the following kinetic
scheme of nonequilibrium chemical reactions was
considered ( K) [9, 10, 12]:

(24)

The molar and mass rates of development of these
chemical reactions (24) and the expression for the
ablation rate were described in detail in [5, 9]; the for-
mulas for  and  from (12) have the form
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In Eqs. (24) and (25), the order number of the
components corresponds to the following order of
their enumeration: O, O2, N, N2, CO, CO2, C1, and
C3. C designates solid-phase carbon belonging to the
thermal protection coating material. In the boundary
layer, there are four components: O, O2, N, and N2,
which participate in two equilibrium chemical reac-
tions:  and . At the interface of
the condensed and gaseous phases, four components
are present: CO, CO2, C1, and C3. They appear in six
heterogeneous combustion and sublimation reactions
from (24). Two reactions of catalytic recombination of
O2 and N2 components are also taken into account.

The balance relations for mass concentrations of
components ( ) are written with Fick’s law for diffu-
sion flows and the analogy between heat and mass
transfer processes [10]:
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where  and  are the heat transfer and mass trans-
fer coefficients, respectively. It is assumed that prod-
ucts of destruction poorly dilute the air mixture in the
boundary layer. This allows one to use the aforemen-
tioned formulation for the equations in the boundary
layer.

Hereinafter, u, v, and w are components of the
mass-average velocity vector in the natural coordinate
system ( ); Г is the intermittency factor; H and m
are the total enthalpy and molecular mass;  is the
spherical bluntness radius;  and H1 are

the Lamé coefficients; h and  are the enthalpy
and rate of the coolant gas outflow from the spherical
bluntness surface; ρ is the density; μ is the dynamic
viscosity; P is pressure; T is temperature;  is the
total mass ablation from the carbon surface of the con-
ical part of the body; A and B are the viscous and iner-
tial coefficients in the nonlinear Darcy law (8); v is the
filtration rate; ϕ is the porosity of the spherical blunt-
ness;  is the coefficient of heat capacity at constant
pressure; λ is the heat conduction coefficient; R is the
universal gas constant; M is the molecular mass of gas
in a porous shell; L is the shell thickness; θ is the cone
angle; β is the angle of attack;  is the normal to the
surface directed inside the shell; ψ is the is the linear
velocity of displacement of the destruction surface;

 is the interface between the gaseous and con-
densed phases; (the burnout depth);  (i = 1,…,
4) are the activation energy and preexponent of the ith
heterogeneous reaction of the shell of the conical part
of the body; , , and  are the preexponent, acti-
vation energy, and heat effect of a pyrolytic reaction;

 and V∞ are the height and velocity of the incoming
flow at infinity; σ is the Stefan–Boltzmann constant;
ε is the surface emissivity; G is the mass ablation of
carbon composite pyrolysis products; δ is the heat
transfer coefficient on the inner cold surface of the
spherical shell; and Pr is the Prandtl number.

The subscripts e, e0, and w correspond to values at
the outer boundary of the boundary layer, at the outer
boundary at the deceleration point, and on the surface
of the body exposed to the f low; the subscripts (1) and
(2) are for the characteristics of the frame and gas on
the sphere; g is for the gaseous phase on the conical
part of the surface; ∞ is for the magnitude of the
incoming gas f low at infinity; T and 0 are for the char-
acteristic of the turbulent transport and initial condi-
tions; L is for the inner shell of the spherical part of the
body; k is for the peripheral section of the shell; the
superscripts (1) and (2) denote characteristics related
to the coolant f low rate on the porous hemisphere and
surface chemical reactions on the conical part of the
body; the overbar means a dimensionless parameter; z
denote the time of termination of the thermal action;
ef denotes the effective value; m is for the maximum
value; and с refers to the carbon composite.
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CALCULATION METHOD 
AND INITIAL DATA

The system of equations (1)−(4), (6)−(8), (10),
and (11) with the initial and boundary conditions
(14)−(23) is solved numerically. The system of equa-
tions for the spatial boundary layer was solved in
Dorodnitsyn type variables with allowance for the
laminar, transitional, and turbulent f low regions. The
turbulent f low was described with the two-layer model
of the turbulent boundary layer [13, 14]. The consid-
ered three-layer algebraic turbulence model takes into
account the laminar viscous sublayer, the turbulent
internal core described by the van Driest–Cebeci for-
mula [14], and the outer region, in which the Spalding
formula [13] is used. The intermittency factor and
transition from the laminar to turbulent f low regime
was described with the Dhawan–Narasimha formula
[15]. In the numerical integration, Pr = 0.72 and

. For the boundary layer equations, combined
difference schemes were obtained with the iterated-
interpolation method [16]; they provide the fitting of
the sought characteristics at the boundary of the lam-
inar sublayer and turbulent core and take into account
the behavior of  transverse to the boundary layer.
The parameters of the technique [15], in particular,
the position of points of the loss in stability of the lam-
inar f low and transition to the turbulent f low, were
chosen proceeding from experimental data [17, 18],
which were also used to test the described boundary
layer model and to demonstrate its good applicability.

