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Abstract—On a finite time horizon, we consider a control system described by a vector differen-
tial equation with right-hand side that changes its structure at some times spaced by a distance
that cannot be less than a certain given value. In between two adjacent structure change in-
stants, the right-hand side is a function that is Lipschitz in state variables, continuous in time,
and linear in the control and perturbation, which take values in some convex closed sets. It is
assumed that at the structure change instants the solution of the system may experience a jump
by a certain vector of which only the direction is known. A uniform mesh is specified on the sys-
tem operation interval. The values of the state vector are measured (with an error) at the mesh
points. We solve the problem of constructing an algorithm for the formation of a system control
that ensures bringing the system trajectory to the minimum possible neighborhood of the goal
set at the end time. A solution algorithm is indicated that is based on the constructions of
positional control theory and is resistant to information interferences and computational errors.
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1. INTRODUCTION. STATEMENT OF THE PROBLEM

We consider an optimal control problem for the system of differential equations
#(t) = f(t,2(t),2(t),u(t),v(t), V(t)), teT=][0,9], (1)

with the initial state
x(0) = xy, x(0) = yp. (2)

Here ¥ = const € (0, +00), z € R", u € R? is the control, v(t) € R? and V(¢) € N are disturbances,
and N is the set of positive integers. Using the terminology of the theory of positional differential
games [1|, we will say that player 1 is in charge of designing the control u(:). In turn, the distur-
bances v(-) and V(-) are formed by player 2. The function V' (¢) is piecewise constant and has the
form

V(t)=Fk for telay,ar,), ke[0:r], a;<a;, a;=0, a =71,

where the number » € N and the times a} are at the disposal of player 2. The right-hand side of
system (1) has the structure

flt,x,y,u, v, k) = fult,z,u,u,v), kel0:r].

Thus,
ftzy,u,0, V() = filt,z,y,u,0) for telay,ar,,), kel0:r]

We will also write system (1) in the form
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The initial state of the latter system is
z(0) =z, y(0) = yo. (4)

The problem in question is essentially as follows. Assume that u(t) € P(t) C R? and
v(t) € Q(t) C RP, where P(t) and Q(t) are convex bounded closed sets—the “resources” of play-
ers 1 and 2, respectively. A uniform mesh A = {7;}",, 70 = 0, Tix1 = 7, + 0, T, = ¥, is selected
on the interval 7. We measure (with an error) the state of system (1), (2) (system (3), (4)) at the
mesh nodes 7;; i.e., we find vectors 9! and & such that

flh —z(7) S h, |¢zh —&(r;)

Here and in what follows, h € (0,1) is the value of information error, and by |z|, we denote the
Euclidean norm of a vector z. Moreover, the system structure changes (switching occurs) at the
times aj, k € [1 : 7], and the sets P and @ also change, P(t) = P, and Q(t) = Qy, for t € [a}, a}.,).
We assume that the functions fj as well as the sets P, and @, are known to player 1, whereas
the switching times aj remain unknown to him. The choice of these times (i.e., the control V (¢))
is at the disposal of player 2. We also assume that the “jumps” of states occur at the times aj,

k € [1:7]. Namely, if a state {x(a}), y(aj—)} must be realized at time aj, where z(a)) = tlim x(t)
—aj—

<h. (5)

and y(aj—) = tiiglﬁ y(t), then we take

z(ay) = x(a+),  ylay) = ylap+) = y(ap—) + biex,

where the vectors e, € R, |ex], = 1, and the quantities b; € R are selected by player 2. In this case,
the structure of the “jump” is presumed to be partly known to player 1. Namely, player 1 knows
the vectors e, but does not known the quantities b;. In what follows, the times a; will be called
the switching times. The functions f; will be assumed to be Lipschitz in  and y and continuous
in t, u, and v.

The problem discussed in the present paper is to design a control u(t) = u(7;, &8, M), t € [, Tit1),
ensuring bringing the state trajectory of system (1), (2) onto a closed set M C R?*" (at the time 1)
or its “minimum admissible” neighborhood. The meaning of the last term will be explained below.

In the case where the system structure remains unchanged (f = fy at all ¢ € T" and there are
no “‘jumps”), the problem under consideration can be solved within the approach proposed in the
monograph [1]. According to this approach, one needs to proceed as follows. At the initial time,
having the initial state known, one can determine the least neighborhood (e-neighborhood, i.e., M?)
of the goal set into which player 1 can surely transfer the system state vector at time ¥. (Speaking
of one or another neighborhood of the set M in what follows, we mean a closed neighborhood.)
Then one can construct some family of u-stable sets We(t), t € T, that stops at time 9 on the
set M (We(¥) C M*) and such that the initial state of the system resides in the set W¢(0). For
such sets one can take the broadest possible family of sets (the family of positional absorption
sets) or a narrower family, for example, stable tracks. After this, we organize the procedure of
positional control of a given system that ensures that the state trajectory of this system follows the
state trajectory of the so-called guide, which moves over the selected family of u-stable sets. The
strategy (rule of selection) of the control ensuring the above-indicated tracking property is called
the extremal strategy. If {xo,y0} € W(0), then, as established in [1, Sec. 57|, the extremal strategy
solves the problem of guaranteed guidance to the set M at time ¢ for any admissible realization of
the control by player 2.

We say that a control design strategy ensures a solution of the problem of guidance to the
“minimum admissible” neighborhood of the set M if it is defined as follows. (In what follows,
we will refer to this strategy as the strategy of guaranteed guidance—SGG.) At the initial time,
we construct a family of u-stable sets Wy(t), ¢t € T, that ensure the solution of the problem of
guaranteed guidance of system (3) with right-hand side f = f, from the initial state {xo,yo} into
the least neighborhood of the set M. After this, for the SGG on the half-open interval [0, a}) we
select the strategy of extremal aiming at the sets Wy (t). At the time af, a state {z(a}),y(aj—)} is
realized as a result of application of this strategy and some admissible control v(-) of player 2. In
view of a jump and a change in the system structure, starting from the time aj (up to the time a}),
system (3) is described by the relations

a(t) =y(t), ) = fu(t, (1), y(t),ult), v(?)) (6)
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with the initial state

z(ay), ylar) = ylai+) = ylai—) + bies. (7)
For system (6) with the initial (at time ¢ = aj) state (7), we construct the system of wu-stable
sets Wi(t), t € [a}, ], that ensure solution of the problem of guaranteed guidance to the least
neighborhood of the set M at time 9. For the SGG on the half-open interval [a}, a;) we choose
the strategy of extremal aiming at the sets Wi (t). The SGG on the half-open intervals [a}, af . ),
k € [2:r], is defined in a similar way. Let an SGG be defined on a half-open interval [0, a;). The
state {x(a;),y(a;—)} is realized at the time ¢t = a} as a result of application of this strategy and
some admissible control v(-) of player 2. In view of a change in the system structure and a jump,
starting from the time aj, (up to the time aj, ), system (3) is described by the relations

a(t) =y(t), y(t) = filt,x(t),y(t), u(t), v(t)) (8)

with the initial state

w(a),  ylag) = ylag+) = ylag—) + biex. (9)
For system (8) with the initial (at time ¢t = a}) state (9) we construct the system of wu-stable
sets Wi (), t € [a}, V], that ensure the solution of the problem of guaranteed guidance from the

state {x(a}),y(a;)} into the least neighborhood of the set M. For the SGG on the half-open
interval [aj, a;, ), we select the strategy of extremal aiming at the set Wj(¢).

