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ABSTRACT. Let G be a countable ergodic group of automorphisms of a measure space (X, pu)
and N[G] be the normalizer of its full group [G]. Problem: for a pair of measurable partitions &
and 1 of the space X, when does there exist an element g € AN[G] such that g§¢ = n? For a
wide class of measurable partitions, we give a solution to this problem in the case where G is
an approximately finite group with finite invariant measure. As a consequence, we obtain results
concerning the conjugacy of the commutative subalgebras that correspond to & and 7 in the type 113
factor constructed via the orbit partition of the group G.
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Introduction

The orbit theory of dynamical systems, which emerged in the late 1960s, had long been the focus
of A. M. Vershik’s seminar where Anatoly Moiseevich gave a new transparent proof (see [2|, [5]) of
H. Dye’s theorem [9] on the orbit isomorphism of ergodic actions of the group Z and other groups.
At the same seminar, the authors of the present paper were introduced to the connection between
orbit theory and the theory of von Neumann algebras.

Let (X, F, u) be a Lebesgue space and let A(X) be the group of all measurable transformations
of the measurable space (X, F) that leave the measure p quasi-invariant. According to the general
theory of measurable partitions constructed by V. A. Rokhlin [17], [18], two partitions & and &
are said to be isomorphic if there exists a measure-preserving automorphism g € A(X) such that
g€1 = &. In particular, according to his Classification Theorem, any two partitions with continuous
conditional measures and factor measures are isomorphic.

Let G be a countable ergodic subgroup of A(X), [G] be the full group of the group G, and
N[G] ={g € A(X) | g|G] = [G]g} be the normalizer of [G] (the properties of normalizers of the full
group were studied in [1], [4], [10], [14]). We use the notation N[G] even though the full group [G]
(and hence its normalizer) depend only on the orbit partition of the group. The further elaboration
could be reformulated in terms of the corresponding measurable equivalence relation, but this would
lengthen the text.

In this paper, we consider the following problem: when are two measurable partitions £ and &
of the space X conjugate with respect to the group N[G] associated to the orbit partition § = 6(G)?
That is, when does there exist an element g € N'[G] such that g&; = & and gf = 6?7 Thus, we replace
the general group A(X) with a narrower special group N[G].

We distinguish a broad class of measurable partitions, which we call properly located with
respect to [G]. For such partitions, we obtain, in a certain sense, a complete solution to this prob-
lem in the case where [G] is an approximately finite (a.f.) type II; group. Our first main result
(Theorems 3.1 and 3.2) shows that, in the above case, the conjugacy problem for properly located
partitions is equivalent to the general problem of measure-preserving orbit isomorphisms for groups
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of arbitrary type. In the proof given here, we use the technique of connected partitions developed
by A. L. Fedorov [8], |21], [22].

The considered conjugacy problem for countable partitions with respect to the normalizer of
an ergodic group is closely related to the conjugacy problem for some commutative subalgebras in
a factor. Indeed, to each countable ergodic group, by the well-known construction [1], [13], there
corresponds a factor Mg coinciding with the crossed product W*(G, L*°(X)) if G acts freely.

Let j be a canonical embedding L>(X) in Mg and M% = j(L>°(X)). This subalgebra is
a maximal commutative subalgebra in Mg and is regular, i.e., together with its normalizer, it
generates M. Such subalgebras are usually called Cartan subalgebras.

In the case where the dynamical system (X, u, G) has a discrete spectrum, Cartan subalgebras
have been studied in detail in [15].

To every measurable partition £ of the space X, there corresponds a commutative subalgebra
ML(E) = F(L>=(€)), where L>®(§) = L*®°(X,€) is the subalgebra of all {-measurable functions
from L*°(X), and j is the canonical embedding of L>°(X) in Mg. It is easy to check that if
measurable partitions &; and & are conjugate with respect to N'[G], then the subalgebras M%(fl)
and MY,(&) are conjugate in Mg, i.e., there exists an automorphism o € Aut(M) such that
o (Mg(&1)) = Me(&)-

The main question that arises here is whether the conjugacy of M%(&1) and MZ (&) in Mg
implies the conjugacy of the partitions & and & with respect to N[G]. It is clear that the problem
is, in fact, whether one can choose an automorphism that conjugates M%(fl) and M%(fg) in such
a way that it leaves the Cartan subalgebra M2 = j(L>°(X)) invariant.

The second main result of the paper is Theorem 4.5. It states that for the considered class of
partitions the above problem is solved in the affirmative.

Whether the same result holds in the general case is unknown to the authors.

Contents. In §1, we give notation and terminology used hereafter.

In §2, we study proper pairs of the form (0,&) where § = 6(G) is the orbit partition of the
group G and the partition ¢ is measurable and properly located with respect to [G]. For such pairs,
the factor partition /¢ is correctly defined in the factor space X /¢ and also the proper pairs (5, E )
obtained by countable multiplication of the pair (6,¢) are studied.

Using the Connes—Feldman—Weiss theorem [3|, it is shown that for a proper pair (6,&), the
approximate finiteness of the group [0] (see § 1.1 for its definition) is equivalent to the approximate
finiteness of the partitions # V £ and 6/¢.

In §3, we consider proper pairs (6,¢) where the group [6] is an a.f. group of type II; and the
partition £ is continuous. The classification and existence theorems are proved.

In §4, the problem of conjugacy of subalgebras of M (&) in the factor M is considered.

A detailed discussion of various issues concerning orbit theory, equivalence relations, and their
connection with von Neumann factor theory is available in the reviews [7], [16].

1. Preliminary Information

1.1. Full Groups and Orbit Partitions. We use the notation and terminology from [17],
[12].

Let (X;, Fi,m;), i = 1,2, be Lebesgue spaces with finite or o-finite measures. By an isomorphism
S: X1 — X9, we mean an isomorphism of measurable spaces such that the measure Sm; = mq08 -1
is equivalent to the measure mg. By A(X) we denote the group of all measurable reversible trans-
formations of the measurable space (X, F), and by A(X,m) its subgroup {S € A(X) | Sm = m}.

