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Abstract–An open cavity f low exhibits intense self-sustained oscillations. This transient behavior
stimulates violent pressure f luctuations because of multiple-order cavity tones. Detached eddy simu-
lation was conducted to simulate the cavity f low at the freestream Mach number of 1.19. In order to
improve the understanding of the shear layer convection processes and frequency characteristics the
velocity of the f low field at cavity mid-span was studied using the dynamic mode decomposition
(DMD) algorithm. The first three modes of the supersonic cavity f low were extracted to describe the
flow configuration at the dominant frequencies. The two-vortices, three-vortices, and four-vortices
are the corresponding first three DMD modes. The simplified mode structures are proposed to
explain the f low dynamics in a supersonic cavity. When a feedback compression wave encounters the
extrusion wave at a special location, an “analogous sonic boom” phenomenon appears causing violent
noise in the cavity.
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Cavity f lows arise in many aerospace applications, such as wheel wells, weapon bays, and other fuse-
lage openings for telescopes and sensors [1]. Since the 1950s, the similar cavity f low has been examined
by numerous researchers all over the world. A large number of earlier researches were conducted by Ros-
siter and Roshko, through a theoretical analysis and experimental observations [2]. By examining the
shadowgraph pictures along with the data from pressure sensors, Rossiter first put forward the linear the-
oretical model of the cavity f low. His famous semi-empirical frequency prediction formula is as follows:

(0.1)

Equation (0.1) is based on the convection velocity of the shear layer, the frequency of the shedding vor-
tices, and the speed of the feedback acoustic wave [3]. Here, f is the frequency, l is the length of the cavity,
k is the vortex convection speed divided by the freestream speed U, Ma is the freestream Mach number, α
is a constant, and m = 1, 2, 3, …. Here, α is equal to 0.25 and k is equal to 0.57 [3]. At low Mach numbers
this assumption introduces only a small error but at high Mach numbers the error is much greater. The
modified Heller formula (0.2) considerably improves the correlation at high Mach numbers assuming that
the cavity sound speed is equal to the freestream stagnation sound speed. The formula for the Strouhal
number is as follows:

(0.2)

Tam and Block settled up a mathematical model of cavity tones and pressure oscillation phenomenon,
which is based on the coupling between shear layer instabilities and the acoustic feedback [3]. Zhuang
et al. (2006) found five different waves by examining the shadowgraph photographs of cavity f low [4],
which were confirmed by Moon et al. (2010) through the high speed schlieren [5]. Schmit et al. (2011)
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found the entrainment wave by examining the f low shadowgraphs and indicated that the cavity tones are
excited by the entrainment waves impacting the rear wall rather than by the shedding vortices which cause
the broad bandnoise [6]. Moreover, Wang et al. (2017) investigated the entrainment characteristics of cav-
ity shear layers in supersonic f lows and proposed that entrainment of the freestream fluid into the cavity
recirculation zone is produced by the interaction between the shear layer and the cavity aft wall [7]. Cur-
rently, there are various interpretations of the f low mechanism about the cavity; it still not comes to an
agreement. The frequencies of the cavity tones can be predicted by the Rossiter and Heller formulas but
the choice of empirical parameters is not general [8].

At high freestream Mach numbers, the sound pressure level of cavity tones can reach 170 dB, corre-
sponding to r.m.s pressure amplitudes of 6300 Pa [1]. Not only the amplitudes are large but also the pres-
sure waves are spatially correlated, which quickly leads to structural fatigue issues inside the aircraft. Ana-
lyzing the coherent structures with different orders will help us to put forward methods, which cut off
some or other steps of the feedback loop more targeted and to develop the more effective active-passive
control technology [9]. Neither the sound pressure level (SPL) with different orders nor the distribution
of the SPL at different freestream Mach numbers is same in the cavity f low. The competitive relation of
the energy with different orders is existent [10].