We have introduced the notion of SGG under the assumption that the times of jumps a; are
known to player 1 and that player 1 also knows the states {z(a}),y(a;)}. In reality, this is not
the case. Namely, both the times af and the states {x(a}),y(aj)} of the form (9) are unknown to
player 1 and are to be determined. Suppose that, when constructing the SGG, instead of the times
of jumps a; as well as the states {x(a}), y(a;)} one takes their approximate values determined using
some algorithm. Calculating these values will take some time. Therefore, when constructing the
SGG, instead of unknown jump times aj, it is natural to use other times, slightly exceeding aj.
Such a modification of SGG leads to a new strategy of selection of the control by player 1, which we
will call the e-strategy of guaranteed guidance (e-SGG). The present paper is aimed at constructing
an e-SGG.

Note that the foundations of guaranteed control theory in a formalization that goes back to the
works by N.N. Krasovskii were laid in the papers [1-7]. However, these papers discussed guaranteed
control problems for systems with a fixed right-hand side (with a given structure). In addition,
the case of measuring all state coordinates was considered. The case of measuring part of the
coordinates was investigated in [8-11]. In this paper, we study the problem of guidance for systems
with variable structure in the presence of jumps in states. Note that jumps of this type appear, for
example, in impulse control problems.

In this paper, for simplicity, we restrict ourselves to the case of functions f; linear in the controls;
i.e., we set

fk = flk(t,ZE, .CC) + Bku — Ck’U,

where B;, and C}, are constant matrices of appropriate sizes, and stable tracks are taken for stable
sets. In this case, it is natural to choose the strategy of aiming at the corresponding tracks as the
extremal aiming strategy.

Remark 1. If the maximum stable bridges, i.e., the sets of positional absorption, are taken as
stable sets, then it is convenient to choose the strategy of aiming at the guide moving along the
corresponding bridge as the extremal aiming strategy.

Systems with discontinuous right-hand side are a special case of hybrid systems. The latter
include systems with variable structure [12| as well as impulse systems [13, 14]. The theory of
control of hybrid systems has received rapid development in recent years [15-18|. Switched systems
are an important subclass of hybrid systems [19, 20]. The latter include the systems considered in
this paper.

We will need the following two conditions in the sequel.

Condition 1. There exist convex and closed sets E;, C R™, k € [0 : r|, such that B,P, =
CrQr + Ek.

Here ByP, = {Byu : u € P}, CkQr = {Crv : v € Qi}, and CrQx + Er = {us +ug : uy €
CrQr,ug € Ek}
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Condition 2. Numbers b* > 0, d§ > 0, and d* > 0 are given such that

b* <b; forall kell:r],
dy <ap,—ay forall kell:r—1], a]>d", a <9.

T

2. AUXILIARY RESULTS

Consider the problem of constructing an algorithm for finding the points as well as sizes of
discontinuities of the derivative of an n-dimensional function x(-) given with an error. The essence
of the problem is as follows. We have some n-dimensional function z(-) given on a finite time
interval T'= [0,9]. The interval T is divided into finitely many half-open intervals

[TiyTiz1), 1€0:m—1], 71 =74+96, 7=0, 7,=17.

The values x(7;) of the function z(-) are measured (approximately) at the times 7, € A = {7;}1";
i.e., vectors EI' € R™ with the properties

|z (i) — EF . <h (10)
are found. The function x(-) itself is unknown. It is necessary to indicate a dynamic algorithm for
calculating the points as well as the sizes of discontinuities of the derivative of the function ()
based on an imprecise measurement of the quantity x(7;). Such an algorithm is characterized by

two properties:

(a) Calculation of the points of discontinuities (as well as the corresponding sizes of discontinuities)
of the derivative of the function z(-) smaller than the current value of ¢ is carried out based
on the results of measuring the state z(7) at the times 7 preceding t.

(b) Only after the points and sizes of discontinuities of the function Z(-) on the interval 0 < 7 <t¢
have been calculated, it becomes possible to use new information to calculate them at the
subsequent times (for 7 > t).

To solve this problem, we will use the method of positional control with a model developed in the
papers [1-4, 6-12]. In accordance with this method, the problem under consideration is replaced by
another problem, namely, the feedback control problem for some system. In the sequel, this system
will be called the model.

Consider the case where @(-) is a piecewise continuous function. Namely, let {ax},_, be the
(unknown) points of discontinuity of the function #(-) arranged in ascending order; i.e., ar41 > ag.
To be definite, we assume that the function @(-) is right continuous at these points,

z(ag) = t(ap+) = Jim x(t).
t>a:

By by we denote the (unknown) sizes of discontinuities; i.e.,

be = |@(an+) — @(ar—)

L Tlap—) = tliglk z(t).
t<ap

Let three numbers b > 0, dy > 0, and d > 0 be given, and assume that it is known that

b<b, foral kell:r],
do < apy1—ap forall kel[l:r—1], a; >dy a, <Y,
‘fb(t)‘ngd fora.a. teT.

(The value of r may be unknown.) Assume also that the function #(-) is continuously differentiable
everywhere except for the points {a;}}_;, and that a number F' > 0 is known such that

@) <F
at all points where the function #(-) is differentiable.
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Let us fix a family of partitions of the interval T,
Ap = {Th,i}?jf]a Tho =0, Thme =V, Thit1 = Thi+ 6(h),
where 6(h) = 9Im;?, m; € N.

Fix some function a = a(h) : (0,1) — (0, 1). Introduce a controllable system (model) described
by a vector differential equation (w € R™, u" € R™) of the form

w(t) = u"(t) (11)
(system M) with control u"(t). Let
1
u(t) = —=[w"(r) —E] for t€d =[r,Tis1), T =Thi, i€[0:m) —1], (12)
a

where a = a(h). In Eq. (11), we define the control u"(t) according to (12). Thus, the control u"(-)
in system (11) will be found based on the feedback principle,

u(t) = " (r;0" (1), L), ted.
In this case, system (11) acquires the form

W (t) = —é[wh(n) — 2! foraa. ted, iel0:m)—1]. (13)

Its initial state is

We introduce the notation

wu(t) = max |wh(7) - x(T)} : (14)

0<r<t n
By Z(z(:),h) we denote the set of admissible measurement results, i.e., the set of all piecewise
constant functions Z"(+) : T'— R"™ with the structure
EMt) =2 for te€[r,Tiy), Ti=Thi, 1€[0:m) —1],

which satisfy inequalities (10).