Let G be a countable subgroup in A(X) and let #(G) denote the partition of X into its orbits
Gx = {gr | g € G}, z € X. If 0 is some partition of X, then we denote by [f] the group of all
elements of A(X) that leave 6 fixed, i. e., C € 6, S € [f)] = S(C) = C. If § = 0(G) for some
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countable subgroup in A(X), then we call 6§ an orbit partition. We call [0(G)] the full group of
the group G and denote it by [G]. The element of a partition € containing an element = € X is

denoted by 6(z); if A C X, then 0(A) is the smallest f-set containing A. The relation z L Y means
that 0(x) = 0(y). If £, n are two measurable partitions, then their supremum &£ V 7 is defined by the

relation z Yy <= L y and x L y, x,y € X, and their intersection £ N7 (non-measurable, in
general) is the smallest enlargement of the partitions & and 7.

If an ergodic group G admits a finite (respectively, infinite o-finite) invariant measure, then G,
as well as [G] and 0(G), are said to be of type II; (type Il ). If no finite G-invariant measure exists,
then G is a group of type IIL.

By a partial isomorphism of X, we mean an isomorphism V: A — B where A and B are subsets
in X of positive measure (more precisely, an isomorphism from (A, FN A, u|4) to (B, FN B, u|B)).
The sets A and B are called, respectively, the initial and the final domains of the partial isomorphism
and they are denoted by E(V) and F(V'). By U(X) we denote the set of all partial isomorphisms
of X. For U and V from U(X), U~! and U - V in the case where m(F (V)N E(U)) > 0 are defined
in the obvious way.

For a partition 6 of the space X, we introduce its normalizer N(0) as the set {S € A(X) |
S0 = 6} of transformations leaving the partition @ invariant. We also put

Uuw) = {U eUX) | Ux 2 & for almost all z € E(U)},
UN(0) = {U e U(X) | U(Blw)) = Olew) )

and for a countable subgroup G € A(X), we set by definition:

NGl =N (0(G)) = {S € A(G) | SIGIS™" = [G]},
UG =U0(G)),  UNIG] =UN(0(G)).

For U and U,, n € N, in U(X), we use the notation U = @, U, in the following situation:

EWU)=JEU,), FU)=|JFU.)., Ulgw, =Un,

where the sets E(U,,),n € N, and, respectively, F'(U,),n € N, are disjoint. Note that a transforma-
tion g is contained in [G] if and only if it admits the representation g = @, up, where u, = gulg,)
and g, € G.

If G is an ergodic type I, group, m a G-invariant measure, and S € N[G], then there exists a
number mod S € (0, +00) such that for almost all z € X

dm(Sz)

dm(z) =mod S.

By ex and v, we denote, respectively, the partition of X into distinct points and the trivial
partition of X; ex is the identity automorphism of X. The partition into ergodic components of
the group G is denoted by w(G); we also use the notation w(f) if § = 0(G).

Let £ be a measurable partition of X and let 7¢ be the canonical projection of X onto the factor
space X /¢ supplied with the o-algebra F/¢& = {A C X/ | ngA € F}. Since the measure m on X
is not assumed to be finite, the natural measure mg defined on the factor space (X/£, F/£) by the
equality mg(A) = m(ﬂ'glA), A € F/&, is not o-finite in general. Therefore, the factor measure m/¢
is hereafter understood as any o-finite measure on (X/&, F/€) equivalent to the measure mg.

For each factor measure m/, there exists a unique mod0 system of conditional measures
C — me, C € £ This means that:
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1) (C,m¢) are the Lebesgue spaces for almost all C' € &;

2) for any A € F
(a) (C'NA,meg) is m/&-measurable for almost all C' € &,
(b) the function C' — mc(A N C) is me-measurable for almost all C' € &,
(c) m(A) = fX/g mo(ANC)dm/E(C).

In the case where the measure m is probabilistic, the measures m/{ and m¢g, C € &, can
also be chosen to be probabilistic, and in this case the factor measure m/¢ is uniquely defined:
m/E(A) = m(ﬂ'glA), Ae FJE.

The equivalence relation Ry with measure p = up (measurable equivalence relation) correspond-
ing to the orbit partition § = 0(G) of the countable subgroup G = A(X) is defined as follows. Let
I'y = {(z,9x) | + € X} be the graph of g € G and Ry = Ug I'y; the measure p is uniquely defined by
the property that for any g € G, the set I'y is p-measurable and the natural projection (z, gz) — «
of the space (I'y, p|r,) onto (X, 1) is a measure-preserving isomorphism. It is not difficult to check
that such a definition (Rg, itg) is mod 0 correct and does not depend on the choice of the countable

group GG having orbit partition 6; thus, z 2 y <= (x,y) € Ry for almost all z,y of X.
The canonical projections 7: Ry — X and s: Ry — X defined by the equations

s(z,y) =z, r(v,y)=y  ((z,y) € Rp)

are measurable mappings. For the corresponding measurable partitions & = s ey and & = r~ley,
the relations & V & = er, and, in the case where the group G is ergodic, & A & = vg,, hold.

If, under the natural identification of X with Ry/¢,, we take m as a factor measure on Ry¢,,
then for almost all C' € &, the conditional measure in C' is just the counting measure, i.e., for
measurable subsets A € Ry,

o(4) = /X AN ({z}, Ga)| dm(z).

1.2. Connected Pairs of Discrete Measurable Partitions. We will need the following
definitions and results from [8], [21].

Let H be a group of automorphisms of the space X. We call it orbitally discrete if there exists
a countable subgroup G' C H such that H C [G].

Proposition 1.1. Every subgroup of an orbitally discrete group is itself orbitally discrete.

If the group H is orbitally discrete, then we can define its orbit partition by assuming 6(H) =
0(G) where the group G is countable and G C H C [G]. It is not hard to check that this definition
is mod 0 correct and does not depend on the choice of the group G; by definition, [H] = [G].

Proposition 1.2. Let £ be a measurable partition and 6 = 0(G) be an orbit partition of the
countable group G. Then the group [&] N [G] is orbitally discrete, and its orbit partition coincides
with OV E.

A measurable partition £ is called conditionally discrete if almost all its elements have atomic
conditional measures.

Proposition 1.3. If £ and n are two measurable conditionally discrete partitions, then the
group [£] NN (n) is orbitally discrete.

To shorten the notation, we denote the group [£] N N(n) by G(£,n) and its orbit partition by
0(&ln).

A pair of conditionally discrete measurable partitions (£,7) is called connected if £V n = e and

0(&ln) = ¢&.
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Proposition 1.4. For a connected pair of measurable conditionally discrete partitions & and 7,
their non-measurable intersection & N1, and hence the factor partitions € N0/ and £ Nn/n, are
correctly defined and these partitions are orbit partitions of suitable countable groups of automor-
phisms.