In order to understand the underlying physical mechanism of the cavity tones, the coherent structures
with different frequencies must be extracted. The common technique for identifying the coherent struc-
tures is the proper orthogonal decomposition (POD) [11]. However two major drawbacks, which are tac-
tically acknowledged in employing this method, are associated with this technique. Firstly, the energy can
be the incorrect measure to rank the f low structures in all circumstances. Secondly, due to the choice of
the second-order statistics as the basis for the decomposition, valuable phase information is lost [12].
However, dynamic mode decomposition (DMD) is suitable for analyzing the f low dynamics around the
cavity. The DMD approach was first proposed by Schmid and Sesterhenn in 2008 and later published in
[12]. DMD is a recent technique decomposing a dynamical system into the modes based on the Koopman
analysis, thus making it possible to extract latent physical mechanisms. DMD is an effective method, as
applied to experimental and numerical f low field data. A low-dimensional matrix constitutes the coherent
dynamics of the temporal-spatial field. The Ritz eigenvalues and eigenvectors of the low-dimensional
matrix capture the latent dynamics of a dynamical system. The method has been applied to various com-
plex dynamics, such as jets in different cases [13], thermo-acoustic unstable systems [14], wake f lows [15],
and turbulent cavity f lows [16]. Furthermore, several decomposition techniques of similar fashion were
developed based on the standard DMD algorithm, such as the optimal mode decomposition [17], the
sparsity-promoting DMD [18], the total DMD [19], and other modified methods. The developed meth-
ods can more accurately extract the modes and expand the applications of the DMD algorithm. In order
to highlight the variation of the dynamics, in this paper the modes extracted with the DMD algorithm are
evolutive in the time domain.

Several important aspects (such as the interaction of the feedback wave and the shear layer) of super-
sonic open cavity f lows still need to be fully understood and entirely explored. Detached eddy simulations
(DES) were conducted to simulate a supersonic cavity f low. The multiple-frequency phenomena and the
oscillation of supersonic cavity f low were studied in this paper. The f low structures at cavity mid-span
were studied by the DMD algorithm. Moreover, the dominant modes were extracted to reveal the under-
lying oscillations. The simplified mode structures of the cavity dynamics were obtained.

1. DYNAMIC MODE DECOMPOSITION
The cavity f low contains a variety of f low phenomena, including shock waves, compression waves,

unstable shear layers, and dynamics of vortices. These phenomena involve multiple f lows with the inter-
action between different frequencies. DMD provides an ability to extract the coherent structures with dif-
ferent frequencies.

The temporal-spatial field of a transient f low can be expressed by a matrix  =
, where the vector  is the spatial distribution of the f low parameters on temporal

slice i (Fig. 1).
The time step between two neighboring columns is . When the sampling time is adequate, DMD

assumes that the evolution from  to  is generated by an approximated linear dynamical system of the
form:

(1.1)
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Fig. 1. Formation of the temporal-spatial matrix.
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Since the vectors given by Eq. (1.1) are linearly dependent, the last vector VN can be expressed in terms
of the previous vectors as follows:

(1.2)

with the coefficients . Following the Arnoldi algorithm, the linear matrix A can be
written in the form:

(1.3)
Equation (1.3) can be written in the form:

(1.4)
where K is the companion matrix of the system matrix A.

Using the least squares method we can recover the companion matrix K in the form of the following
expression

(1.5)

The coefficients can be obtained according to the formula

(1.6)

with determined by singular value decomposition (SVD).
The Ritz eigenvalues  of K approximate some of the Ritz eigenvalues of A. The Ritz eigenvalues of

the companion matrix K are logarithmically mapped onto the complex plane, where their real parts rep-
resent the exponential growth or decay, while their imaginary parts contain the temporal frequency. The
dynamic mode of DMD may be obtained by the following function

(1.7)

where  is the ith eigenvector of K and U are the right singular vectors of the snapshot sequence ; 
is also the corresponding dynamical mode of DMD. The extracted dynamic modes may be used to pro-
vide the coherent dynamics information and each mode has a single distinct frequency. More detailed
description of the DMD algorithm can be found in [12].

2. NUMERICAL SIMULATION AND VALIDATIONS
2.1. Governing Equations and Algorithm

In the present study the Navier—Stokes equations were used to calculate the unsteady viscous f low.
The governing equations are as follows:
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continuity equation

(2.1)

momentum equation

(2.2)

where p is the static pressure. The stress tensor  is given by the expression

(2.3)

where μ is the turbulent viscosity and I is the unit tensor.
Energy equation

(2.4)

where keff is the effective thermal conductivity and E is the total energy. The first three terms on the right-
hand side of Eq. (2.4) represent the energy transfer due to heat conduction, species diffusion, and viscous
dissipation, respectively.