We introduce the following condition.

Condition 3. One has the relations
h+6(h)

a(h)

Taking into account this condition, we can claim that there exists an h, € (0,1) such that for
any h € (0, h,) one has the inclusions

a(h) € (0,1), 8(h) € (0,1), hja(h) € (0,1), &(h)/a(h) € (0,1/2). (15)

Lemma 1. Let @(-) € Loo(T;R"), |(t)|, < d for a.a. t € T, let p(a) < q for some a € T, and
let condition 3 be satisfied. Then for all h € (0,h,), E"(-) € Z(z(-),h), and 7,41 > a the inequalities

o(h) =0, «a(h)—0, —0 as h—0.

u(t) <2¢+4 (24 3d)(a+9), tea,¥, (16)
Ti+1 1/2
/ [ (s)]” ds | < V2(4 + 4.5d)5"2 + 272620 (17)

hold, where 7; =1, if , > a and 7 = a if ; < a.
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Proof. Using relation (13), we conclude that the relations

d

D (1) 2] = — fut(r) ~ 2] ~ () .
1
= —a[wh(t) —z(t)] + \1121)(15) for a.a. t € 6; = [, Tip1), 4 € [0:m) — 1],
hold, where .
W) = W 1) [ (1) — 0 ()],
U, (t) = —é o(t) —Z4] — #(t) for aa. €.

By virtue of the inclusions (15), the inequalities ha™ < 1 and da~* < 1/2 hold for h € (0, h.). In
this case, the family of functions Wy, (-) is bounded (uniformly with respect to all h € (0, h,)),

w(0)], < = (ht [2t) — 2(r)], ) + 6],
oy (19
< o + o / |&(7)| dr+|i(t)] <1+1,5d foraa. ted.
The representation (18) implies the equality
t
wh(t) — z(t) = w'(a) — z(a) + / e~/ gV(s)ds, te[a,d] (20)

a

Further, the following estimates hold (see (13), (14)):

Ti+1

Ti41
1 ) 1 1 _
a/\wh(s)\ndsga/’a[wh(ﬂ)_:ﬁ]
8 S :

< E(M(Ti) +h), ) <p(ri), i€[0:m) —1].

ds
" (21)

Note that one has the inequality

Tit1
0], <o, + 5 [ 1), o vea @

i

Taking into account relations (20)-(22), we obtain

t t
5 5h —(t—s)/ —(t—s)/
p(t) < g+ <a2u(n)+a2> /e (t=s)/ ds+/e =9/ Wy, (s)] ds, (23)

a a

t e [7:1'7 Ti+1]7 Ti+1 > a.

It can readily be seen that the inequality

t

/e(ts)/a ds < a(l — e 9/ < o (24)

a
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holds. Using inequalities (19) and (24), we have

t t
/e(ts)/“‘\lfh(s)‘n ds < (1+ 1.5d) /e(ts)/o‘ ds | <akKy, (25)

a a

where K; =14 1,5d. In turn, taking ¢ = 7; in (23) and taking into account inequality (24) as well
as the inequality p(7) < u(7;) for 7 € [0, 7], from (23) and (25) we derive the estimate

5 dh oh
<1 - )u(ﬂ-) <g+—+ak; < q+K1<a+>,
a e e
which implies, by virtue of the inequalities 1 — 6/« > 1/2 and ha~'(h) <1 (see (15)), that
- oh
w(7;) < 2q+ 2K, oe—l—; < 2q+ 2K (o +9). (26)
Further, we have

w(7i) = p(Ti). (27)
Considering (23) and (25), we obtain

dh o
pu(t) <qg+—+ —p(n) + aK;.
a o«
Hence, in view of (26) and (24), one has the inequality
oh 5 J
pt) <g+—+2-q+2—K,(a+6) +aky,
a a a

which implies inequality (16).
Let us check if inequality (17) holds. We have

‘uh(tﬂn < é‘wh(n) —=h

in

for a.a. t€9;.

Therefore, considering (15), (26), and (27), we obtain

1 h 5
lu"(t)| < =(u(m)+h) <=+ 2L | oK, (1 + ) <29 4y (41 45d) foraa ted. (28)
n o o a o o

From (28) we derive the inequality
Tit1 Tit1 Tit1 5
/ " (s)|”ds < / " (s)|” ds = / v (s)|” ds < 8%5 +2(4 + 4.5d)2,

which implies inequality (17). The proof of the lemma is complete.

The symbol W ([a, b]; R™) will denote the space of differentiable n-dimensional functions whose
derivatives are elements of the space Lo ([a, b]; R™).

Lemma 2. Let the assumptions of Lemma 1 be satisfied. If @:(-) € Wh>([a,9];R"™), a € [0,9),
then for t € [a,¥] one has the inequality

[u (1) = ()], < q;(h,é,a L 5q>

a’'a’ Tt—a a2

= %d + &a(h) + & (h + 5(h))a~" (h) + &6 (h)ga2(h),
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where ¢, = I, & = 2/2(4 + 4.5d) + 2max{1,d}, é; = 4y/2, vrai r%a)g] |Z(t)|, < F, and |2(t)|, < d
te|a,
for a.a. t € [a,V].

Proof. Taking into account the representation (20), we arrive at the relation

t

o tw"(t) —z(t)] — a7 w"(a) — 2(a)] = /C;i(ga(t - s))\IIS)(s) ds

= —/i(ga(t—S))i(S)dS‘f‘;/jS(Qa(t—S))’ygj)(s) ds, te€la,],

where
0a(t) = exp(—a~'t),  3"(s) = a7 [w"(s) — w"(n)],
7§2)(s) =—a! [az(s) - Ef] for a.a. s € [1;, Tigq].

By virtue of Lemma 1 (see (17)), the relations

s Tit+1 1/2
1/2 r
P, < 5 Il < 2 ([ ol

1/2

5 61/2
< {\/5(4 +4.5d)6"/% + 2\@(;}
« «
4 o .
=2(4 + 4.5d)a + Qﬂgq, s € [Ti, Tig1),
hold. Using condition (10) and the inequality |%(¢)|, < d, we have
72 (9)], S co@+h)a™, s € a, 0], (31)

where ¢y = max{1,d}. In this case, taking into account inequality (24), from (30) and (31) we
derive the estimate

2 t

d ; )
Z/%mww#@wzmwmwmﬁﬁ% (32)
j=1

n

where o(h, ., 8) = ¢, (0 +h)/a, c; = /2(4 +4.5d) 4 co. Integrating by parts in the first term on the
right-hand side in relation (29), we obtain

t

- /(Ciga(t - s)>:n(s) ds = 04(t —a)z(a) — z(t) + / 0a(t — 8)Z(s)ds, t € [a,V]. (33)

a a

In turn, it follows from relation (29) with regard to relations (32) and (33), that

; (34)
)
< 2\[2?q + o(h,a,0) + |Qa(t — a)jc(a)’n + /e(ts)/a‘ji(s)‘n ds.
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Since the inequalities
l0alt — a)ia)], = e~/2]i(a)

t

/e_(t_s)/“ﬁ(s)}n ds < aF

a

(35)

hold, it follows from them and inequality (34) that

L [w"(t) — z(t)] + & [w"(a) — z(a)] — &(t)

« (07

1)
< Zﬁgq + o(h,a,0) + aF +

n

a .
P ‘:U(a) .

