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Abstract—Allowance for nonlinearity leads to the appearance of the longitudinal electric current directed
along a wave vector. This longitudinal current is orthogonal to the known transverse classical current at linear
analysis. The kinetic Vlasov equation for collisional Maxwellian plasma is used upon the determination of the
longitudinal electric current. The Bhatnagar—Gross—Krook collision integral is applied. The electron distri-
bution function is taken from the Vlasov equation in the approximation quadratic over an electromagnetic
field. The formula for the calculation of the electric current is derived. When the collision frequency tends to
zero, all results for collisional plasma transfer into a corresponding known formula for collisionless plasma.
The case of small wave numbers is considered. The value of the longitudinal current when the collision fre-
quency tends to zero also transfers into the known expression for the current in collisionless plasma. The
dependence of the dimensionless current on the wave number, frequency of electromagnetic field oscilla-
tions, and the collision frequency of electrons with plasma particles is studied.
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INTRODUCTION

In this work, we derive formulas for the calculation
of the electric current in Maxwellian collisional plasma.
The Vlasov equation with the Bhatnagar—Gross—
Krook (BGK) collision integral is applied [1—4].
Quantities proportional to the square of the external
electric field strength are taken into account when
solving the kinetic Vlasov equation describing the
plasma behavior, and quadratic expansions of the dis-
tribution function and collision integral are used.

It occurred at such a nonlinear approach that the
electric current has two nonzero components. One
component is directed along the electric field strength
and is proportional to it. It is exactly the same as in the
linear analysis and is described by the known expres-
sion for the transverse electric current.

The second nonzero component of the electric
current has the second order of smallness with respect
to the electric field strength and is directed along the
wave vector perpendicularly to the electric field. This
is the “longitudinal” current orthogonal to the first
component. The generation of the longitudinal cur-
rent by the transverse electromagnetic field in plasma
is revealed by the nonlinear analysis of the interaction
between the electromagnetic field and plasma.

The analytical solution of the Vlasov equation with
the BGK collision integral is found in [4] for the prob-
lem of plasma oscillations. Nonlinear effects in plasma
have been studied for a long time [5—15] (see also
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review [16]). We note that nonlinear effects mani-
fested in the generation of the second harmonic were
studied in [17]. In [6] the linear current was considered,
in particular, in connection with probabilities of decay
processes. The existence of the nonlinear current along
the wave vector was noted in [7] (formula (2.9) in [7]).
The generation of the longitudinal current by the
transverse electromagnetic field in classical and quan-
tum Fermi—Dirac plasma was studied in [18], and that
in collisionless Maxwellian plasma was studied in [19].

In this work, we derived formulas for the calculation
of the longitudinal current generated by the transverse
electromagnetic field in Maxwellian collisional plasma.

SOLUTION OF THE VLASOV EQUATION

We show that, in Maxwellian plasma described by
the Vlasov equation, the longitudinal current is gener-
ated by the transverse electric field, and we calculate
its density. The existence of this current was indicated
more than half a century ago [7].

Further we consider the case of weakly ionized
plasma. It is possible to ignore electron-electron colli-
sions [20—22]. The way in which to account for elec-
tron-electron collisions on the plasma kinetics was
considered in [23, 24]. The Vlasov equation describing
the behavior of collisional plasma with the BGK colli-
sion integral has the form

Lovd e

d
s L)

E +1[v,H])ap

C

(1)



632

Here, f is the electron distribution function of
plasma, E, H are components of the electromagnetic
field, c is the velocity of light, p = mv is the momentum
of electrons, v is their velocity, v is the effective colli-
sion frequency of electrons with plasma particles, and

£ =f£..(r, v) (eq—equilibrium) is the locally equilib-
rium Maxwellian distribution function:

3
feq(rv v) = v;sn 2N (r7 t) eXp (_kijn
B

2
where € = mTv is the energy of electrons, kg is the

Boltzmann constant, P = p/pr = v/v is the dimension-
less momentum (velocity) of electrons, pr = mv, vy is

the thermal velocity of electrons, and v = /2k5T / m,

kgl =€ = mv% / 2 isthe thermal energy of electrons, T’
is the plasma temperature. The equilibrium distribution
function is normalized to the numerical density:

Ifeq (r,v)d3v =N (r,7).

We consider that there is an electromagnetic field
in plasma, which is a traveling harmonic wave: E =

, H=Hge ikr=o0) The electric and magnetic
fields can be expressed in terms of the vector potential

A by the following equalities:

gE=_l0A

cot’

For certainty, we consider that the wave vector is
directed along the x axis, and, the electric field, along
the y axis, i.e.,k=k(1,0,0), E= E (x, 1)(0, 1, 0). Con-
sequently,

i(kr—or)
Eye'

H = rotA.