Theorem 1.5. If, for a connected pair of measurable conditionally discrete partitions & and 1,
the partitions E /& and ENn/n are of infinite type, then there exists a measurable subset A C X
such that £(A) =n(A) = X.

We introduce some more concepts. A polymorphism (more precisely, a polymorphism with
quasi-invariant measure) (see [6]) is a diagram II = II(u) of the form

s s
(X1, m1) o2 (X1 x X, 1) =2 (Xa, pa),

in which (X7 x Xy, u) and (X, p;), @ = 1,2, are Lebesgue spaces and the natural projections
mx,: X1 x Xo — X; are measurable. Thus, the partitions & = Tr;(ilz—:Xi of the space X7 x Xy are
measurable, &1 V {3 = €x, xx,, and the measures m; are factor measures for p when (X; x X»)/&
are naturally identified with X;. The systems of conditional measures corresponding to these factor
measures are denoted by {7 | z1 € X1} and {p5? | 22 € Xo}.

It is clear that any pair of measurable partitions (£, 7) of the Lebesgue space (X, m) for which
&V n = ex corresponds to a polymorphism

(X/€,m/€) < (X,m) = (X/m, /),

where X is identified with (X /£ x X/n), since £ Vi = ex, and m/£, m/n are some factor measures.

Let 6 = 0(G) be the orbit partition of the countable subgroup G C A(X) and (Ry, 1g) be the
corresponding measurable equivalence relation. Then it can be considered as a polymorphism

p: (X, m) <& (X x X, pp) — (X, m),

where 75(z,y) = = and m(z,y) =y for (z,y) € X x X (the measure py is a continuation from Ry
to X x X such that ug((X x X)\ Rg¢) = 0). The partitions & = 7, '(ex) and & = 7, 1(ex) form
a connected pair of partitions of the space (X x X, up), and

§sﬂ§r/§s:9, fsmfr/frza

under the natural identification of (X x X)/& and (X x X)/& with X.
1.3. Von Neumann Algebra of a Connected Pair. We denote by B(H,,) the algebra of

all bounded linear operators acting in the Hilbert space H,, = L*(X,m). To each transformation
g € A(X), there corresponds a unitary operator U, in H,, defined by the equality

d(gm
dm

1/2
<Ugf><x>=f<g—1w>< )<x>) . zeX, feHn

For ¢ € L*°(X,m), consider the multiplier A, defined by

(Apf) (@) = p(2)f(2),  weX, feHn.

Then g — Uy, g € A(X), is a unitary representation of the group A(X) in the Hilbert space H,,
and ¢ — A, p € L*°(X,m), is an isomorphism of the algebra L>(X,m) into B(H.,).

Now consider any pair of measurable partitions (£,7n) in the space X. By L*°(¢) denote the
subalgebra in L>°(X,m) consisting of all {&-measurable functions from L*°(X,m), and let G(§,n) =
[€] " N (n). We denote by M(&,n) the von Neumann algebra in B(H,,) generated by two families
of operators:

Ugv g e 9(5,77), Atpa P e LOO(TI)~
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Theorem 1.6. If (£,n) is a connected pair of measurable conditionally discrete partitions, then
M(&,n) = M(n,&). Moreover, if £ A\ = vx, then M(&,n) is a factor and Mo(§,m) = {A, | ¢ €
L> (&)} is a Cartan subalgebra in M(&,n) (that is, an abelian regular subalgebra which is the image
of some normal conditional expectation).

Now consider the polymorphism
(p) : (X1,m) <= (X1 X Xo, 1) = (X2,ma),

for which (&, &) is a connected pair of conditionally discrete partitions. In this situation, the algebra
M(&s, &) can be described as follows.

Due to the connectedness condition, the partitions 0y = (& N &) /& and 6, = (&N &) /& are
orbit partitions of some countable automorphism groups. A partition & consists of elements of the
form X§ = {z} x 6;(z), z € X1. The space H,, = L*(X1 x Xo, 1) decomposes into a direct integral

e
H, = H, dmy(z)

of Hilbert spaces H, = L?(X¥, u*), z € X1, where {u®, x € X;} is a system of conditional measures
of the partition &. If x S y, then the equality

du®

1/2
d,uy> (2)f(2), feH,, =ze€lXj,

Vi) = (

defines the linear isometry V. ,: H, — H,y.

Theorem 1.7 (see [21]). If (&,&) is a connected pair of conditionally discrete measurable
partitions of the space (X1 x Xa, p) defined by the polymorphism I1(n), then the algebra M (&s, &)
coincides with the set of all decomposable operators A = le Az dmy(x) in f)?l Hy dmy(z) such that

Ay = V(m,y)AxV(y,:E) Zf € Q\S' Y, T,y € Xl-

Let G be a countable ergodic subgroup in A(X) and let § = 0(G) be its orbit partition. The
measurable equivalence relation (Ry, pg) can be considered as a polymorphism

H(NG): (X7m) o (X X Xvﬂ@) = (X7m)

The pair (&,&;) is a connected pair of measurable conditionally discrete partitions with & V & =
exxx and 6 = 6, = 6. Thus, to each countable ergodic group G, there corresponds a factor
M(&s, &), which we will denote by M. Since M is independent of the choice of group G with a
given orbit partition #, we also use the notation My for Mg.

The above construction of the factor Mg is equivalent to Krieger’s construction in [13], [11].
The factor Mg coincides with the crossed product of L>°(X, m) and G in the case where G acts
freely on X.

The canonical embedding j: L>(X,m) — Mg is defined by the equality j(¢) = A, where
o(z,y) = p(y), (z,y) € X x X. We denote the image j(L>(X,m)) by M.

The measure . = g was chosen such that the conditional measures pu*, z € X, of the partition
& corresponding to the factor measure /& = m were counting measures in X* = {x} x 6(z).
Therefore, in the Hilbert space H, = L?(X®, %), we can define a natural orthonormalized basis
{ey, vy € 0(x)} where

1, ify==z
((x,2) =4 ’ ,z) € X",
() {0’ AR

Here we can assume that H, = H, at L y, i.e., the operators V., are identities.
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For each g € [G], we define g € A(X x X, pp) by setting g(x,y) = (z,9y), (z,y) € X x X.
Obviously, the mapping g — T, = Uy, g € [G], is an isomorphism of the group [G] into the group of
unitary operators from M; moreover, the operators T}, are elements of the normalizer

N (ML) ={U € Mg | UMLU* = MY, U unitary}
of the algebra M%; (Mag, (M) = Mg and
Jpog)=T,i(0)T,,  ge€lG], ¢eL>(X,m).