Moreover, by virtue of (10) and (30), for t € [7;, 7i+1] we have the estimate

W<t /\w \d8+h+/\m )|, ds

< (h+ds)a~' + a7 (\@(4 +4.5d) + 2@2)

o [t () - 2(t)] — [w"(r) — =t

(36)

In view of the boundedness of the second derivative Z(-) (|Z(¢)|, < F for a.a. t € [a,d]), rela-
tions (34)—(36) imply (for ¢ € d;) the inequality

()~ = + = [ (@) — w(a)] — (1)

n

1) h 1)
<4V2—q+ — + o(h,6,q) + (d+ \/5(4+4.5d)> 2y Fat+ -2
o « o t—a

which implies the assertion of the lemma. The proof of the lemma is complete.
We introduce functions o = «(h), v = y(h), and N = N(h) as follows:

alh) = #5(0), 9 (1) = a0y = < D V() = F) = .

Here 0(h) is the step of the partition Ay, i.e., 5(h) = 9m; >, my, = [(¥/h)'/3], and [a] stands for the
integer part of a number a. Note that with this choice of «, J, and v one has the relations
h o(h 9?Ba(h 93
h< §(h), < ) _ 97aln) _
a(h) — a(h) v(h) my,
Let (1 + N) < ¥ —a, and

—0 as h—0. (37)

eI=

— T, —, 2
o « Yy o

Xi(a,8,h) = F(6+7) + ( g a5h>+\p<h5 a6(2h+(2+3d)(a+5))>’

do Y 062 (38)

x(@,6,h) = F(6+7) + (ij,

+\1/<

By virtue of relations (37), there exists a number h; € (0, h,) such that the following inequalities
hold for all h € (0, h,):

The number h, has been defined above. (We assume Condition 3 to be satisfied.)

3a 6(2h+ (2 +3d)(a + 5)))

Q\b

v’ a?

i a 6(4h+(6+9d)(a+5)))
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Let us describe the algorithm for solving the problem considered in this section. For the model
we consider a system of the form (11) with the initial state w"(0) = Z5. The control u"(-) will be
calculated in the model by the rule (12). Prior to starting the operation of the algorithm, we fix
a value of h € (0,h;) and a partition A;, with diameter § = §(h) = ¥m;,*. First, we determine the
half-open interval where the first discontinuity point resides. To this end, for each time 7; > dy we
calculate the value of

V; = ‘Uh(Ti,Nfl) — Uh(’ri)

n'

Lemma 3. Suppose that the inequality

is satisfied for the first time for some i € [1 : mj — 1] such that 7; > dy, i.e., for all j <i—1,
do < 7; the inequalities v; < b/2 hold. Then the first discontinuity point a, resides on the half-open
interval y; = (T,_n—1, Ti—n]|, with the discontinuity size by being such that

|61 — vi] < x1(a, 0, h). (41)

Assume that k£ (1 < k) half-intervals, that is, the first k& discontinuity points have been cal-

culated; ie., a; € (7;,-1,7;,], j € [1 : k], 7,41 < 7T;,,,—1. The last inequality follows from the
estimate 0(h) < do/4. At each time 7; > 7;, + do, we calculate the quantity v;.

Lemma 4. Assume that inequality (40) is satisfied for the first time for some i such that
T; > Ty, +do; iee., forallj <i—1, 7, _1+do < 7j, the inequalities v; < b/2 hold. Then the (k + 1)st
point of discontinuity of the function x(-) lies on the half-open interval 7;, and the size by, 1 of the
discontinuity obeys the inequality

b1 — vi| < x(a, 6, h).

If the number (r) of points of discontinuity is known, then, after calculating the quantity a,.,
i.e., after finding a half-interval +; such that a, € ~;, the algorithm halts. If the number r is
unknown, then the algorithm continues operating up to the time ¥. In this case, by virtue of the
condition (1 + N) < ¥ — a,, the last point of discontinuity (a,) will be determined.

Proof of Lemma 3. Let 7, = 7, € Ay, a1 € (75,1, 7;,). The function &(-) is continuous
on the interval [0,7;, 1]. Hence @(-) € W'>([0,7;,_1]; R™)). Therefore, by virtue of Lemma 2, the
inequality

. h ¢ a o0h
‘uh(Til—l) —x(Til_l)‘n S qj(,,a,do,a?> (42)

a

holds. Moreover, taking into account the fact that |Z(¢)|, < F for a.a. t € T, we have
|.i§'((11—) — .',t'(Tilfl)}n S F(a1 — Tilfl) and |.'L'((11+) — .’L'(Tzl)’n S F(Til — Cll). (43)

In turn, it follows from inequalities (43) that

< FG, (44)

[ #(7) — ()],

where b; = |%(a;+) —#(a;—)|,. Using Lemma 1 and the inequality |z(0) —w"(0)|, < h, we establish
the estimate
(i) <2h+ (24 3d) (o +9). (45)

Since v = m3d < 0.5dy, we have @(-) € Wh([r;,, 7, +n]; R"). Therefore, by Lemma 2, in view of
the estimate (45), we have the inequality

. h o a 0(2h+ (24 3d)(a+06
() — )], < ( 2 o2 RT3 ”) . (46
a’a’ Ty a
Moreover, by virtue of the relation N(h)d(h) = ~v(h), we have the estimate
}'jj(Th-l-N) - i(Ti1)|7l < F77 (47)
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which has been derived using the continuity of the function #(-) on the interval [7;,, 7;,+n], which
follows from the inequality 2y < dy. From (46) and (47) we derive the inequality

h o 0(2h + (2+3d)(a + 0
}uh(Ti1+N)_'fj"(Ti1)‘n§F7+\I]<77aaa> ( ( 2 )( ))> . (48)
a oy !
In turn, it follows from inequalities (42) and (44) that
h ¢ a Oh
h .
‘ }’U, (Til—l) — ‘T(Tilﬂn — bl S F6 + \I]<Q7 E,O[, dfo, O[2> . (49)

Combining inequalities (48) and (49), we obtain ||u"(7;, 1 n) —u" (75, ~1)|n—01] < x1(c, 8, h). Thus,
taking i = i, + N, we have |b; — |[u"(7;) — u"(Ti_n_1)|n] < xa(, 8, h); ie., 0.5b < by — x1(a, 6, h) <
v; < by + x1(a, 9, h). Inequality (41) has thus been established.