The numerical solution of the three-dimensional
equations (7) and (10) was performed via splitting [19]
with the use of an implicit, absolutely stable, monoto-
nous difference scheme with a total approximation
error O(τ +  + ), where , , and 
are the space steps along the , s, and η coordinates,
respectively, and τ is the time step. The program of
numerical calculations in the porous body was verified
with a sequence of bunching spatial meshes with spa-
tial steps   =  m,  = 0.925 ×  (on

the sphere),  =  (on the cone),  =
0.087, as well as the quantities , ,

, and , i = 1‒4. The frame tem-
perature was measured along the depth of the body at
different instants of time. The problem in all versions
was solved with a variable time step chosen to provide
the required accuracy, which was equal for all space
steps. The difference between the relative errors in
temperature decreased to the instant of time t =  and
was equal to  = 10.3%,  = 6.5%, and  = 3.4%.
The calculation results presented below were obtained
for space steps , i = 1‒4.

The processes of the interaction of high-enthalpy
air f lows with graphite surfaces were tested based on
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Fig. 2. Dependence of the graphite surface temperature in
the cross section  = 5.0 at V∞ = 5000 m/s:  =
0 (1, 2) and (3‒5) 5 deg/s. 
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the results of theoretical [20] and generalized experi-
mental studies [21].

The quasi-stationary continuity equation (6)
 =  (the minus sign is due to the

fact that the normal coordinate  is directed inward
the body (see Fig. 1) and the coolant f lows in the
opposite direction), jointly with the first expression of
(9), the nonlinear Darcy law (8), and the boundary
conditions (22), can be integrated and the gas f low
rate and the pressure in region 1 can be found [9]:

The pressure on the inner “cold” surface of the
plate L is specified in the form

where k is a constant. This ensured the necessary f low
rate of the coolant (in particular, the melting point of
a frame made of a porous metal was not reached [10,
22]) within the section of thermal action from t = 0 to
t = .

The chemically balanced airf low around a spheri-
cally blunted cone with a semiapex angle of θ = 15°
with a variable angle of attack βm ≤ β ≤ βm, βm = 10° was
calculated for the following conditions [11], which
correspond to parameters  = 2.3 ×  m, V∞ =
3000 and 5000 m/s,  = 0.1 m,  = 0.02 m, and
k = 2. The characteristic values at the given parame-
ters of the problem are the oscillatory process time tω =
0.4 s, the relaxation time for the gaseous phase ta =

3.3 ×  s, and the Strouhal number St = ta/tω =

8.25 × . The kinetic constants (25) of heteroge-
neous reactions (24) were taken from [9], and the
graphite enthalpy  was calculated with formula [23].
The effective adiabatic exponent  in the first for-
mula of (5) was determined according to [11]. The
thermophysical coefficients for the carbon material of
the conical shell are known from [9]; those for porous
steel are known from [24]. For graphite of the conical
part of the body, Eq. (10) is solved at  = 0 and G = 0.

The results presented below were obtained at  =
4.7197 × 106 and 1.272 × 107 J/kg,  = 0.34,  =
300 K, , M = 29 kg/kmol, σ =

5.67 ×  W/(m2 K4), ,  = 1400 kg/m3,

1 1 1( ) ( )w wr H rρv 2−ρ ϕv
1n

0.52 2 22 ( )
( ) ( , ) ,

2
L w L L L

w
L

B P P MD R E E
s

BD

 − ϕ + − ρ η =v

2 0.5
1( , , ) { 2 ( ) [ ( ) ] } ,w w wP n s P R B D E Mη = + ρ ρ + ϕv v

1

1

2
1

1 1
1 10

1
1 1

1 10

( , , ) ,

( , , ) .

n
w

n
w

rD n s T dy
r H

rE n s A T dy
r H

 η =  
 

η = μ





0,L eP kP=

zt

H∞
410

NR 0L

510−

510−

ch
efγ

cQ

0eh
ϕ 0T

1 2965.5, 0.147b b= =
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= 1300 kg/m3,  = 3.15 ×  s–1,  = 8.38 ×
J/mol,  = 1.26 ×  J/kg, and  = 40 s. The

thermophysical characteristics of the porous bluntness
corresponded to porous steel: ,  = 2.92 +
4.5 ×  W/(m K),  = (1252 + 0.544 ) ×

J/(K m3) [24], A = 2.3 ×  1/ m2, and B = 5.7 ×
 1/m. The thermophysical characteristics of the

conical part of the body correspond to carbon com-
posite [4, 9] or VPP solid graphite [25].