The next result, obtained earlier in [13], follows from Theorem 1.7.

Theorem 1.8. For a countable ergodic group G € A(X), the algebra M, is a Cartan subalge-
bra in the factor Mg. Given a natural representation of the Hilbert space H,, as a direct integral
ffg He dm(z), the factor Mq consists exactly of all decomposable operators A = [ Ay dm(z) such

that Ay, = Ay if x 2 y, and the subalgebra MOG consists of all operators of the above form for which
the operators Ay are diagonal in the basis {e; | y € 0(x)} for almost all x.
The type of factor Mg is the same as the type of the group G.

2. Proper Pairs

2.1. Orbit Partition of a System of Partial Isometries.

Lemma 2.1. Let U be a countable subset of U(X) and Ry C X x X be a binary relation
defined by the relation (x,y) € Ry <= ux = vy for some u,v € U U {ex}. Further, let 0 be
the finest partition of the space X for which Rg D Rqg. Then there exists a countable subgroup
G C A(X) such that Rg = Ra ([0] = [G]).

Proof. Consider the space X x U’ with measure m x A\, where Y’ = U U {ex} and X is the
counting measure on U’. On the set A = {(z,u) € X xU' | x € E(U)}, we define the partitions £
and 7 by the relations

3

(r,u) ~ (y,v) <= z=uy,

() L (g0) = ur=uvy
for (z,u), (y,v) in A. These partitions are measurable, since the mappings (z,u) — x and (z,u) —
ux from A to X are measurable. Then the partition # under consideration coincides with the
partition § N 7|x ey} Where X x {ex} is naturally identified with X. The partition £ N7 is an
orbit partition of a countable group of automorphisms, so the partition & N 7| Xx{ex} = 0 also has
this property.

O

The partition 6 described in Lemma 2.1 will be called the orbit partition of a countable system of
partial isomorphisms of U and [f] = [G] its full group. We denote them by 0(U) and [U], respectively.

2.2. Piecewise invariant partitions. A measurable partition £ of space X is called piecewise
invariant with respect to the group G C A(X) if every transformation g of G admits a decomposition
g = P, un where u, € UN(§), i.e.,

Un = G| E(un)s UE(un) = UgE(un) =X,  unlllE®@)) = ElF@un)-

Any invariant partition is obviously piecewise invariant. If £ is piecewise invariant with respect
to G, then it is piecewise invariant with respect to [G].
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If G is a countable subgroup in A(X),0 = 6(G), and the measurable partition ¢ is piecewise
invariant with respect to [G], then we can correctly define the factor partition 6 in the factor space
X¢ as follows. For each g € G, we choose some its representation in the form g = €, ugn, where
un € UN(§), and consider a countable family of partial isomorphisms U = {ug, | g € G, n € N}.
Then, the orbit partition (1) coincides with 6 and for each v € U, a factor isomorphism ug € U(X¢)
is defined. We will call the orbit partition 6¢ of the countable system of partial isomorphisms
Ue = {ue | v € U} the factor partition of § over £. It is clear that this definition is mod 0 correct
and does not depend on the choice of the countable group G for which 0 = 6(G), as well as on the
choice of the countable set of partial isomorphisms corresponding to G. Moreover, for any g € [G]
and for almost all points z of X

E(gz) % £(2).
If the partition 6 is ergodic, then 0¢ is also ergodic.

Piecewise invariant partitions usually occur in the following situation. Let 5 be a measurable
partition of the space X and X C X be a subset of positive measure such that the smallest
measurable 5 set f( ) containing X coincides with X. Consider the restriction & = f x of the
partition £ of X and let G be a countable subgroup in A (& ) and 0 = 0\ x be the restriction of its

orbit partition § = (G) on X. Then the partition ¢ is piecewise invariant with respect to [f] and
the factor partition ¢ coincides with the orbit partition G(G =), where G = {gg | § € G}, with the

natural identification of X /€ and X/¢.

Simple examples of piecewise invariant partitions arise when one considers measurable subpar-
titions. Namely, every measurable subpartition £ of an orbit partition §(G) of a countable group of
automorphisms of G is piecewise invariant with respect to G. Indeed, in this case, for each g € [G],
one can choose a decomposition g = €,, uy, such that E(u,) and F(u,) are one-layer with respect
to £. Then &|p(u,) = €lB@,) and &|p,) = €lp@,), and hence u, € UN (). The factor partition O,
defined above coincides in this case with the usual factor partition.

2.3. Proper Pairs. Let 6§ = 0(G) be the orbit partition of a countable group of automorphisms
G C A(X). We will say that a measurable partition & is properly located with respect to 6 if the
measure m /& is continuous, w[f V &] = &, and ¢ is piecewise invariant with respect to [0]. The pair
(0,¢) will be called a proper pair.

We will show that every proper pair (0,£) can be obtained in the way described in Subsection
2.2 from a pair (9 §) by taking some embedding X in X where 0 = G(G) G is a countable subgroup
of N(£), 0 =0|x, and £ = {]x.

For X 0 § we take the countable multiplications of X, 8, . Namely, let I be a countable set and
let A be the counting measure on I. On the space X =X x I, consider the measure m x X\ and the
partitions 0=0x vy and 5 § x v¢ defined by the relations

@) 2 (y,5) <« 2y,
@) & () « zhy

for z,y € X and 4,5 € I.

We fix some element iy € I and define an embeddiilg o of the space X into X as follows:
x = (2,19). Let §o = po(§) and Oy = ¢o(0). Then & = &|x, and Oy = 0]x,, where Xo = ¢o(X) =
X x {igp}. The factor spaces X /¢ and X/ are identified. N

Since § is piecewise invariant with respect to [0], the partitions o and § are piecewise invariant
with respect to [fp] and [6], respectively, and the factor partitions 6/& and 6y/& coincide.

The condition w[f V &] = £ implies that w[fy V &] = & and w[g\/ E] = gN, so the pairs (5, ,;7) and
(6o, &) are proper pairs.
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Proposition 2.2. Let (6,&) be a proper pair, (Gig) be its countable multiplication, and H be a
countable subgroup of .A(X/{) such that O(H) = 0/&. Then, for every automorphism h € H, there
exists an automorphism h € [0 ] ﬂ/\/(f) such that h coincides with the factor automorphzsm h/f
Thus, if for some countable set F the relation [F] = [0V €] holds, then [F U {h | h € H}] = [6].