Note that if the function #(-) were continuous on the half-interval (7;,_1,7;,], then, by virtue
of (42), (46), (47), and the right continuity of the function #(-) at the points of discontinuity, the
inequality

Vigen = U (i, on) —u(3,21) | < " (i 4v) — (i 40)|

+ |&(Tin) — f'U(Til)’n + |2 (ri1) — @(m)| | + " (7i,-1) — 9'C(Ti1—1)|n (50)
< vi(,8,h) < 0.5

would be satisfied, because 7, n — Ti,—1 =7+ § < dp.

Inequalities (50) will also be satisfied if we replace i; + N by any value i € [if :4; + N — 1],
where i} = [dy/0(h)] + 1. Hence the inequalities v; < 0.5b hold for all such i. The proof of Lemma 3
is complete.

The proof of Lemma 4 follows the scheme of proof of Lemma 3.

Assume that the k half-intervals to which the first & points of discontinuity belong have been cal-
culated; i.e., a; € (1;,-1,7;,], j € [L : k], 7y,41 < 7i,,,. Then ap4y € (75,1, Ti,,,]. The function i(-)
is continuous on the interval [7;, 11, 7;,,,—1]. Moreover, 7, 1 —7;, 11 > 0.5dy, because 25(h) < 0.5d,
and agyq1 — ag > do.

Therefore, by Lemmas 1 and 2, the inequality

. h & 3a 6(2h+ (2+3d)(a+ 9
‘uh(Tik+1_1) - x(TikH_l)‘n S \I/ (7 —, Q, d—7 ( ( )( )))
0

(51)

o2

holds, because 7;,,,_1 > aj, + dy/3 and the function #(-) is continuous on the interval [a,a, — d].
In addition, we have the inequalities

| (k1) = (7o 1)|, € Flagsn = 7oy 1) and  [i(ags+) — i(7,,)], < F(To, — ark)-
Taking into account these inequalities, we obtain

< F9, (52)

’ |:"U(Tik+1> - :t(Tik._Hfl)‘n - bk:+1

where by 1 = |T(ars1+) — T(ars1—)|n-
Note that (see Lemma 1) u(7;,) < 2h + (2 4 3d)(a + 6). Therefore,

P(Tiyy) < 20(73,) + (24 3d) (a4 0) < 4h 4 (6 + 9d) (o + 6). (53)

By Lemma 2 (we take a = 7;, 11 and ¢ = 4h + (6 + 9d)(a + §)) and inequality (53), we have

: (54)

§(4h + (6 + 9d) (v + 5)))

0
—
,Oé’ ) a2

‘uh(Tik-HJrN) - j(Tik+1+N)|n § \\ (

=|Q

DIFFERENTIAL EQUATIONS  Vol. 57 No.4 2021



544 OSIPOV, MAKSIMOV

Moreover, the estimate
‘i‘(Tik+1+N) - 'i:(Tik+1)‘n < F’Y (55)

is satisfied, because 7;,,, 4N < aj42. From (54) and (55) we derive the inequality

5(4h + (6 + 9d) (o + 5)))

‘uh<Tik+1+N) - ¢<Tik+1)|n S F7 + v < y O, a2

In turn, it follows from (51) and (52) that

‘ }uh(Tik-H*l) - i:(Tik+1)|n - bk+1 < Fé +v ( , A,

Combining inequalities (56) and (57), we obtain

< x(a,0,h).

’ |uh(Tik+1+N) - uh(TikH—l)‘n - bk+1
Thus, taking ¢ = i1 + N, we have

b — [t (7) = " (rix )| < w0, )

le.,

0.5b < b1 — x(@,6,h) <v; <bgyr + x(a,d,h).

Note that if the function #(-) were continuous on the half-open interval (7;,41_1,7;,], then, by
virtue of (51), (54), and (55), we would have the inequality

Vigj1+N = \uh(mﬂuv) - Uh(Tv:k+1—1)|n
< ‘uh(Tik+1+N) - i:(Tik+1+N)}n + ’i(Tik+1+N) - i(Tik+1)’n (58)
+ }‘i(Tide) - i(Tik+1_1)’n + ‘uh(Tik+l_1) - '/"U(Tik+1_1)’n < X(av 57 h) < 0.5b.
Inequalities (58) will also hold if we replace iy 1 + N by any value i € [if : g1 + N — 1],

where i} = i) + [do/d(h)]. Consequently, for all such i the inequalities v; < 0.5b will be satisfied.
The proof of Lemma 4 is complete.

3. SOLUTION ALGORITHM
Suppose that for all possible actions of players 1 and 2 system (1), (2) stays in the domain

|f(taxayauavav)‘n SF? |y‘n Sd (59)

Let us proceed to describing the algorithm for solving the problem under consideration. Fix
a family of partitions of the interval T,

A ={Thitidh,  Tho =0, Thm? =V, Thit1 = Thi + 0(h),
where (k) = Im;®, m;, € N, my, = [(9/h)'/?] (the value of h € (0,1) has been defined in inequali-

ties (5)), as well as the functions xi(c,d, h), x(a, 0, h) (see the definitions in (38) in which, instead
of dy, one should take d}), and

v (a’ —, a, e, 6(2)> =eWd 4 &a(h) + é(h + 5(h)a (k) + ée®.

Here ¢, = F, &, = 2v/2(4 + 4.5d) + 2max{1,d}, and & = 4/2.
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We introduce functions o = «a(h), v = y(h), and N = N(h) as follows:

a(h) = 20, 2(0) = 2 = - < B N = T <.

Consider the system
w'(t) =" (t), teT (w" " eR"), (60)
with the initial state w"(0) = &2.