E-_10A_io, H:%E 1(0,0,1),

codt ¢

_¢ck Ey(vy,—vx,O) (E +2v, H]) af;

[v,H]

—fp [ Y 4 (- kv)af}
Y op 0
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and also [v, H] = df /op = 0, since df /dp ~ v.

‘We consider the linearization of the locally equilib-
rium distribution function

fua(P.x) = fy(P) + fo(P)SWN,

where

2

3
fo(P) = v 2N CXP(_kEJ = 3N3 se’,

B VTTE

N(x,f) = N +dN(x,t), N =const.
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Equation (1) can be rewritten in the form

A L P kv)af
ot ax ® ap )

+Vf = v/fo(P) +V7fo(P),

and the value O/N/N is found from the law of conserva-
tion of the number of particles

[t =P’ =0,
From this conservation law, we find
ON 3 B 3
LA = i - fend’.
and we find

N = [(f = fuPya*v = vi[(f = fy(P)a’P.

Equation (2) can be transformed now to the inte-
gral equation

9p,

a—f;+ s Fvr =iy
- ﬂ[kvy a—f +(®— kvx)a—f} 3)
o ap ap,

+Vfy(P)SL j [f = /(PP
‘We search for solution to (3) in the form

S =HP)+ fi+ fr 4)

where

2
.fl ~E y - f 2~ E y

We shall operate by the method of successive
approximations considering the value of the electric

field strength as a small parameter. It is possible to
rewrite Eq. (3) using (4) in the form

o/ kx=0n) ~ gliltkx=on

Wt 1)y L) sy gy = s
ot * ox ! 2 0]
y {kvyw + (0= k) QAP m} )
ap, dp,

3
V(P [1+ fl7P.

Equation (5) is equivalent to the following two
equations:

I, , %
o +v, ™ + Vf
_ _%{kvy SolP) (- kvx)afo(P)} ©
(O] 0 x apy

3
+Vf(P)IL[ P,
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oS, o
o +v, o +Vvf,
:_@[kvym_i_(m_kvx)af‘l([))} (7)
o op, ap,

3
HV(P) L[ P,
From Eq. (6), we find

E
v —io+ikv,)f, = S22

x {kvy —a/;()(P ) 4 (- kvx)—ajg’(P )} ®)

x Py

3
+%m%m
where
A = j fd’P.

We introduce dimensionless parameters

[0 \Y k
, Y= , 4=\
kv kv kt
Here, g is the dimensionless wave number, ikt =

mVT/ h is the thermal wave number, and Q is the

dimensionless frequency of the electromagnetic field
oscillations.

Q=

We transfer to dimensionless parameters in Eq. (8)

. _ ek,

Wb —dh=-g—— Kopeve o
3

x{46Q§§3+<9—qag%%?q+ymun§}4,

y

where

O+iy

z=Q+iy=
VT

We note that

ofe (P) _ P dofo (P) _ P
oP, ) d

Consequently,

|:qu@(‘0_(}))+(9_qu)81%(})):| _o%(P)
aP, aP, aP,

Now, from Eq. (9), we find

/= ieE, dfy/0P, _l_yv_fn fo(P)
NgP. -z

= A, (10)
krprvr 9P, — 2
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Substituting (10) in Eq. (9), we find the equality
3 3
(14 iy Yr[LlP)dP
N qP. —z
ieE, Iafo (P)/oP,
krprvr qP. -z
It is easy to see that the integral in the right-hand side
of this equality is zero. Consequently, A, = 0. Then,
according to (10), the function f; is determined as
= ieE, afo/aPy
1 krprvr qP — 7
‘We substitute (11) into (7) and find

d’P.

1
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[ 2 (2L
p.\ qP. -z

omenag ()

3
+ VfO (P)%A%
where

A, = j fod*P. (12)

We transfer to dimensionless variables in this equa-
tion

. 2.2

e E,
2 22

Qktprvr

J+(@-ar)
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We denote

(13)
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2bervy ’
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We find from (13)

kv

P A LT
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qP.—z 0P} |qP,—-7 2 NgP -2

Substituting (14) into (12), we find

(14)

22
3 eEy J,
k1 piviQ

A2 = 3 3 .
1+QEJ0



634

Here,
fo(P)d3P { d (afo(P) aPy]
Jo=|/—— J, = P —
’ qP _Z' 1 J.q yan qu_Z
L R-qP, 9°f,| d’P
qP —zaP gP. — 7'