The simulation was conducted using DES based on the SST k–ω turbulence model described in [20].
The kinetic energy of turbulence κ and the specific dissipation rate ω are obtained from the following
transport equations

(2.5)

(2.6)

In these equations Gk determines the generation of the turbulent kinetic energy due to mean velocity
gradients and Gω determines the generation of ω. The quantities Γk and Γω represent the effective diffusiv-
ities of k and ω, respectively, while Yk and Yω represent the dissipation of k and ω due to turbulence.
Finally, Dω is the cross-diffusion term. The expression for the dissipation of k can be written in the form:

(2.7)
where β* is a constant of the model, while the expression for FDDES is as follows:

(2.8)

where Cd1 = 20, Cd2 = 3, and

(2.9)

Here, S is the magnitude of the strain rate tensor and  is the magnitude of the vorticity tensor. In more
detail the numerical model is described in [20].

2.2. Computational Parameters
The simulation was conducted under the same flow conditions as in Hamed’s investigation [20]. The

commercial software ANSYS/Fluent was used to simulate the open cavity f low. The freestream Mach
number was 1.19. The delayed DES/SST turbulence model was chosen, similar but not identical with [22].
Figure 2 displays the schematic representation of the cavity configuration, where the length to depth ratio
l/d = 5. The grid was refined near the walls with a minimum grid spacing of 1 × 10–3D, while the maximum
value < 4 was taken in the outlet region and 15 grid points were taken within the 0.1D boundary layer
thickness at the upstream cavity lip. The computational grid conforms to the requirement of DES. The
freestream conditions were set for the supersonic inflow and the periodic boundary conditions were
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Fig. 2. Schematic representation of the cavity configuration.
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Fig. 3. Comparison of the calculated SPL spectra with Hamed’s results [21] near the rear wall.
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applied in the spanwise direction. The pressure f luctuations at 39 equidistant points (Point01 at x =
0.025L, consecutively numbered to Point39 at x = 0.975L) were sampled on the cavity ceiling of the sym-
metry plane uniformly. In order to capture the frequency f luctuations of the cavity f low, the time step was
10–6 s and the temporal span of the simulation was greater than 20 times the period of the first-order cavity
tone, which is predicted by Heller’s formula.

2.3. Validations of the Simulation Results
As can be seen in Fig. 3, the results of the calculations agree with Hamed’s data [21]; here, f is the pres-

sure f luctuation frequency. The first three cavity tone modes (plotted by the dots in Fig. 3) have the higher
sound pressure level. The second cavity tone is the loudest in the cavity (same as the results of [23]).

The overall sound pressure level (OASPL) can be written as follows:

(2.10)

where Prms is the r.m.s. of the pressure oscillations with respect to the mean ambient pressure and Pref =
20 μPa.

= rms

ref

OASPL 20 log ,P
P
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Table 1. Comparisons of the Strouhal numbers at Mach 1.19

Mode 1 2 3

Heller’s formula 0.2674 0.6239 0.9804
Hamed’s results 0.2860 0.6238 0.9394
SPL of the DES results 0.2464 0.6240 1.0017
The dimensionless Strouhal number is defined as . Table 1 gives the Strouhal numbers of the
cavity peak frequencies at Mach 1.19 in comparison with Heller’s formula and Hamed’s results [21]. As
shown in Table 1, the calculated results of this study almost match the frequencies estimated by Heller’s
formula and Hamed’s results. Figure 4 compares the OASPL on the cavity ceiling with Hamed’s results
and the experimental results [6]. The figure shows that the results calculated in this study predict the gen-
eral rise in OASPL toward the rear end wall. Based on the comparisons, the data calculated in this study
are reliable to analyze the dynamical system.

3. RESULTS AND ANALYSIS

3.1. The Three-Dimensional Coherent Dynamics

To identify the three-dimensional coherent dynamics of the cavity f low Fig. 5 illustrates the instanta-
neous snapshots of the three-dimensional f low structures visualized by means of the dimensionless Q cri-
terion, where Q is defined as follows:

(3.1)

where  is the Euclidean matrix norm, S is the magnitude of the strain rate tensor, and  is the magni-
tude of the vorticity tensor [24]. The regions, where Q > 0 (colored by red), are occupied by vortical struc-
tures.

