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Abstract—Nonisothermal cross f low of a viscous incompressible f luid around a porous cylinder with a square
cross section is considered. Main attention is paid when an impermeable core of the cylinder is surrounded
with a porous layer. The full system of Navier–Stokes and energy equations is integrated numerically by the
finite-volume method. The hydrodynamic interaction between the f low and the matrix of the porous layer is
described by Darcy’s law. At moderate Reynolds numbers, the influence of the permeability of the porous
layer on the nature of the f low and the heat exchange between the cylinder and the f low is studied. It is shown
that, with increasing permeability, heat transfer from the cylinder increases mainly on its front side. From the
analysis of the data obtained, an approximate formula for the mean Nusselt number as a function of the Reyn-
olds and Darcy numbers is derived. The results of the calculation of hydrodynamic and thermal characteris-
tics of the cross-flow around an impermeable and a fully permeable cylinder are also presented.
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INTRODUCTION
Bodies consisting of an impermeable core covered

with one or several porous layers widely occur in
nature and practice. The typical sizes of biological
objects vary from fractions of a millimeter to dozens of
meters. Those are cells of plants; viruses; microorgan-
isms, in particular, bacteria; infusoria; mold; fungi;
plants (including aquatic); insects; fish; shellfish;
birds; and terrestrial animals with hair. In liquid and
gaseous media, coating provides movement by means
of cilia, the capture and propulsion of food, and the
reduction in the aerohydrodynamic drag of birds and
fish. The porous surfaces of the wings of birds and the
tails and fins of fish enable them to f ly, swim, and
maneuver efficiently. Since porous permeable layers
have a well-developed surface, their contact with the
ambient medium intensifies nutritive and mass-
exchange processes. However, the permeability of
crowns of trees reduces the hydrodynamic drag and
mechanical loads on the trunk and root system. The
main purpose of hair is to protect the body of an ani-
mal from a mechanical action, e.g., f lying sand, spec-
ula, acanthi, chemically aggressive media, radiation,
and temperature loads. Human clothes and special
protective devices perform similar functions [1–4].

Among technical objects comprising an imperme-
able core and a porous coating, it is worth distinguish-
ing recuperating and regenerative heat exchangers [5].
Porous layers, in particular, in the form of finning,
provide the development of the surface of walls sepa-
rating heat carriers, enhance their heat transfer, and

increase the heat capacity of a structure. At the same
time, porous materials with a low thermal conductivity
are widely used in various structures for heat insula-
tion of industrial and residential buildings, heating
networks, furnaces, boiler plants, refrigerators, etc.
[6–9]. In the cases of high thermal loads, e.g., upon
sheets of air- and spacecraft and elements of rocket
engines, porous cooling systems are applied [10]. In
this case, through a porous layer, a coolant is delivered
to the incident f low. As is known, the efficiency of
porous cooling is higher than those of convective,
film, and barrier cooling. In addition, the injected gas
reduces the friction drag of the streamlined surface.

The more complex structure of the composite
objects as compared to the homogeneous necessitates
additional description of the motion and heat transfer
of f luid in a porous layer. In addition, the nature of the
astern f low is complicated and the f low detachment
point is displaced. Due to practical significance, prob-
lems of f low around bodies having a porous coating
with heat exchange are of significant interest.

An isothermal f low in a channel of a square cross
section with a porous layer was studied numerically in
[11]. The Reynolds number  was deter-
mined from the edge length a of the cross section of
the cylinder, the f low velocity u far from the stream-
lined body, and the kinematic viscosity ν of the f luid.
For Reynolds numbers Re = 100 and 200, the drag and
lift of the cylinder were found. The thickness of the
porous layer was 10, 15, and 20% of the edge length of
the cylinder; the porosity  was 0.4, 0.6, and 0.8; and
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the Darcy number  varied in the range of