Proof. Since the pair (6,¢) is proper, the pairs (6, &) and (9 £ ) are also proper. Every partial

isomorphism wu of the set Xo from U (6y) NUN (&) admits an extension u € U(X) such that u €

UWB) NUN (&), E(@) = £(E(u)), and F(ii) = £(F(u)). Indeed, due to the condition w[f V £] = &,
we can find a sequence of partial isomorphisms {g, }22, and {g},}°° of U0V €] such that

E(hn) = E(u), E(h,)=F(u), neN,

U E(hn) =€(E), | F(h,) =8(F(u),  ho=epwy ho=epqu).

n=0 n=0

where {F(hy),n = 0,1,2,...} and {F(h]), n = 0,1,2,...} form systems of pairwise non-inter-
secting sets. Then, taking u = €, , hl,uhy, we obtain the required extension of the partial isomor-
phism u.

Now take any h € H. By definition of the partition 6(H) = ] /E, there exist a decomposition
h = @,, v, and partial isomorphisms u, € U[0] NUN[0] such that v,, = u, /€. Moreover, without
loss of generality, one can assume that F(u,) and F(u,) are contained in Xj. We extend, as above,
each u, to a partial isometry u,, € U(0 ) N Ll/\/'(ﬁ) in such a way that

E(un) = &(E(un)) = WE:IE(Un)a F(uy) = §(F(up)) = 7r§:1<vn)'

Then, taking h = @, ,, we get an element of [§] NN (€) for which h/€ = h.

We put H = {h | h € H} and check that [F'U H] = [6]. The inclusion [F U H] C [f] is true by
construction. Let g € [0]. Tt follows from the definition of the partition /¢ that &(%) d £(g7) for
almost all 7 € X. Therefore, there exist elements h, € H and a decompObltlon g = @,, up such
that @, € UNTE] and @y, /€ = hy, \E /&) Since the partial isomorphisms hy 9| B(u,) are in U, €

and [0V €] = [F), it follows that § is in [F' U H]. O

Thus, for every proper pair (6, &) in X, there exist such a proper pair (5, E ) in the space X and an
embedding o: X — Xo C X such that §(Xo) = X, H\XO = o(0), f\Xo ¢0(£), and we can choose
countable transformation groups F and H for which [F] = [0 V¢l H C N(f) 4], [F U H] [9]
and the factor partition 0/5 coincides with the orbit partition of the group H/f {h/ | h € H}

If (6,¢€) is a proper pair, § = 6(G), and the group G is ergodic, then there are only the following
two possibilities for the partition &:

(a) for almost all elements of C' € £, the conditional measures of m are atomic;

(b) for almost all elements of C' € £, the conditional measures of m are continuous.

Indeed, consider a measurable set A = {z € X | mg,)({x}) = 0}. If the set A has positive
measure, then, due to the piecewise invariance of £ with respect to G, it follows that A is G-invariant
and hence m(X \ A) = 0, since the group G is ergodic.

In the case (a), it follows from the condition w[f vV &] = & that 0V E =00V E =&, i.e, &> 6
(the latter means that £ is a measurable subpartition of 6).

2.4. Approximate Finiteness Conditions. Recall that a group G is called approximately
finite (a.f.), or hyperfinite, if there exists an element g € A(X) such that [G] = [g]. It is known
that [G] is a.f. if and only if the partition § = 0(G) is tame, i.e., there exists a decreasing sequence
of measurable partitions ¢,, whose non-measurable intersection (), 6, coincides with 6 (i.e., 0(x) =

U, On(2) for almost all x € X).
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Another condition equivalent to hyperfiniteness, the amenability of the equivalence relation Ry,
is obtained by A. Connes, J. Feldman and B. Weiss [3] as follows.
An invariant (more precisely, left invariant) mean on (Rg,mg) is a positive mapping

P: L°(Rg,mg) — L=(X,m)
such that
P(l)zl and P(fOU):(Pf)OU7 UGU(X),
where for f € L®(Rg, my),

fwla,y), (2,y) € RoN(F(u) x X),

0 otherwise

(fou)(z,y) = {

and for f € L*°(X,m),
fu™tz), x e F(u),

0 otherwise.

(fou)(z,y) = {

An equivalence relation Ry is called amenable if it admits an invariant mean.

Theorem 2.3 (see [3]). The group [0] = [G] is approzimately finite if and only if the relation R
is amenable.

Corollary 2.4 (see [3]). If the group |G] is approzimately finite and h € N[G], then the group
[G U{h}] is also approzimately finite.

We use these important results to prove the following theorem.

Theorem 2.5. Let (0,&) be a proper pair. Then the group [0] is approzimately finite if and only
if the groups [0V &| and [0/€] are approxzimately finite.

Lemma 2.6. Let H and G be countable subgroups in A(X), 0 = (G U H], £ = w(G) and
H C N(€). If [0] is a.f., then [He] is a.f., where He = {h/§,h € H}.

Proof. Without loss of generality, we can assume that mX = 1 and consider a factor measure
m/& on X/€. Let 0y = 0(H¢) and mg, mg, be the measures on the equivalence relations Rg and Ry,
corresponding to the measures m and m/¢&.

Since [0] is a. f., the relation Ry is amenable, so there exists an invariant mean P: L>(Rg, mg) —
L>(X,m). The natural projection m¢: X — X/ defines an embedding ag: ¢ — pomg, ¢ €
L>(X/¢), of the space L>®(X/&,m/€) into L>®(X,m). As for almost all (z,y) it follows from
(z,y) € Rg that (mex, mey) € Ra,, the equality (Bev))(x,y) = ¢ (mex, mey) defines an embedding

Be: L (Rg,, mg,) — L (Rg, mg).