We substitute 4, into (14) and find f, in the explicit
form

e2E2 {qP i[afo (P)/E)Pyj
k"lz'p% %‘Q yan qf)x_Z

L Q-qP fo 1 vy CE vy f(P)
qP -z 9P} -7 kipiviQ N gP, - 7'

=
(15)

Here,
iy/2 J,

ly/2 ( /N)

ELECTRIC CURRENT DENSITY

(16)

We find the electric current density

j= ej vid'v. (17)

It is seen from (4) and (17) that the density current
vector has two nonzero components j = (j,, j,, 0). Here,
Jx»Jyare the density of longitudinal and transverse cur-
rents, respectively,

je = erxfd3v = erxf2d3v = evijprlfp. (18)

jy=efv fd’v = e[v,fd’v = evi[ Pfd’P. (19)

The transverse current is directed along the electric
field, its density j, is determined only by the first
approximation of the distribution function, and the
second approximation does not contribute. According
to (19) and (12), we have

. ie*vs
Jy=7—"E,(x

(9fo (P
krpr y) J.

This current is proportional to the first power of the
electric field strength.

(P)/oP,) P
qu —Z

4’ P

We find, for the longitudinal current density substi-
tuting (15) into (18),

: :%H{ pi(MJ
GEETEFT | KEE T Gy
_quazfo} Pd’P +Yv_%jPXfO(P)d3P
gP. -z 0P} |qP.—-7 'NJ qP. -2

} (20)
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In the integral of the second term in square brack-
ets in (20), the internal integral over P, is zero:

Py =+4oc0

jafO = 0.

yp:_m

In the first integral in square brackets, the internal
integral over P, is calculated in parts:

]i % (81”0(1’)/9%) PdP,

qP. -z )qP -7
'J. afO(P)/aPy zdPx'
_w(qu _Z)(CIPX _Z')

As a result, Eq. (20) is simplified:

FCEN?

2k%p%s2

~ J . (9f,(P)/oP,)d*P Yﬁijfo(P)d3P ‘
(gP.-2)(gP.,-7)° NI qP -2

The internal integral over P, is calculated in parts

- [ hyar

Jx =

P,=toc0

ijadeP P il

—TfO(P dP,

and we find the expression for the longitudinal current

E
jﬁ%?[ﬂ/[ L) E
2k1pr€2 (P —z)(qP. - 2)
yﬁjw
N qu_Z' ‘

21

The first integral from (21) is

fH(PYP dP,
I [

qu_‘Z)(qu_Z')2 qu_Z)(qu_z')z

Hfo

N *dP N

)dP,dP,

= = J
3 " 2 3 12>
ViV Y (gP, —z)(qu -7) vivrm
where
oo 2
s I e "dP, ,
12 — T "2°
Jr? (qP - 2)(qP. - 2)
the second integral
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ﬁjwzﬁnjpro(Px)dPx
N

qP -7 N qP. -7
L et dr
\/;c_ qt—7'
‘We denote
Joo=_L J‘ e Fdt
02 \/1—1_’_ -7

Then, it is possible to present (21) in the following
form:

(22)

We return to the consideration of the quantity y. We

calculate integrals J, and J,, entering (16). It was
already indicated that the integral from the second

term of J, is zero. The second integral, the same as
earlier, is calculated in parts. As a result, we find

o) oP 3
J‘_qquap(fo P)/ yj d’P

qP. -z )qP. -7
I (97, (P)/OP,) dP
(aP. —2)(aP. - 2)"

The internal integral over the variable P, is also cal-
culated in parts. As a result, we find the integral

J. = 2J‘ fo(P)d P
‘ (qP—2)(qP, 2"

which was already calculated. Consequently,

oo

3{V J‘ e dt = 4 fV I,
van Y (qt-2)(q1-2) vin

For the second integral in (16) we have

-]1:_42

J (PP _ N Te”fdPx
0= — == ,
gP. -7 viind qP. -z

Hence

iy 1 T 2d‘c

. 3
1+2Y1y =1+
2N 2\/7_t ' qT— 4

oo oo

1 —1: iy 1 e dt dT
=+ dt+—=
\/;E-[ \/171:-[ qt—7'

L[ =7y

— qT_Z'
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Thus,
Y:_qu%h,
2 vT']Ol
where
Jo = dr.
o &th =

Now formula (22) can be presented in the form

Ne'E?
ze - y4 {Q_,_ly lquoz}le’
2k prvQ 22y

or expressing in terms of the plasma (Langmuir) fre-

= \J4me’ N/m:
y /

.long eQ kE ly ly JOZ
long _ Q+2_Yylely 23
J [k Tjg 5 ijm 12 (23)

where

Jx_

quency ®,

o - ®, _ ho,
Ve mv;
is the dimensionless plasma frequency.