RESULTS OF NUMERICAL SOLUTION 
AND ANALYSIS

In what follows, the results refer to the cross section
 = 5.0, which is on the conical part of the body. If

the cross-section coordinate is chosen in this way, pre-
detached states are not observed on the leeward part of
the body at any time of the process. Due to the short
thermal relaxation times of carbon composites [7],
graphite is more convenient for the illustration of non-
stationary thermal processes (Figs. 2–7) that appear
due to the oscillatory motion and strong aerodynamic
heating. Nevertheless, the results in Figs. 2–7 qualita-
tively reflect the influence of oscillations on the car-
bon composite. Figure 8 presents integrated quantita-
tive comparisons of graphite and carbon composite.

Figure 2 shows the time dependence of the surface
temperature for the body of graphite at an incoming
flow velocity of V∞ = 5000 m/s and a fixed angle of
attack β = βm = 10° (  = 0): curves 1−2 and  =
5 deg/s (curves 3−5). In the absence of the oscillatory
process, a monotonic growth of temperature is
observed at points η = 180° (curve 1) and 0° (curve 2).

*cρ ck 610 cE
410 cQ 610 zt

1 0.8ε = 1λ
310−

1T 1 1pcρ 1T
310 1110
510

Ns R

fω fω
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Fig. 3. Distribution of the graphite surface temperature
over the circumferential coordinate at V∞ = 5000 m/s:

= 0 (1), (2) 5, (3) 10, and (4) 100 deg/s. 
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Fig. 4. Generators of the family of curves  at V∞ =
5000 m/s and  = 5 deg/s for the graphite material on the
conical part of the shell. 
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Fig. 5. Generators of the family of  curves at V∞ =
5000 m/s and  = 40 deg/s for graphite. 
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Fig. 6. Time dependence of the angle of attack: the dots are
time instants of the transition to the isothermal regime at
V∞ = 5000 m/s and  = 40 deg/s for graphite. 
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In the presence of the oscillatory motion (curves 3–5),
the surface temperature nonmonotonically varies at
points with coordinates η = 0, 90, and 180° which are
in correspondence with curves 3‒5. At the same time,
curves 3−5 periodically intersect at certain time
instants. As seen from Fig. 2, the oscillatory motion
leads to a decrease in the temperature difference from
1563 to 463 K at t = 10 s.

This can be also demonstrated by distributions of
the graphite surface temperature along the circumfer-
ential coordinate; they are shown in Fig. 3 for the time
instant t = 10 s. Here, curves 1‒4 are in correspon-
dence with  = 0, 5, 10, and 100 deg/s. It is seen from
Fig. 3 that η = 180° at this instant corresponds to the

fω
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windward side for curves 1‒3 and to the leeward side
for curve 4. The maximum temperature difference of
1538 K on the surface over the circumferential coordi-
nate is reached in the absence of body oscillations

= 0 deg/s (Fig. 3, curve 1). With an increase in the
angular velocity of oscillations  to 100 deg/s, the
difference of temperatures decreases to 83 K.

Let us consider 37 time curves of  describing
the variation in surface temperatures of the conical
part of graphite at points η = 0, 5, …, 175, and 180° of
the studied cross section s. Let us introduce functions
Ψmin(t) and Ψmax(t), which are the envelopes of the
family of 37  curves obtained from the solution of

fω
fω

( )wT tη

( )wT tη
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Fig. 7. Modulus of the angle of attack at time instants of the
transition to the isothermal regime at  = 40 deg/s and
V∞ = 5000 m/s for graphite: (1) β > 0 and (2) β < 0. 
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Fig. 8. Integrated surface temperature gradient as a func-
tion of the angular velocity of body oscillations at V∞ =
(a) 5000 and (b) 3000 m/s. 
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the conjugate problem at fixed  and . Figures 4
and 5 show the dependences Ψmax(t) (curve 1) and
Ψmin(t) (curve 2) for the angular velocities of body
oscillations  = 5 and 40 deg/s, respectively. It is seen
from Figs. 4 and 5 that, at certain time instants, the
solid and dashed curves have common points. This
means that the surface in the cross section  at
these time instants becomes close to isothermal.