Since G C [¢] and P is an invariant mean on Ry, we have for any g € H and 1) € L>®(Ry,, mg,) that

(Bewp) 0 g = Perp and P(Be)) o g = P((Berp) 0 g) = P(Be), i.e., the function P(f¢v) is G-invariant.
Since w(G) = &, this function is {-measurable and hence it belongs to o (L>(x/&, m/§).
Let Pty = agl(P(ﬁgw)). Then the mapping

P: L®(Rg,, mg,) — L>®(x/&,m/€)

is an invariant mean on Rg,. Indeed, P is positive and P(1) = 1. We represent every partial
isomorphism v’ € U(0p) as u’ = @, uj, where u) = (9,/€)|pwo) and g, € G. The operator

u =@, gnlre-1E@o) is a partial isomorphism from U(0) NUN(€), u/é = u°, and E(u) and F(u)
are {&-measurable sets. If ¢ € L>(Ry,, my, ), then

(Py) o ug = ag ' (P(Beth)) oo = ag ' (P(Betp) o w)
= ag (P((Be) o)) = ag ' (P(Be(d ou’))) = P(y o ).
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Thus, P is an invariant mean, that is, the relation Ry, is amenable and the group [fy] is approxi-
mately finite. U

Note that under the conditions of Lemma 2.6, the pair (6,&) is proper and 6/& = 6.
Proof of Theorem 2.5. Consider a countable multiplication (5, E) of a pair (#,&). Then

[0]is a.f. < [0]isa.f,
Bveisaf <« [AvEisaf,
[0/¢]is a.f. < [0/ is a.f.

So we can, without loss of generality, consider the pair (5, 3 ) instead of (6, &). o
Due to Proposition 2.2, we can choose countable subgroups G and H in 6 such that [G] = [0V ],
H c N[, [GUH] = [f], and | 9/6] [0/¢], where Hg = {h/¢ | h € H}. Thus, the conditions of

Lemma 2.6 are satisfied and hence [0/¢] is approx1mately finite if 0 is a.f. Thus, [0V ] is a.f. as a
subgroup of the a.f. group [6]
Conversely, let [9 \/5] and [9 / f} be a.f. groups. Then there exists hg € LH / 6 | for which [hg] = [0 / §l

By Proposition 2.2, there is an h € N[€] N [4] C /\/[9 V €] for which h/€ = hg and [G U {h}] = 6,
where G is a countable group such that [G] = [9 V £]. Applying Corollary 2.4, we obtain that [9]
a.f. n

3. Conjugacy of Measurable Partitions

In this section, we consider proper pairs (6, ) in the case where § = §(G) is the orbit partition
of an ergodic a.f. type II; group G and the measurable partition ¢ has continuous conditional
measures.

As noted above, if ¢ has discrete conditional measures, then it follows from the properness con-
dition that £ > 6. The description of measurable subpartitions of orbit partitions is straightforward
and we omit it.

3.1. Classification Theorem. Let G be a countable ergodic type I1; automorphism group of
the space X and m be a G-invariant measure on X, mX = 1,0 = 6(G).

If ¢ is properly located with respect to [G], i.e., (0,) is a proper pair, then there is a correctly
defined factor partition 6/¢ on the factor space X/€. Due to the ergodicity of G, the invariant
probability measure m is unique and hence the factor measure m/¢ is uniquely determined by
(0,&). Thus, in this case, isomorphic pairs (0, &) correspond to isomorphic triples (X/&,0/, m/§).

Under the approximate finiteness condition, all countable ergodic groups of type I1; are orbitally
isomorphic to each other. Therefore, the problem of classifying proper pairs in this case is reduced
to the problem of conjugacy of measurable partitions with respect to the normalizer N(6).

Theorem 3.1. Let G be an ergodic a.f. group of measure-preserving automorphisms of the
space (X,m), mX =1, and &1, &2 be properly located with respect to |G| measurable partitions with
continuous conditional measures. Then the following conditions are equivalent:

1) there exists an element g € N|G] such that g§1 = &a;

2) there exists an isomorphism go: X/§ — X /& such that go(m/&1) = m/&s and go(6/&1) =
0/&, where § = 0(G).

Proof. Suppose condition 1) is satisfied. It follows from the uniqueness of the invariant measure
for an ergodic group of type II; that gm = m. Therefore, if we take the factor isomorphism X /& —
X/& as go, then go(0/&1) = 6/&o.

Now we check the implication 2) = 1).

Since almost all conditional measures of partitions & (i = 1,2) are continuous, there exist
isomorphisms ¢;: (X, m) — (X/& x Y, m/& x p) such that ¢;(§;) = €; X vy, where (Y, u) is some
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Lebesgue space with continuous probability measure p and €; are the partitions X/&; into points.
Then the automorphism ¢ = @3 0 (go X ey) o (pl_l translates & onto &5, preserves the measure m,
and the factor isomorphism (X/&,m/&1) — (X/§2,m/&2) induced by ¢ translates 6/& onto /.
Let 61 = = 1(0), then 61 /&1 = /& and the pair (61, 1) is isomorphic to the pair (6, &3).

We can assume that (X, m) = (X/& x Y, m/&§ x p) and §; = €1 x vy. Consider the countable
multiplications (6,&;) and (61,&;) of the pairs (6,&1) and (61,&;) in the space (X, m) = (X x Y x I,
m X pu X \) where (I, \) is a countable set with the counting measure. Here the space X is identified
with the subset X /{1 x A, where A is a subset of full measure of the space (}7, ) =Y xI, uxA\),
&= §|X7 and 01 = 91‘X with & =1 X V.

Let S be an ergodic measure-preserving automorphism of the space (~ Y, ), then S =8 x
ey € A(X,m) and w(S) = &. The subgroups [ V &] and [f; V &] of the group A(X,m) are
approximately finite and have the same ergodic decomposition as [5] with ergodic components

[9 V 51] = w[01 V 51] 51, since the pairs (9 fl) and (01 51) are proper. From the results of part 2
of W. Krieger’s paper [14], it follows that there exist automorphisms 1 and 11 of A(X,m) leavmg
the partition € fixed and such that (6 V &) = 6(S), 11 (6, V §1) =0(5), and Y(X) = Y1 (X) =
Therefore, we can, without loss of generality, assume that [0V &] = [6; V &] = [S ]

Since the groups [f] and [6}] are a.f., then, by Theorem 2 of [12], the group [0/61] = [61/€1] is
also a. f. Choose an automorphism R € [0/51} such that 0(R) = 9/51 Using Proposition 1.4, we see

that [R,S] = [0] and [R,S] = [61]. Since R and Ry are in N[S] and R/&; = Ry /& = R, they are
of the form

R(x0,7) = (Rzo,V(20)7),  Ri(wo,¥) = (Rzo, Vi(z0)7),
(z0,9) € X/& x Y = X,

where zg — V(zg) € N[S] and z¢ — Vi(z9) € N[S] are measurable fields of automorphisms on

X/&-

Since the group [f] preserves the measure m,

L= dP(R@0.D) _dm/a(Reo) |

dm(zxo,7) dm /&1 (o)

for almost all (xg,y) € X and exactly the same equality is true for By and V;. Hence, mod V(xg) =

mod Vi (zo) a.e. in X/&1. From the results of Part 4 of W. Krieger’s paper [14], it follows that there

exists an automorphism P e NS [S } such that PRP™! € [S] and P preserves the measure m and

leaves the partition ¢ fixed. The relations P[A]P~! = P[R,S|P~! = [Ry, 5] = [] are valid, i.c.,
PO = 6,.