 to 10–2.
At relatively small Reynolds numbers, the f low

around a cylinder with a square cross section is com-
parable with the f low around a circular cylinder: in this
connection, it is worth referring to [3, 12]. In [12], a
slow viscous f low around an impermeable cylindrical
body surrounded by a permeable layer consisting, in
turn, of porous cylindrical particles was considered.
The character of the f low was analyzed, and the influ-
ence of the volume fraction of particles on the product
of the Reynolds numbers by the drag of the cylinder
was estimated. In [3], issues concerning the ventilation
of coats of various animals, which were simulated by a
cylindrical permeable layer, were considered. The fil-
tration of f luid in this layer was described by Darcy’s
equation. Variations in the parameters of the equation
made it possible to take into account the diameter and
length of hair and wool fiber density.

In the case of large Reynolds numbers
( ), the inf luence of a porous layer on the
flow behind a circular cylinder was studied experi-
mentally in [13]. It was shown that the control of the
downstream flow is most efficient if the porosity of the
layer is 0.4… 0.5, when the Kármán vortex street
behind a body does not arise. The passive control of
the f low around a semicircular cylinder by means of a
porous coating at Re = 550 was considered in [14]. It
was noted that a porous layer with a high permeability
significantly reduces the aerodynamic drag of the cyl-
inder. For a detached flow around a sphere with a per-
meable layer at moderate Reynolds numbers, it was
established in [15] that, with an increase in the perme-
ability, the detachment point of the f low is displaced
downstream. The drag of a sphere is described by the
formula

where Δ is a parameter at the ratio of the thickness of
the permeable layer to the square root of the permea-
bility.

In all the above-cited works, the f low of the f luid
was supposed to be isothermal. The cross-flow around
a circular cylinder and its heat exchange with the f luid
in the three-dimensional formulation were studied
numerically in [4]. A specific feature of the structure
under consideration is that a thin permeable layer is
found at a certain distance from the impermeable cyl-
inder. In this case, behind the body, a transient regime
with periodic detachment of vortices from the surface
was observed while the f low between the cylinder and
the permeable layer remained laminar.

When studying the f low around and heat exchange
with bodies consisting of an impermeable core and a
permeable layer, one should take into account the fol-
lowing limiting cases. If the permeability of the layer is
fixed while the thickness of the layer tends to zero, the

κ 2Da = a
610−

3Re 5 10= ×

0.5 0.059.85Re (0.025 5),DC − −= Δ ≤ Δ ≤

body is impermeable. On the contrary, with an
increase in the layer thickness and decrease in the core
sizes, we obtain in the limit a fully permeable body, as
in the case when the thickness of the porous layer is
fixed and its permeability decreases. If the permeabil-
ity decreases, we obtain an impermeable body but with
smaller sizes.

If we consider a nonisothermal cross-flow around
a porous permeable square cylinder as a limiting case
of the f low around a composite cylinder, it is worth
mentioning some more works. Analysis of an isother-
mal f low of a viscous f luid around such a cylinder has
shown [16] that the structure of the f low largely
depends on the Reynolds and Darcy numbers and,
with increasing Darcy number, i.e., increasing perme-
ability, the drag of the cylinder decreases.

In contrast to [16], in [17], the f low around and
heat exchange with a square permeable cylinder were
studied under the condition that the surface tempera-
ture is constant. The Reynolds number varied from 1
to 40, and the Darcy number, in the interval 
It was found that, with an increase in the Darcy num-
ber, the drag and the length of the vortex region behind
the body decrease and the heat transfer increases from
the upstream side and decreases on the opposite side.
The mean Nusselt number increases with increasing
Reynolds and Darcy numbers.

A nonstationary laminar f low around a square cyl-
inder with a heated base and forced convective heat
exchange with the f low was studied numerically in
[18]. The Reynolds number varied from 50 to 250, the
Darcy number varied in the range  and the
porosity, in the range of 0.4 to 0.8.

In the above-cited works, the f luid was supposed to
be homogeneous. However, in nature and engineer-
ing, the media are frequently multiphased and contain
mechanical additives [19–23], the material of perme-
able bodies is inhomogeneous [24], and the action
upon them may have the character of shock waves
[25]. The analysis of the influence of all these factors
on the processes under consideration is of significant
interest.