Fix the value of error in the measurement of h € (0,hy). Here hy € (0,h,) is such that
for h € (0,h1) one has the inequalities d(h) < dj/4 and inequalities (39). Together with the value

3
of h, we fix the partition Aj, = {7}, of the interval T.. Consider the system

i(t) =y(t), 9@t) = fo(t,z(t),y(t) +at), teT, (61)
with the initial state
2(0) =&, y(0) =1 (62)

and the control 4(-) € {u(-) € Ly(T;R") : u(t) € E for a.a. t € T'}. We solve the problem of optimal
numerical control, which consists in bringing the state trajectory of system (61), (62) at time ¥ into
the minimum neighborhood of the set M. Let uo(-) be an optimal control solving this problem, and
let M*° be the corresponding closed eg-neighborhood of the set M. In particular, if the problem on
bringing the trajectory at time ¥ to the set M is solvable, then we take ¢g = 0. For the family of
stable sets Wy(t), t € T', we take the solution of system (61), (62) for @(t) = wuo(t), t € T. Denote
this solution by {xo(t),yo(t)}. Thus, Wy(t) = {zo(t),yo(t)}. On the half-interval o, = [0, 71), we
feed the constant control
u(t) = ug

to system (1), where u is an arbitrary element of the set P,. Under the action of this control and
an unknown disturbance v(t) € Qo, t € do, (V(t) = 0), a trajectory {z,(t),y,(t)}, t € [0, 7], of
system (1) is realized. On the intervals ¢; = [7;,7;41), @ > 0, we proceed as follows. We specify
vectors u,; and vf at the times ¢t = 7; according to the rules

(67 = yo(m), Bous) = min { (v = yo(r), Bow) swe Rof, e —yp(m)], <h  (63)
v =—a w'(n) - &), & —2(n)], <h (64)

After this, in (1) and (60) we assume
U(t) = Uy, 'Uh<t) = 'Ulh, t e [Tia Ti+1)- (65)

Then we calculate the trajectories {z,(+),y,(-)} (of system (1), (2)) and w"(-) (of system (61), (62))
on the interval [1;, 7;11]. Now let us determine the half-interval to which the first discontinuity point
belongs. To this end, at each time 7; > dj we calculate 7; = [v"(7;_y_1) — v"(7;)|,. Assume that
for some i € [1: m; — 1] such that 7, > d}; the inequality

v, >b"/2 (66)
is satisfied for the first time; i.e., for all j < i — 1, dj < 7; the inequalities 7; < b*/2 hold.
Denote the time corresponding to this ¢ by 7;,;n. Then the first jump point aj belongs to the
half-interval (7;, 1, 7;,]. Here the size of discontinuity bj is such that

b7 — D an| < xa(ev, 0, h).

Now let us determine the half-interval on which the second jump point resides. At the time 7;, v,
consider the system

B(t) =y(t), () = fue(t:2(t),y(®)) +at), t€ [rn, 9], (67)
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with the initial state

x(Ti1+N) = 330(%—1)7 y(Ti1+N+) = yo(Ti1—1) + Vi, ner (68)

and the control u(-) € {u(-) € Ly(T;R™) : u(t) € E; at a.a. t € [1;,4n,7]}. We solve the optimal
control problem of bringing the state trajectory of system (67) with the initial state (68) at time o
into the minimum neighborhood of the set M. Let u;(-) be an optimal control that solves this
problem, and let M** be the corresponding closed €;-neighborhood of the set M. In particular, if
the problem of bringing the trajectory to the set M is solvable, then we set £y = 0. For the family
of stable sets Wi(t), t € [ri,+n,U], we take the solution of system (67) for u(t) = ui(t), t € T.
Just as above, we denote this solution by {z¢(t),yo(t)}. Thus, Wi(t) = {zo(t),y0(t)}. On the
intervals §; = [, Ti11), ¢ > i1+ N, we proceed as follows. At the times ¢ = 7;, we set vectors u; and v/’
according to formulas (63), (64) in which By and Py have been replaced by B; and P, respectively.
Then we define controls u(t) in system (1) and v"(¢) in system (60) by formula (65). After forming
the above-indicated controls, we calculate the trajectories {x,(-),y,(-)} (of system (1)) and w"(-)
(of system (60)) on the interval [r;,7;+1]. Let inequality (66) be satisfied for the first time for
somei € [iy + N+1:m} — 1];ie, forallj <i—1, 7, _1+d; < 7; we have the inequalities 7; < b*/2.
Denote the time corresponding to this ¢ by 7, n. Then the second jump point a3 lies on the half-
interval (7;,_1,7;,]. Here the size b of the discontinuity satisfies the inequality

|b; - ﬂi2+N| < X(OL, 57 h)
Similar actions are also performed at ¢ € [7;, +n,9]. Namely, at time 7;, .y, k > 2, consider the

system
B(t) = y(t), 9(t) = fu(t,z(t),y(t) +a(t), € [rn, V), (69)

with the initial state

2(Ti+n) = To(Tip—1), Y(Tixen+) = Yo(Tix—1) + Vip+n€k (70)

and the control a(-) € {u(-) € Lo(T;R™) : u(t) € Ej, for almost all ¢ € [, +n,0]}. We solve the
optimal control problem of bringing the state trajectory of system (69) with the initial state (70) at
time ¥ into the minimum neighborhood of the set M. Let wu(-) be an optimal control that solves
this problem, and let M+ be the corresponding closed e;-neighborhood of the set M. In particular,
if the problem on bringing the trajectory at time ¢ to the set M is solvable, then we set ¢, = 0. For
the family of stable sets Wy(t), t € [1;,+n, 7], we take the solution of system (69) for @(t) = u(t),
t € [1i,+n,U]. We denote this solution by {zo(t),yo(t)}. Thus, Wi(t) = {zo(t),y0(t)}. On the
intervals §; = [y, 7;41), @ > ix + N, we proceed as follows. At the times t = 7;, we set vectors u;
and v according to formulas (63), (64) in which B, and P, are replaced by By, and P, respectively.
We set the controls u(t) in system (1) and v"(¢) in system (60) by formula (64). After forming
the above-indicated controls, we calculate the trajectory {z,(-),y,(-)} (of system (1)) and w"(-) (of
system (60)) on the interval [, 7;41].

Let inequality (66) be satisfied for the first time for some ¢ € [ix + N + 1 : mj — 1]; i.e., for
all j <i—1, 7,1+ dj <7; one has the inequalities 7; < b* /2. Denote the time corresponding to
this 4 by 7;,,,+~. Then the (k + 1)st jump point a;_, lies on the half-interval (7;,,, 1, 7,,,]. Here
the size by, of discontinuity is such that

’bZ—&-l - I)ik+l+N‘ < X(av 5’ h)

Thus, in the course of algorithm operation, it is established that a} € (7, -1, 7], k € [1 : 7).

Thus, the e-SGG is determined as a strategy of extremal aiming (see (63)) at a stable track of
the form

W()(t), tE [077_1'1+N)
W(t) = Wk(t), te [Tik+NaTik+1+N)a k € [1 = 1]
W, (1), te[rn ).

This fact follows from the Theorem below.
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Let 6 = [, _1,Tipon), AW = [J,_,0® U [0,7), and p(h) = J(m;"' + m;?). Note that
TiviN — Tin—1 = p(h). Therefore, the Lebesgue measure of the set A is rp(h) + 5(h).

Theorem. For each v, > 0 there exist numbers h, € (0,1) and 6, € (0,1) such that for
all h € (0, h,) and 6 € (0,9,) the inequality

e(¥) <.

holds, where <(t) = [2,(8) — 20(8)[2 + lyn(8) — vol(0) 2.
The proof of the Theorem follows from Lemma 9 below.