The sets X and PX in the space X have the same conditional measure equal to 1 in almost
all elements of the partition 5, so there exists an automorphism Sy e [S] such that SiPX = X. So
(SlP)|X9 =61 and SP|X§1 = ¢, that is, the pairs (6,&;) and (61,&;1), and hence the original pairs
(0,&1) and (61,&2), are isomorphic. Thus, condition 2) is satisfied. O

3.2. Existence Theorem.

Theorem 3.2. Let (Xo,mg) be a Lebesgue space with continuous measure and m(Xo) = 1. For
every ergodic a.f. group [H] of automorphisms of the space (Xo,mg), there exist an ergodic a.f.
group G of measure-preserving automorphisms of the space (X,m), mX = 1, and a measurable
partition £ of X with continuous conditional measures such that the pair (0,€), with 0 = 0(Q), is
proper, Xo = X/§, mo=m/&, and 0/ = 0(H).

Proof. Let (Xy,mp) be a Lebesgue space with continuous measure, moXy = 1, and (Y,v)
be a Lebesgue space with infinite continuous measure. We take arbitrary ergodic automorphisms
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Q € A(Xp) and S € A(Y,\). Again using Part 4 of paper [14]|, we can find a measurable field
Vi xg— V(xg) € N[S] such that

dmo(Qzo)

= (mod V(z0))~" for almost all Xo.
dmo (o) (mod V' (z9)) or almost all xp € X

Consider the automorphisms S and @ of the space (X x Y, mgp x \) defined by the equations

S(xo,y) = (0, SY), Q(z0,y) = (Qwo, V(70)y),
(zo,y) € Xo x Y,

and the full group [§ , C~2] C A(Xo x Y) generated by the automorphisms S and C~2 We denote by ]
the orbit partition of this group, choose some subset A C Y of measure 1 and put

X =Xy x A, m =mg X A4, §:g\x,

-1
where { = my ex,. N
The automorphism ) preserves the measure mg x A, since

d(mo x A\)(Q(wo,y))  dmo(Qzo)

d(mo x X)(zo,50)  dmo(zo) mod V(zo) =1

The automorphism S also preserves measure, so [Q, 5] C A(Xo x Y, mg x A) and hence [f] preserves
the measure m.

Since S is ergodic, w(S) = ex, x Ay = £ On the other hand, § € N(£) and the factor
automorphism Q/¢ = Q is ergodic. Hence, the groups [0] and [0] = [0]|x are ergodic.

Let ég be the group of automorphisms generated by S and @ For any ¢ € [5], there is a
g € [0] such that g|x = g. Since [Go] = [6], the automorphism § admits a representation of the form
g = @nﬁn\gn, gn € Go, A, C X x Y, and therefore g = @ngnygmx. Since g, € Go C N (&),
the partial isomorphisms gy | A.nx arein UN(€). Thus, the partition & is piecewise invariant with
respect to [f]. Furthermore,

wlf Ve =wlfVE]|x =w(S)|x =Elx =¢.

So the pair (6,¢) is a proper one.
By construction,

X/€=XoxY/E=Xo, m/E=m, 0/6=0/¢=0(Q),

and since the measure A is continuous, the conditional measures of the partition & are also continuous.
The group [S] is approximately finite and Q € N[S]. By Corollary 2.4, the group [0] = [S, Q] is
also approximately finite. O
Corollary 3.3. From Theorems 3.1 and 3.2, it follows that the next two problems are equivalent.
1) The conjugacy problem of measurable partitions £ with continuous conditional measures with
respect to N'|G), where G is an ergodic a.f. group of type 11y and £ is properly located with respect
to [G].
2) The classification problem of ergodic a.f. groups with respect to a measure-preserving orbit
isomorphism.

Note that the second problem was considered in [19], [20].
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4. Classification of Subalgebras Mg(&)

4.1. Calculation of Relative Commutants. Let G be a countable ergodic subgroup in
A(X),0 = 0(G), and M¢ be the corresponding factor in the Hilbert space H, = L*(X x X),
= . To every measurable partition £ of the space X, there corresponds a commutative subalgebra
M (&) = j(L>°(€)), where j is an isomorphism of L>°(X,m) onto the Cartan subalgebra MY, and
L (&) is the subalgebra of all {-measurable functions from L (X, m).

For each subgroup H C [G], consider the subalgebra M¢ i of Mq generated by MOG and the
operators Ty, g € H, where g — T} is the canonical isomorphism of the group [G] to the normalizer
N, (ML) of the subalgebra M.

By Proposition 1.1, the group H is orbitally discrete. Let §; = (H ) be its orbit partition, which
is a subpartition of § = 0(G).

Consider the space H as a direct integral H = f)? H, dm(z), where H, = L*(X% u®), X% =
{z} x O(x), and {u* | z € X} is a system of conditional measures of the partition 75 lex (cf. §1).

The group H corresponds to the group H ={h | h € H} C A(X xX, p1), where h(z,y) = (x, hy).
The partition ¢; = 6(H) is measurable, discrete, and is a subpartition of (s = 7, lex = 6(G):

(@) & (2,2) == y2z (2.y) (2.2) € X"

For each z € X, denote by K, = K the subalgebra in B(H,) that consists of all operators
A, € B(H,) satisfying the relation

(Agey,e;) =0 if y % 2.
Let Be. g be the subalgebra of B(H) consisting of all decomposable operators A = [ A, dm(z) from
Mg for which A, € K for almost all z € X.

Lemma 4.1. Mgy = Bg,u-

Proof. The partitions ¢; and (;, where (;, = 7, 'ex, form a connected pair of measurable
conditionally discrete partitions of the space (X x X,m). Let {m¢c | C € (i} be the system of
conditional measures of partition (; corresponding to some factor measure m/¢; on X x X/(; and
He = LQ(C, ﬁlc), C € (. Then

o — /X@ H, dm(z) = /X N (C 462 B HC> dm(z) = /X . He din /G (C).