The review presented above gives evidence that
hydrodynamics and heat transfer of porous bodies,
especially high-drag ones, are insufficiently known.
There are little or no data on the f low at large Reyn-
olds numbers, including turbulent f lows, and f lows
around bodies with an anisotropic porosity, consisting
of regions with different permeability and performing
rotational or oscillatory motion, deformed or found in
multiphase streams.

The present work is devoted to studying the influ-
ence of the permeability of a porous layer covering a
cylinder with a square cross section on the hydrody-
namic characteristics and heat transfer in a laminar
flow of a viscous incompressible f luid.

6 210 10 .− −−

6 210 10 ,− −−
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 PROBLEM STATEMENT

We consider a nonisothermal f low of a viscous
incompressible f luid around a composite cylinder with
a square cross section with an edge length a at moder-
ate Reynolds numbers Re = 1–40. The computational
domain is a rectangle of length 0.5 m and width 0.2 m
in which, at a distance of 0.1 m from the entry section,
at equal distances from the lateral sides, an imperme-
able core with a square cross section and an edge
length b = 0.005 m, surrounded by a porous layer of
thickness h = 0.0025 m is placed; in this case, a = 0.01 m
(Fig. 1).

In the Cartesian reference frame  the origin
of which is placed at the center of the cross section
of the cylinder and of which the axis  is directed
downstream, a plane-parallel laminar f low of a vis-
cous incompressible f luid is described by the equa-
tions

(1)

(2)

Here, t is time,  are the components of the
Darcy velocity,  are the components of the f luid
velocity , p is pressure,  is the density of the f luid,
ν is the kinematic viscosity of the f luid, κ is the perme-
ability of the cylinder, and ε is the porosity:

repeated indices are implicitly summed over.
We assume that the material of the permeable layer

has a corpuscular structure; therefore, the porosity ε
and permeability  are coupled by the Cozeny–Car-
man relationship [26]

where  is the typical particle diameter in the porous
layer.

The energy equation for a f luid has the form

(3)

Here,  H is the enthalpy, T is tem-

perature, λ is the thermal conductivity of the f luid,
and  is the heat f lux power in the matrix of the per-
meable layer [5, 27, 28].
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Boundary and Initial Conditions

In the entry section, perpendicular to the axis 
we set  and  the operating pres-
sure  = 0.1 MPa; and the ambient temperature

.
At the exit of the computational domain, we impose

the “soft” boundary conditions:  

 and  which mean the leveling of both

hydrodynamic and thermal characteristics of the f low
far from the cylinder.

At the lateral sides, we set   

and 

At the surface of the impermeable cylinder, we
impose the no-slip conditions  and a con-
stant temperature  In the region of the permeable
layer, the porosity  and permeability  vary due to the
intense heat transfer and high heat conductivity of the
material of the matrix and the temperature is 

At the initial moment of time , the medium
begins the motion,    and 

The solution of the problem is performed by the
finite-volume method on a triangle mesh refined with
an approach to the surface of the body by means of
ANSYS Fluent software.

RESULTS OF CALCULATION
The parameters of an incompressible fluid (air) are

specified as follows: the density  = 1.225 kg/m³, the
dynamic viscosity  kg/(m s), the specific
heat capacity at a constant pressure  J/(kg K),
and the thermal conductivity  = 0.0242 W/(m K).
The fluid velocity at the exit is , and the
Reynolds number Re is varied. The temperature at the
exit is  = 300 K, and  = 350 K.

When calculating the f low of a f luid around a body,
the main calculated parameters are the drag
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Fig. 1. Schematic of the computational domain.
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 and the Nusselt number 

which characterizes the intensity of heat transfer.
Here,  is the projection of the hydrodynamic drag

of the cylinder onto the axis ,  is

the local convective heat transfer coefficient, and n is
the outward normal to the surface of the cylinder.