As can be seen in Fig. 5, complex vortex structures dominate the f low field inside the cavity. The insta-
bility of the shear layer is strengthened and the vortices are produced, as the shear layer passes the leading
edge of the cavity. As the vortices move downstream, the size of the vortices becomes greater. The shear
layer is divided into two parts by the trailing edge. One part enters the cavity and the other moves down-
stream.

3.2. Flow Structures at Cavity Mid-Span

Figure 6 shows the instantaneous snapshots of the f low structures at cavity mid-span in the form of
streamlines and contours of the Mach number, Cp, and . Each phase in Fig. 6 is consistent with the
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Fig. 4. Variation of OASPL on the cavity ceiling.
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Fig. 5. Instantaneous snapshots of the three-dimensional f low structures visualized by the Q criterion.
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corresponding phase in Fig. 5. The pressure coefficient is defined as . Figure 6d shows the

contours of the pressure gradient , where the red regions represent the compression waves and the
blue ones represent the expansion waves.

Due to the freestream driving effect, the shear layer passes the leading edge of the cavity and a vortex
forms and starts to translate downstream. It gains enough rotational momentum to carry a small portion
of the freestream flow into the cavity (as seen in Fig. 6a). With the impingement of the shear layer
(entrainment wave, actually, [6]) on the rear wall, a local high pressure area (as seen in Fig. 6c), a reflected
acoustic wave (compression wave), and a shock wave are formed near the trailing edge (as can be seen in
Fig. 6d). The reflected acoustic wave travels upstream along the ceiling of the cavity. Because of the stim-
ulation of the reflected acoustic wave, the shear layer f luctuations are intensified in the direction of the
cavity depth. The f luctuations of the shear layer are clearly visible Figs. 6a and 6b. When the acoustic wave
arrives at the front wall of the cavity, a perturbation from the traveling acoustic wave disturbs the shear
layer and a new vortex is formed near the leading edge of the cavity, so the next loop process begins. The
similar phenomenon was observed in [25]. Moreover, the compression wave (seen in Fig. 6d (4)) and the
expansion wave (Fig. 6d (2)) are alternately generated near the leading edge of the cavity [26].

Because the feedback acoustic wave is weak, it is clear that it can be identified with the contour of pres-
sure gradient (as seen in Fig. 6d). It is worth to mention that there are several traveling feedback acoustic
waves in the cavity (as seen in Fig. 6d); they were pointed out by Schmit et al. [6] by shadowgraph images.
Meanwhile, the oblique shock waves are formed somewhere outside of the shear layer (as seen in Fig. 6b).
It is necessary to point out that this feedback acoustic wave exists always but the shock waves stimulated
by the acoustic wave are discontinuous. As can be seen in Fig. 6d (3), the front acoustic wave connects
with the shock wave outside of the shear layer, while the rear one does not. Only if the acoustic wave travels
to the special location, the shock waves can be stimulated. When the shock wave forms (as shown in Fig. 6d (3),
the feedback acoustic wave connects with the oblique shock wave sometime. The phenomenon can be ver-
ified by the shadowgraph taken by Schmit et al. [6].
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Fig. 6. Instantaneous snapshots of the f low structures at cavity mid-span.
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Fig. 6. (Contd.)
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4. THE DMD ANALYSIS OF THE VELOCITY FIELD AT CAVITY MID-SPAN

4.1. DMD Spectrum

Figure 7 presents the eigenvalue distribution of the companion matrix K. The colors of the scattered
dots indicate the amplitudes  of the respective modes in the data sequence. It is distinct from Fig. 7a
that most of the dynamic modes lie on or near the unit circle in the complex plane of , with the exception
of only a few modes located inside the unit circle. It is suggested by the scattered dots that most modes are
quasi-neutral and stable on the time dimension [19].