Let L; be the Lipschitz constant of the function f;, L = km[ax] Ly, and let wy(0), k € [0 : 7], be
€[0:r

the modulus of continuity of the function ¢ — fi(¢,z,y,u,v) in the domain in which the solutions
of system (1) and the stable track W (t), ¢t € T, are confined. Denote also

w(d) = krél[%;}f] w(6).

Note that all jump points are concentrated in the set A,

Lemma 5. Let §; N A" #£ @&, Then one has the inequality
€(Ti+1) < 8(7’1‘) + 0166(7'2‘) + 0252 + 4&)2(5)5 + 200]15,

where Cy = sup{|BruV+Cru@+u®|, : vV € P, u® € Qi, u® € Ey, k€ [0:7]}, C, = 4(1+L),
and Cy = 4L*(F + d)? + 5F?% + 4d>.
Proof. According to the statement in the lemma, there are no jump points on the interval
[Ti, Ti+1]. Let
ap, < Ty,  Tigp1 < Ay

Then the trajectory {z,(-),y,(-)} on the interval [r;, 7;41] is a solution of the system
2(t) = y(t), y(t) = fu(t,x(t),y(t)) + Bru; — Cro(t),

and the trajectory {zo(-),yo(-)} on the same interval is a solution of the system

#(t) = y(t), y(t) = fu(t,x(t),y(t) +ur(t),

where uy(-) is the corresponding optimal control, u(t) € Ej for a.a. t € [r, 7;41]. In this case, we
have the estimate

e(rip1) < e(m) 4 Iy + I + 4(d* + F*)8°, (71)
where
it Tit1
Iy = 2 | 2p(7i) — 2o(T), / {vp(s) —wo(s)}ds |, Loi =2 | yp(7i) — wo(7), / gi(s)ds |,

a(s) = f. (s,xp(s),yp(s),ui,v(s)) — [+ (37560(3)7290(3),%(3))7
fe(s,2,(8), yp(8), ui, v(s)) = fir(s,2,(5),yp(s)) + Brui — Cru(s),
Fe(8,20(5),)(8), ur(s)) = fir(s, 20(s), yo(s)) + ur(s).

It can readily be seen that the inequality

71{3/10(5) —yo(s)}ds| = 71 o (73) — yo(13) + /S{y-p(T) —go(r)var | ds

n

< 5‘yp(7'i) — yo(T:) L+ 2F 62
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holds. Using this inequality, we obtain
Ili S 2(5‘.%'])(7'1') — xo(Ti”n‘yp(Tj,) — yo(Tz)|n + 2F52‘xp(7—i) — .’EQ(TZ')‘” S 255(7’1) + F2(53. (72)

Further, by virtue of the functions f;;, being Lipschitz in z,y and continuous in ¢, for s € §; =
[Ti, Ti+1) We have the inequality

fe (Ti, $p(7i)7 yp(Ti)7 Ui, U(S)) — [« (Ti7 20(7i), Yo(Ti)s Uk(S))

Here I3(s) = L{ |2, (5) — (7)) [nt |4 (5) = yp(73) |nt |20 () — 2o (7i) |t |y0(s) = yo(7i)[n} <2LS(f+d).
Using the Lipschitz property of the functions fi; one more time, from (73) we derive the inequal-

qi(s)‘n < . + I3;(s) + 2w(9). (73)

fe(ri,20(73), 9o (73), wi, () = fi (70, 2o (73), 9o (73), un(s))

qi(s) LS

+ q1; + 2w(0) + 2L6(F + d),

where qi; = L{|z,(7:) — o(73)|n + |yp(7:) — yo(7i)|n}. Obviously, qi; < Le'/?(r;). Therefore,
Iy < Iy; + I5;, where

Ly = 28|y, (73) — yo(7)|, { L' (73) + 2w(6) 4+ 2LS(F + d) },

Tit+1

Isi = 2 | yp(7i) — yo(73), / {f*(Tia$0(Ti)7yo(Ti)aUz‘v”(s)) —f*(Tia$0(Ti)7yo(Ti)aUk(S))}dS

It can readily be seen that

Ti41

Isi = 2 | yp(7i) — yo(73), / {Bkui — Cyu(s) — “k(s)} ds

Consequently,

Tit1

I <2 | ¥l —yo(my), / {Bkui — Cru(s) — uk(s)} ds | + 2héC,.

Ti

Here ¢! € R, |¢" — y,(7;)|, < h. In this case, taking into account Condition 1 as well as the rule
of selection of vectors u; (see (63), with By and Py replaced in (63) by By and Py, respectively), we
conclude that the estimate Is; < 2hdCy holds. Hence

Ini < Iy + Is; < 2(1 + L)de(7y) + 4w (8)6 + 4L*(F + d)?6* + 2hdCy.

Based on this, by virtue of (71) and (72), we arrive at the assertion of the lemma. The proof of
the lemma is complete.

Let 7,00 = max{7, : 7; < aj .}
Lemma 6. For all k € [0: r — 1] one has the inequalities
E(GZH_) < Vpyr = |e(Tion+) + (aI:Jrl - aZ)(CﬂS + 2hCy + 4“)2(5))} eXp CI(CLZH —ay),
where e(a; ,—) = lim ().
t—ap, ,—

Proof. By virtue of the Lemma in the paper [12] and Lemma 5 in the present paper, for
T; € [Tiy4n, af 1] we have the estimates

e(r) < [6(77;”1\;—1—) + (1, — Tik+N)(C'2(5 + 2hCy + 4w2(5))} exp C1(T; — Tian)- (74)
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Therefore,
e(rym) <y, = |:€(7'ik+N—|—) + (Tiw — 73,) (025 + 2hCy + 4w2(5))] exp C (i — 75,)-

Denote Ay, = aj,, — T;x. By analogy with Lemma 5, taking into account the last inequality, we
obtain

€(az+1—) S (1 + ClAk)é‘(Ti(k)) + ﬁk S (1 + ClAk)\I/k + ﬁk, (75)
where pp = CoAZ + 4w?(Ap) Ay + 2hCoAy. Tt can readily be seen that the inequalities

(1 + ClAk)\Ilk S E(le_;'_N—i_) + (Ti(k) - le_i_]\[)(CQé + 2hCO + 4&)2(5))} eXp Cl(az+1 - az), (76)

pr < (afyy — Tiw ) (C26 + 2hCo + 4w?(8)) exp C (af,, — aj,) (77)

hold. The assertion of the lemma follows from inequalities (75)—(77) and the inequality aj < 7, 4.
The proof of the lemma is complete.

We introduce the notation p;(h) = p(h) + 9m;,*.