Preliminarily, the f low around an impermeable
square cylinder with an edge length a was calculated.
The table presents the values of the drag  the length
L of the vortex trail, and the mean Nusselt number

 obtained in our calculations (a) and taken from
[17] (b) and [29] (c). It is seen that the calculated val-
ues of  L, and  are in a good agreement with the
existing.

It was established in the numerical experiments
that the f low around a composite square cylinder at
Reynolds numbers in the range 1–40, porosity of the
layer  and Darcy numbers  in the

range  proceeds in stationary regime.
The Kármán vortex street behind the cylinder is not
formed. The streamlines in a part of the computa-
tional domain for Re = 40 and Da =  are shown in
Fig. 2. In the upper part of the figure, the streamlines
of the f low around a composite cylinder with a porous
coating are presented and, in the lower part, for com-
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2
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0.5,ε = 2Da a= κ
6 210 Da 10− −≤ ≤
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parison, the streamlines of the f low around a fully per-
meable cylinder. It is seen that, in the case of a cylinder
with an impermeable core, a vortex region is formed
behind the body and a fraction of it is situated in the
permeable layer. Moreover, the f low is detached from
the impermeable core rather than from the surface of
the permeable layer. The penetration of a recirculation
vortex into a porous structure of a circular cylinder was
also noted in [30].

At the same values of Re and Da, the velocities 
against the normal to the front (A), lateral (B, D), and
back (C) sides are shown in Fig. 3 for two cases: com-
posite (1) and permeable (2) cylinders. The imperme-
able core significantly affects the inflow and outflow
of f luid at all sides of the cylinder. It is seen that the
normal velocity of the f luid at the front side decreases,
changes the sign at the rear side, and has a pronounced
nonlinear character at the lateral sides.

It should be noted that, for a low permeability of
the porous layer (Da = – ), the f luid f lows out
from the cylinder mainly through its lateral sides. In
this case, the maximum variation in the normal veloc-
ity at the lateral sides is observed near the front angular
points. In this region, the vorticity field significantly
changes.

Typical isotherms of the temperature field in the
selected part of the computational domain for Re = 40
and Da =  are presented in Fig. 4. Here, as above,
the upper part of the figure shows isotherms of the
flow around a cylinder with a permeable layer and
lower part show isotherms of the f low around a fully
permeable cylinder. The main difference between
these cases is that, in the absence of an impermeable
core, the heated fluid moves downstream of the cylin-
der somewhat farther than in the presence of the core.

Analysis of the nature of variation in the Nusselt
number in different parts of the surface of the cylinder
with a porous layer has shown that the heat transfer is
maximal on the front side and minimal on the rear
side. However, along the surface of each side, the heat
transfer intensity varies significantly, especially in the
vicinity of the angular points of the body. With
increasing permeability of the layer, the local Nusselt

nv

610− 310−

210−

Fig. 2. Streamlines for Re = 40 and Da =  of (upper
part) a cylinder with a permeable layer and (lower part) a
permeable cylinder.

−210

Parameters  L, and  for an impermeable cylinder

Re
L

a b c a b c a b c

1 14.44 14.37 14.40 – – – 0.714 0.67 0.65
5 4.88 5.007 4.840 0.30 0.313 0.309 1.22 1.18 1.20

10 3.34 3.375 3.390 0.62 0.645 0.65 1.598 1.54 1.58
20 2.397 2.402 2.401 1.30 1.30 1.39 2.093 2.12 2.19
30 2.00 2.014 2.010 2.025 1.98 2.11 2.46 2.37 2.39
40 1.78 1.798 1.767 2.75 2.66 2.82 2.75 2.66 2.62

,DC Nu

DC Nu
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numbers on the front side appreciably increase but, on
the lateral and rear sides, they slightly decrease.