The natural logarithm of eigenvalue takes the form:

Φlog
λi
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Table 2. Comparisons of the Strouhal numbers at Mach 1.19

Mode 1 2 3

Heller’s formula 0.2674 0.6239 0.9804
SPL of the test data 0.2464 0.6240 1.0017
DMD analyses 0.2392 0.6218 0.9878
(4.1)
The imaginary part of ωj, which represents the phase speed, contains the frequency information of the

corresponding mode. The real part of ωj indicates the perturbation growth or decay. In Fig. 7b a large pro-
portion of the points lie around the zero line also indicating that the mode possesses the neutral stability
on the time dimension. The abscissa  represents the frequency of the corresponding mode.

Each DMD mode is shown at its corresponding frequency in Fig. 7c, where f is the frequency and 
represents the global energy norm of each mode. As the Ritz eigenvalues appear in complex conjugate
pairs, only the modes with f > 0 are shown and the mean flow mode at f = 0 is not displayed in Fig. 7c.
The tendencies of DMD analysis and SPL analysis are quite similar in amplitude, whereas they are rarely
matched at frequency.

Table 2 displays the comparisons of the Strouhal numbers at Mach 1.19. The three frequencies based
on the DMD almost match the peak frequencies estimated by Heller’s formula and captured by the SPL
spectrum.

4.2. The Extracted DMD Mode
Figure 8 shows the velocity vectors of the 0-mode calculated by the DMD algorithm, called the mean

flow mode, which is unique and captures the time-mean flow structure. The velocity vectors are colored
according to the velocity magnitude ( ). It is clearly visible that the disturbance of the
strong shear layer is located near the face of the cavity. As a result of shear layer separation, a smaller
induced vortex near the leading edge rotates counterclockwise, whereas the dominant vortex, which occu-
pies the main region of the cavity, rotates clockwise.

According to the evolution equation mentioned by Rowley et al. (2009), it is evident that the extracted
dynamic modes can be evolutive at , where  is the phase of the dynamic mode and λi is the
eigenvalue corresponding to the extracted dynamic mode.

Figure 9 shows the velocity vectors of the time-evolutive DMD modes. Every DMD mode is time-evo-
lutive, so four phases are chosen for every mode. The actual cavity f low is the superposition of all the
DMD modes. The vector arrows of velocity indicate the direction of f low oscillations. The Strouhal num-
bers corresponding to the dominant frequency of three DMD modes are 0.2392, 0.6218, and 0.9878,
respectively (as seen in Table 2). In Fig. 9 the obvious distinctions of the first three different modes are the
number of vortices and the vibration way of the shear layer. The 1st mode has a 2-vortex structure, the 2nd

( ) ( ) ( )λ Δ = ω = ω + ωlog .j j
j j r it

( )ω π( ) 2j
i

Φ

= + +v
2 2 2 0.5( )mV u w

−φ = λ φ1m m
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Fig. 8. Velocity vectors of the mean flow mode.
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mode has a 3-vortex structure, and the 3rd mode has a 4-vortex structure. As the modes are evolutive in
Fig. 9, the vortices are formed near the leading edge of the cavity and then travel downstream. The trav-
eling vortex grows up in size and gradually rises inside the cavity. The vortex is extruded outside of the cav-
ity near the rear wall and moves downstream.

As can be seen in Fig. 9, the compression wave and the expansion wave generate near the leading edge
of the cavity, alternately. Heller and Delfs elaborated the phenomenon in detail in [26]. Furthermore, the
Fig. 9. Velocity vectors of the extracted DMD modes.
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vortices are periodically connected by the extrusion wave or the separation line in different phase posi-
tions. When the adjacent vortices are extruded, there is an extrusion wave between them. The extrusion
wave acts like a compression wave. Along the extrusion wave, the f luid enters into the freestream field
from the cavity. When the adjacent vortices are away from each other, there is a separation line between
them. The separation acts like an expansion wave. The f luid in the freestream enters into the cavity along
the separation line. The extrusion wave and separation line translate downstream.

5. SIMPLIFIED MODE STRUCTURES OF THE OPEN CAVITY DYNAMICS
Based on the above discussion, Fig. 10 shows the simplified DMD mode structures of the cavity f low

dynamics. Two typical phases of the previous every mode are displayed in Fig. 10. The colorized lines in
Fig. 10 aim to distinguish different f low structures.