We rewrite equality (23) in the form

i = J(R,,9)6,,kE;, (24)

X

where G, is the longitudinal-transverse conductivity,
J (R, y,q) is the dimensionless current:

_eQ, _en(ho, 22 e (0),, T
kaT PT2 me kTpT kTvT ’

1 iy iy Jo
Q+=—=g—21],.
81 Q[ 5 q } 12

Gl,tr

J(2,,q9) = 547
01

We introduce the transverse electric field
k(kE E
g,-£-<KE)_p_9(E) g
k q’
Then (24) can be presented in the invariant form

Ol H].

3 =J(2,3,0) 01, KE;, = J (2.3,q) 0, [EH].
It is seen from (24) that, at y = 0 (or v = 0), plasma

becomes collisionless (z — 2, z' — €2) and formula (22)

coincides with the corresponding formula from [19]

for collisionless plasma:
1 I e_T2dT
smin Y (g1-Q)°

.long

2
.]x Gl,trkEy

In the case of the small wave numbers, we find
from (23)
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ReJ
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—0.03

—0.06

Fig. 1. Real part of the density of the dimensionless longi-
tudinal current as a function of dimensionless wave num-
ber g at Q = 1 and three values of the dimensionless colli-
sion frequency: /I—y = 0.001, 2—0.01, 3—0.05.

ImJ
i
0.08 - D\
0.04 |
0 1 1
0.7 1.4

q

Fig. 2. Imaginary part of the density of the dimensionless
longitudinal current as a function of g at Q =1 and dimen-
sionless collision frequencies: notations as in Fig. 1.
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At v = 0, we transfer from this formula to formula
from [18] for the longitudinal current for small wave
numbers in collisionless plasma.

Figures 1 and 2 show the behavior of the real and
imaginary parts of the density of the dimensionless
longitudinal current at Q = 1, respectively, as a func-
tion of the dimensionless wave number ¢ at different
values of the dimensionless collision frequency. At
small and large values of parameter g, the real part
almost terminates to depend on the frequency. First it

LATYSHEV, YUSHKANOV

ReJ

25

—25

—50

1

0.3 q

Fig. 3. Real part of the density of the dimensionless longi-
tudinal current as a function of g at y = 0.01 and three va-
lues of the dimensionless electromagnetic field frequency:
1—Q =0.1, 2—0.12, 3—0.15.

ImJ

0.3 q

Fig. 4. Imaginary part of the density of the dimensionless
longitudinal current as a function of g at y = 0.01: notations
as in Fig. 3.

has a minimum, then a maximum. The imaginary part
of the density current has one maximum, and its fre-
quency dependence disappears at an increase in g.

Figures 3 and 4 show dependences of the real and
imaginary parts of the density of the longitudinal cur-
rent on the dimensionless wave number, g, respec-
tively, at Q = 1, y = 0.01 and different frequencies of
the electromagnetic field. At large values of the
dimensionless wave number, the frequency depen-
dence disappears.

Figures 5 and 6 show dependences of the real and
imaginary parts of the density of the longitudinal cur-
rent on g at different field frequencies Q and y = 0.01.
At an increase in the dimensionless wave number, g,
the real parts of the current density almost terminate
to depend on the field frequency. For the imaginary
parts, the dependence on the field frequency disap-
pears at small and large wave numbers.
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ReJ
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—0.03

—0.06

0 1.5 q

Fig. 5. Real part of the density of the dimensionless longi-
tudinal current at y = 0.01: /—Q =1, 2—1.1, 3—1.2.
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Fig. 6. Imaginary part of the density of the dimensionless
longitudinal current at y = 0.01: notations as in Fig. 5.

CONCLUSIONS

In the work, the problem of the generation of the
longitudinal electric current by the transverse electro-
magnetic field in Maxwellian collisional plasma was
solved. The expansion of the electron distribution
function over the electric field strength with the accu-
racy to quadratic terms was found from the solution of
the kinetic Vlasov equation with the BGK collision
integral. It was shown that the component of the elec-
tric current in the direction of the electric field (longi-
tudinal current) is proportional to its strength, while
the perpendicular component (transverse current) is
proportional to the square of the field strength. A par-
ticular case of collisionless plasma was considered as
well as the case of small wave numbers. The depen-
dences of the current on the wave number, the electro-
magnetic field frequency, and the collision frequency
of electrons with plasma particles were determined.
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