The calculated values of the mean Nusselt number
 on the front side of the cylinder (Fig. 5) practi-

cally coincide with the data obtained for a permeable
cylinder in [17]. At a high permeability (Da = )
and Reynolds numbers Re > 20, a discrepancy
between the results are observed. Moreover, the
greater the Reynolds number, the greater the discrep-
ancy. In our opinion, the reason for the discrepancy is
that, in [17], only the surface part of the matrix of the
cylinder is heated while, in the present work, the
whole matrix is heated. In addition, the results of [17]
were obtained with allowance for the inertial compo-
nent in the dependence of the pressure jump during
the motion of the f luid through the permeable body,
the influence of which is stronger at large Reynolds
numbers.

As was noted above, with an increase in the perme-
ability, the heat transfer on the rear side of the cylinder
decreases (Fig. 6). If the Darcy numbers are small
(Da =   ), then, with an increase in the
Reynolds number, the mean Nusselt number  on
this side increases; the most intensive increase is
observed for Re < 5. In the interval , the
dependence of  on Re is close to linear. In the case
of relatively large Darcy numbers Da =  for Re ~ 5,
we have a pronounced maximum in the dependence of

 on Re, especially for the permeable cylinder. The
increase in the Nusselt number with an increase in the
Reynolds number has obvious causes, while the
reduction in the heat transfer (Da = ) with an
increase in the Reynolds number to Re > 5 needs
explanation. It is seen from Fig. 2 (lower part) that the
vortex region behind the cylinder is not formed and
the velocity of the f low through the cylinder is rela-
tively high in its central part and low in the periphery. In
our opinion, the significant nonuniformity of the fluid
velocity in the cylinder across the flow may be the rea-
son of such an unusual behavior of the Nusselt number
as a function of the incident Reynolds number.

For a relative thickness of the porous layer
, the dependence of the mean Nus-

selt number  at the lateral sides of the cylinder
on the Reynolds and Darcy numbers (

) can be approximated by the for-
mula

Practically the same dependence  is
observed for a permeable cylinder.

Nu f

210−
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Nu r
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0.25h h a= =
Nub

7 Re 40,≤ ≤
6 210 Da 10− −≤ ≤

( ) ( )= − −Nu 0.45 1 0.025 log Da 1 0.008Re Re.b

( )Nu Re,Dab

Fig. 4. Isotherms of a f low with Re = 40 and Da = 
around (upper part) a cylinder with a permeable layer and
(lower part) a permeable cylinder.

−210

Fig. 5. Mean Nusselt number, , on the front side of

the surface of the cylinder for Re = 40 and Da =  (1),

(2)  (3)  and (4)  the f low around (solid
curve) a cylinder with a permeable layer and (dashed line)
a permeable cylinder; (1–4) comparison with the data of
[17]; (5) an impermeable cylinder.
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Fig. 3. Fluid velocity against the normal to the surface of

the cylinder for Re = 40 and Da =  (1) a cylinder with
a permeable layer and (2) a permeable cylinder.
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With an increase in the Reynolds and Darcy num-
bers in the aforementioned ranges, the mean Nusselt
number over the entire surface of the cylinder, ,
increases almost linearly by the formula

It should be noted that, in general, the heat transfer
on the surface of the cylinder in the presence of an imper-
meable core is smaller than in its absence (Fig. 7).

Nu

( )( ) ( )= + − − −0.8Nu 1.25 0.13 0.9 0.14 log Da Re 5 .

CONCLUSIONS
The calculations of the cross-flow of a viscous

incompressible f luid around a porous cylindrical body
with a square cross section at moderate Reynolds
numbers have shown that the structure of the body
and the permeability of the porous material have a
substantial effect on the character of the f low and the
heat transfer. The maximum heat transfer is observed
on the front side in the vicinity of the angles of the cyl-
inder. According to our calculations, for Reynolds
numbers Re > 5, the dependence of the mean Nusselt
number on the Reynolds number in the f low around
composite and homogeneous permeable cylinders is
close to linear. With an increase in the Darcy number,
the heat transfer from the porous cylinders under con-
sideration increase in proportion to 
Thus, application of permeable layers onto stream-
lined bodies is an efficient way to intensify the heat
transfer.
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