As shown in Fig. 10a, the major 2-vortex structure is characteristic of the 1st mode. The mode is time-
evolutionary along different phases. With the impingement of the shear layer (entrainment wave, actually,
[6]) on the rear wall, a local high pressure area, a feedback compression wave, and a shock wave are formed
near the trailing edge. At the same time, a local high pressure area is formed between the feedback com-
pression wave and the trailing edge. When the feedback compression wave arrives at the leading edge like
a tripper, the shear layer is disturbed.

As shown in Fig. 10b, the major 3-vortex structure is characteristic of the 2nd mode. The shedding vor-
tices travel downstream, and change among different phases. In the case of Phase 1, the two rear vortices
are separated, so that a separation line forms. The freestream fluid enters into the cavity along the separa-
tion line. The shedding vortices travel downstream in the case of Phase 2 and the two rear vortices extrude
each other. The extrusion wave exists between the extruding vortices and the f luid in the cavity enters the
freestream. The extrusion wave is a kind of compression wave. Thus, the feedback compression wave
encounters the extrusion wave and they are constantly reinforced by each other (the feedback compression
wave turns into a shock wave, possibly). Meanwhile, the instantaneous high pressure leads to the forma-
tion of a bow shock wave outside adapted to the shear layer shape, where the shear layer outflows along
the extrusion wave. The reinforced extrusion wave and the feedback compression wave travel, together
with the bow shock wave, above the shear layer; therefore, an “analogous sonic boom” phenomenon
appears causing the violent noise in the cavity. To sum up, when the supersonic freestream spans an open
cavity, on the one hand, the shear layer transport processes lead to the mass transfer inside and outside the
Fig. 9. (Contd.)
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Fig. 10. Simplified DMD mode structures of the cavity f low dynamics.
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cavity and, on the other hand, this mass transfer stimulates violent pressure f luctuations. As mentioned by
Zhuang et al. [4] and Gautam et al. [28], the instable shear layer near the leading edge of the cavity “flaps”
up and down. A compression wave is generated, when the shear layer f laps up, and an expansion wave is
generated, when the shear layer f laps down.

Similarly to the 2nd mode, the major 4-vortex structure is characteristic of the 3rd mode (Fig. 10c).
There are one separation line and one extrusion wave simultaneously. The violent noise is the result of the
interaction between the feedback compression wave and the extrusion wave like in the case of the 2nd
mode. Last but not the least, only if the feedback compression wave encounters the extrusion wave, mov-
ing shock waves are stimulated above the shear layer, and the structure of extrusion waves with different
modes is discrete. Thus, it can be concluded that the feedback compression wave always exists in the feed-
back process but the bow shock waves are discontinuous.

SUMMARY

DES and DMD are used to calculate and analyze the cavity f low at the freestream Mach number of
1.19. The calculated SPL spectra and the OASPL on the cavity ceiling agree with Hamed’s results. The
results calculated in this study almost match with the frequencies estimated according to Heller’s formula.

It is necessary to note that the coherent structures of the cavity f low dynamics with the specific fre-
quencies were extracted by the DMD algorithm. The mean flow mode captures the time-mean flow
structure. The Strouhal numbers corresponding to the dominant frequencies of the first three DMD
modes are 0.2392, 0.6218, and 0.9878, respectively. The first three DMD modes extracted by the DMD
algorithm are evolutive in the time domain and indicate two vortices, three vortices, and four vortices
FLUID DYNAMICS  Vol. 54  No. 5  2019



FLOW CHARACTERISTICS 737
spanning the length of the cavity, respectively. The vortices connected by the extrusion wave or the sepa-
ration line translate downstream cyclically.

The comprehensive dynamics of the supersonic cavity are presented by the simplified mode structures.
The feedback acoustic waves always exist in the cavity. Only when the acoustic wave travels to special loca-
tions, the shock waves can be stimulated outside the shear layer. The feedback acoustic wave is connected
with the oblique shock wave. An extrusion wave is formed between two extruded vortices. When the feed-
back compression wave encounters the extrusion wave at a special location, they are invariably reinforced
by each other and travel, together with the bow shock wave, above the shear layer; thus, an ‘analogous
sonic boom’ phenomenon appears causing the violent noise in the cavity.
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