Applying Theorem 1.7 to the polymorphism
(X x X/C1, /G) <2 (X x X, ) —5 (X, m),

we get the required result. O

Lemma 4.2. The relative commutant Mg, ; = Mg OM’GH of the algebra Mg p in the factor
Mg coincides with Mg(w(H)).

Proof. The equality follows from the maximality of the subalgebra M% in M« and the relation
i(eog) =T5(j(¢)Ty, g € [G], ¢ € L=(X,m). O

Lemma 4.3. For any measurable partition & of the space X,

(M ()" = Mg eve-
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Proof. By Proposition 1.2, the group [{] N [G] is orbitally discrete and 6([{] N [G]) = & V 0.
Let ¢ be the function from L*°(§) that separates the elements of the partition £. It corresponds
to the operator j(¢) = B = [ By dm(z), where for almost all # € X, the operators B, € B(H,)

are diagonal in the basis {ej | y € 0(x)}, with Byey # Bge? if y E (Mg (€))¢, then

A = [ A, dm(z) and for almost all z, the operators A, and B, commute. Hence, A, € /Cg[gg\/e] for
almost all x and, by Lemma 4.1, A € M jevg), i-e., (Mc(§))¢ C Mg ever- O

Corollary 4.4. If w[0 V &] = &, then Ma(§) and Mg jgve are relative commutants of each
other in Mg and Mcg(§) is the center of Mg [gve-

4.2. Classification Theorem.

Theorem 4.5. Let G be an ergodic a.f. group of type 111 and let &;,1 = 1,2, be measurable par-
titions with continuous conditional measures, properly located with respect to [G]. Then the following
conditions are equivalent.

1) The partitions & and & are conjugate with respect to N'[G].

2) The subalgebras Mg (&1) and Ma(&2) are conjugate in Mg .

Lemma 4.6. Let G be a countable ergodic subgroup of A(X) and let H be a countable subgroup
in [G] of infinite type. Then for any U in the normalizer Ny, (Ma.m), there exists an automorphism
g € [GINN[H] such that UT; € Mg u.

Proof. Let ¢ € L*°(X,m) be a function separating the points of X, and let B = j(p) €
./\/l%. Then UBU* € Mg,z and UT,U* € Mg, g € H. By Lemma 4.1, Mg g consists of all
operators A = [ A, dm(x) of Mg for which A, € le for almost all x. For the decompositions
B = [ Bydm(z), T, = [(Ty)zdm(z) and U = [U,dm(z), the inclusions U} B,U, € KX and
Uz (T,),Uy € K are valid for almost all z. Since the countable family {B, Ty | g € H} generates
the algebra M g, we conclude that UKZU, = KE for almost all z.

The center ZH of the algebra KX obviously consists of all operators C, € B(H,) that are

diagonal in the basis {e] | y € 6(z)} and such that Cyey = Cre? if y 2. (here 0§, = 6(H)). Since
U:ZHU, = ZH | for almost all x, a permutation 7, of the set {C | C C 6(z),C € 61} is defined
such that (Uyey,e;) =0 if z ¢ v,01(y). Since U € Mg, it follows that U, = U, and hence ~, = 7,
if x & Y.

Consider the subset Ry = |, {z} X 1261(x) C Ry C X x X. This subset is m-measurable.
Indeed, the functions ¢4, g € H, defined by the equations

Spg(xay) = (U$<Tg)$e$a€y>v (xay) € Rg,

are measurable and Ro = U,y {pg > 0}

Consider the restrictions ns = &|gr, and 7, = &|r, to Ro of the measurable partitions & =
T lex and & = T lex. The partitions 75 and 7, are measurable, conditionally discrete and, as
can be seen from the definition of the set Rg, form a connected pair. In addition, by construction,
ns Ny /ns = 01 and ns Ny /e = 61. Since [01] = [H] is a group of infinite type, Theorem 1.5 can be
applied to the pair (ns,7;). Choose a measurable subset A C R such that ns|4 = m|a = €4 and
ns(A) = m(A) = Rp. These conditions mean that A is the graph of some automorphism gy € A(X).
It follows from the inclusion A C Ry that gy € [G], and since A C Ry, we see that gy € N[H] and

(z,g001(x)) = (x,7.01(x)) for almost all = € X.

Hence Ux(T;())a: € K for almost all z, and so UTy, € Mg.n. O

Corollary 4.7. Let (5, £~)~be a proper pair in the space )Z, and let G and H be countable
subgroups of A(X) such that 0 = 0(G), 0(H) = 0V &, and [G] is generated by the groups [H| and
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[G] m/\/(;f), while the group [H) is of infinite type. Then the action of the group (G NN(E) on
L>=(€)is translated, under the canonical isomorphism j: L>(€) — Mgz ({) C Mg, into an action

induced by the normalizer /\/Mé(M@(g)) in Mé(f)

Proof. By Corollary 4.4, the algebras M G and M ~(§~ ) are relative commutants of each other;
therefore, N, MgMg ) = Nmg (M (5)) Applying lemma 4.3, we obtain the required result. [

Proof of Theorem 4.5. If (6,&), with § = 6(G), is a proper pair, then, applying Corollary 4.7
to the countable multiplication (5, E) of the pair (0,¢), we see that the factor partition 6/¢ = 49/5
is uniquely determined by the pair (Mg, Mg(§)). If G is a type II; group and m is its invariant
measure, then Mg is a type II; factor and the restriction of the trace on Mg to Mg (&) determines
the factor measure m/¢ in X/€. Thus, from the conjugacy of Mg(&1) and Ma(&) in Mg, the
isomorphism of the triples (X/&;, 0/&, m/&;), i = 1,2, follows. If G is approximately finite, then
we obtain from Theorem 3.1 that 2) = 1). The converse is obvious. U

Remark 4.8. It is easy to verify that the statement of Theorem 4.5 is also true for partitions &;
with discrete conditional measures.

Finally, we conclude with a simple statement that follows directly from Corollary 4.4.

Proposition 4.9. Let 6 be an orbit partition of the group G and let & be such measurable
partitions that 0V & = e. Then & and & are conjugate with respect to N'(G) if and only if Mg(&1)
and Mg(&2) are conjugate in M.

It suffices to notice that (Mg(&))¢ = M. O
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