It is known that the surface temperature at  = 0
is constant along the circumferential coordinate η at
zero angle of attack [3]. In the case of the oscillatory
motion, the temperature approaches a constant value
in a period of time, after the angle of attack β passes
the zero value (Fig. 6). As seen from Figs. 4‒6, the
transition to the local isothermal regime is of a cyclic
character and depends on the angular velocity of oscil-
lations . It follows from results of calculations at

= 40 deg/s that the surface becomes close to iso-
thermal with irregular cyclicity at different angles of
attack βiso presented in Fig. 7. As seen from this figure,
the value of |βiso| decreases with time and is influenced
by the sign of the angle of attack. At β < 0, the value of
|βiso| is less than at positive angles of attack β. The max-
imum time between isothermal regimes is observed at
initial time instants and amounts to 5.4 and 0.7 s for

 = 5 and 40 deg/s, respectively (Figs. 4 and 5). The
process of the transition to the isothermal regime is
prolonged as compared to subsequent ones due to the
strong aerodynamic heating acting on the body at ini-
tial time instants; it also determines the difference in
values of |βiso| for positive and negative angles of attack
at subsequent time instants.

fω Ns R

fω

Ns R

fω

fω
fω

fω
To study the effect of body oscillations on heat
transfer in the heat protection material in more detail,
let us introduce the following quantity:

As seen from the formula presented above, the
quantity  is numerically equal to the area of the
region (hatched in Fig. 4) between the generators
bounding the solution of the problem and characteriz-
ing the integrated difference of temperatures on the
body surface normalized to the time interval of the
flight. Figure 8 shows the integrated temperature dif-
ference on the body surface as a function of the veloc-
ity of oscillations during the considered time interval
from t =  to t =  for V∞ = 3000 and 5000 m/s,
respectively. These dependences were constructed
based on the results of a series of 24 calculations cor-
responding to variation of the incoming f low velocity

[ ]max min
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I t t dt
t t
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Fig. 9. Burnout depth of the material as a function of the
circumferential coordinate for the carbon composite at
V∞ = 5000 m/s:  = 0 (1), (2) 5, and (3) 40 deg/s. 
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V∞ = 3000 and 5000 m/s, angular velocity  = 0, 5,
10, 20, 40, and 100 deg/s, and materials (carbon com-
posite and graphite). Curves 1 in Fig. 8 correspond to
the carbon composite; curves 2 correspond to graph-
ite. As seen from Fig. 8, even at small angular velocities
of oscillations (  = 5 deg/s), the temperature differ-
ence heavily decreases (for the carbon composite, by
58–67%; for graphite, down to 74–76%) as compared
to the case of the motion with a constant angle of
attack. To reach the level of the temperature difference
on the graphite surface, e.g.,  < 300 K with carbon
composite as the heat-protection material, a higher
body oscillation velocity  = 40 deg/s is required,
while  = 5 deg/s is sufficient for graphite (Fig. 8).

As a result, in the presence of oscillations, the
change in the body shape as a consequence of linear
ablation of the material from the surface due to aero-
dynamic heating will be more uniform (Fig. 9).
Curves 1‒3 in Fig. 9 correspond to carbon composite
and  = 0, 5, and 40 deg/s. In the presence of oscil-
lations  = 5–100, the average values of distribution
functions of the burnout depth x(η) presented in
Fig. 9, as compared to  = 0 deg/s, are 18–19%
lower. The maximum deviation of the function x(η)
from its average values of 76% for  = 0 decreases to
1.5% for  = 40 deg/s. This suggests that oscillations
in general lead to a smaller change in the shape of the
flying vehicle both in qualitative and quantitative
aspects.
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CONCLUSIONS
Within the framework of the conjugate formulation

of the problem, the integrated effect of a regular oscil-
latory motion of a body on heat f lux in the heat-pro-
tection coating was estimated. It was shown that the
temperature difference on the body surface consider-
ably decreases (by 58–78% depending on the material
and conditions of the f low), even at small values of the
angular velocity of oscillations. It was also shown that
isothermal regimes of the body surface appear with
irregular cyclicity. The velocity of the change of the
attack angle  ≥ 5 deg/s leads to a more uniform and
lesser (by 18–19%) change in the shape of the f lying
vehicle as compared to the motion with a constant
angle of attack. This ensures better preservation of the
aerodynamic characteristics of the f lying vehicle and
less linear ablation of the heat-protection material.
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