Lemma 7. One has the inequalities

2 2 %
e(Tient) = |y (Tien+) = Yo (T en+)|, + |20(Tian) — 2p(Ti4n) |, < de(ai—) + ¢1(h,6), (78)

2 2
e(Tiant) = |yo(Torn+) — yp(Tz'k+N+>|n + |zo(Tipen) — fUp(Tik+N)|n (79)

<de(ay—)+ ¢(h,0) for kel2:7],

where ¢1(h,6) = 4(x1 + Fpi(h))? 4+ 8d*p*(h), d(h,6) = 4(x + Fpi(h))* + 8d*p*(h).
Proof. Let us verify inequality (78). By definition,

2

n

* * * 2 * *
elap—) = |y0(ak_) - yp<ak_)‘n + ‘5130(%) — zp(ay)

At time 7;, 1 n we establish that a} € (7;,_1,7;,+~] and
b1 = Ziran| < X1 = xa(a, 0, h). (80)

We set (see (68))
Yo(Tiy+n+) = Yo(Tiy—1) + iy ynes. (81)

By the statement of the problem, we have
yp(ai+) = yp(ai—) + bies. (82)
It can readily be seen that the inequality
lyo(ai—) = yplai-)], < e'?(a7-) (83)
holds. There are no jumps for ¢ € (a}, 7;,+n]. Moreover, |Fy|, < F, k € [0:r]. In this case,
Yo (Tivv) = yplai )|, < Fo(h). (84)
Since al € (75, 1,Ti,)s Ti, — Tiy—1 = 6(h) = ¥m;?, and |Fy|, < F, one has the estimate
90(7ss 1) — wo(ai—)], < F5 = Fom;. (35)

DIFFERENTIAL EQUATIONS  Vol. 57 No.4 2021



550 OSIPOV, MAKSIMOV

Therefore, in view of relations (80)—(85), one has the chain of inequalities

|y0(Ti1+N+) - yp(TilJrN-i-)’n = ‘?Jo(Tz‘lq) + Vi ne1 — yp(Ti1+N)‘n
= |yo(Ti,-1) + Draver — yp(Ti,4n) + Yplai+) — yplai+)]
< |yo(Ti—1) + ~z‘1+N€1 —yp(@iH)|n + |yp(ai+) — yp(Ti4n)|
< yo(ri,—1) —yp(ai—)| +x1 + Fp (h) (86)
< yo(ri,—1) — wo(ai—)|, + |wo(ai—) — yplai—)| + x1 + Fp(h)
< |Yolai—) — yp(%—)‘n +x1+ FPl(h)
<e?(aj-) + x1(a, 8, h) + Fpi(h).

Since a} € (7, _1,7i,], N6 = 9Im; ", the function x,(-) is continuous on T, and the function z,(-) is
continuous on [aj, 7;,+ n], we have the inequalities

|20(Ti,+n) — mo(a})|, < d(ion —af) <dp(h) and |z,(7i,n) — z,(a})| < dp(h).
Consequently,
|2 (T, 48) = mo(Ti, 8|, < |mo(a}) — mp(a})|, + 2dp(h) < &% (a;—) + 2dp(h). (87)

Then (86) and (87) imply inequality (78).
Inequality (79) can be established in a similar way. The proof of the lemma is complete.

Let
Wo(h,8) = (1+40%)(h + 2F5)* + h? + 4hS(h + 2F9),

U, (h, o) = [q;o(h, 5) + @} (Cyd + 2hCy + 4w2(5))} exp Ca’.
Lemma 8. For k € [1:r — 1], the inequalities
e(al,—) < Upyr (h,8) = [4\yk(h, 5) + ¢ (h, 8) + 19(026 +2hC, + 4w2(5))} exp Oy

hold, where ¢.(h,d) = ¢1(h, ) if k =1 and ¢.(h,0) = ¢(h,0) ifk € [2:r —1].

Proof. By Lemmas 6 and Lemma 7, one has the estimate
e(ap,—) < [45(a;;—) + du(hy0) + (afsy — a) (Cad + 2hCo + 4w2(5))] exp C1 9.
In this case,
e(ag,,—) < [45(a;;—) + ¢ (h, 6) + D(Cad + 2hCy + 4w2(5))} exp 1. (88)
By analogy with Lemma 6, we can establish the inequality
elaj—) < [5(7’1) + aj (Cy6 + 2hCy + 4w2(5))] exp Cra; < Uy(h,d). (89)
Note that by virtue of (5), (62), and (59) one has the inequalities

‘yp(ﬁ) - yo(ﬁ)‘n < h-+2F9, ‘.%p(ﬁ) — 330(7'1){” < h+20(h+2F9).

Therefore,
e(r) < (h+2F8)> + [h +26(h + 2F5)]" < Wo(h, 6).
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The assertion of the lemma follows from (88), (89), and the last inequality. The proof of the lemma
is complete.

Lemma 9. For each 79 > 0, there exists an h, € (0,1) and a 6. € (0,1) such that for
all§ <6, h<h,, and 7; ¢ A" one has the inequalities
E(Ti) S \I}r(hvé) S Yo-
Proof. The functions Wy (h,d) possess the following property:

\I’k(h,(;) < \I’kJrl(h,(S) for ke [0 = 1]

For each 7 > 0, there exists a §, = 0.(70) > 0 and an h, = h.(y9) > 0 such that the inequal-
ity U,.(h,d) < 7o holds for all h € (0,h,) and § € (0,0,). Therefore,the inequalities e(aj—) < 7o
hold for § € (0,0.) and h € (0, h,) for all k € [1: r]. As was noted above, inequality (74) is satisfied.
From this inequality and Lemma 7, for 7; € [7;, +~,a; ;] we obtain

IN

e() [4e(a;—) + 6u(h, 0) + (73 — iy pv) (Ca + 21hCl + 4w2(5))} exp C1(Ts — 75, 4n)

IN

[4g(a;—) + (B, 8) +9(Cad + 2hCy + 4w2(5))] exp Oy .

Based on this and taking into account Lemma 8, we derive the estimate £(7;) < Wyy1(h,d) < 7o.
The proof of the lemma is complete.

Remark 2. By virtue of Lemma 9 and the inequality ¢ — a* > p(h), for 6 <4, and h < h, we
have the inequality €(¢) < vy. This implies the assertion of the Theorem.

Remark 3. Assume that at the initial time we have constructed a family of u-stable positional
absorption sets ensuring the solution of the guaranteed guidance problem for system (3) with right-
hand side f = fp from the initial state {zg,yo} to the least neighborhood of the set M. Let

it be the e-neighborhood. Denote the constructed family by Ws(t), t € T. An analysis of the
above-described algorithm allows the conclusion that if the inclusions

{zp(a) yp(ai+)} € We(az), ke[l:v]

are satisfied at the jump time a;, then the SGG ensures bringing the state trajectory of system (3)
into an arbitrarily small neighborhood of the set M*® for sufficiently small h and §.
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