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Abstract—We construct a regularized asymptotics of the solution of the first boundary value
problem for a singularly perturbed two-dimensional differential equation of the parabolic type
for the case in which the limit equation has a regular singularity. There arise power-law and
corner boundary layers along with parabolic ones in such problems.
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INTRODUCTION

Lomov’s regularization method [1] for singularly perturbed problems was originally developed
for equations whose order does not decrease as the small parameter tends to zero but exhibits some
singularity [2]. The method allows one to construct a regularized asymptotics of the solution [1].
Subsequently, this method was generalized to many classes of singularly perturbed equations in
various settings. (A bibliography of recent papers dealing with the construction of regularized
asymptotics can be found in the monograph [3].) Problems with a power-law boundary layer
were studied from various points of view in [2-7|. For example, the asymptotics of solutions of
boundary and initial value problems was constructed in [4] for ordinary differential equations with
a small parameter and with a power-law boundary layer. The same paper also gives examples of
mixed boundary value problems for partial differential equations of parabolic and hyperbolic types
which, when solved, give rise to the phenomenon of a power-law boundary layer. There is no small
parameter multiplying the self-adjoint elliptic operator in the equations studied in [4]. The Fourier
method was used there to reduce the original problem to an ordinary differential equation for which
the asymptotics of the solution contains only a power-law boundary layer.

In contrast to [4], the parabolic equation studied in the present paper contains a small parameter
multiplying part of the second spatial derivatives. The small parameter thus introduced into the
equation results in the onset of an additional parabolic boundary layer described by the special
function known as the complementary error function. Moreover, the asymptotics of the solution
contains corner boundary layer functions, which are products of power-law and parabolic bound-
ary layer functions. Fundamental results on power-law boundary layers for ordinary differential
equations can be found in the monograph |3, pp. 379-401], where a regularized asymptotics is con-
structed using the regularization method for singularly perturbed problems. This asymptotics of
the solution contains a polynomial in powers of In(1 4+ 7), 7 = t/e. By introducing regularizing
functions in a different way, we manage to simplify the structure of the solution so that it does not
contain a polynomial in powers of In(1 4 7). For ordinary differential equations, such a result was
published in [7]. An algebraic method was used in |5, 6] to study singularly perturbed initial and
boundary value problems for systems of ordinary differential equations with singularities of various
types, and asymptotics of the solution containing power-law boundary layers were constructed.

The method can be applied to problems in hydro- and aerodynamics. Singularly perturbed
problems in fluid mechanics, explosion theory, and other applied fields are given in the paper [§],
while the paper |9] describes such problems in radio engineering.

The present paper deals with the asymptotic solution of the first boundary value problem for
a singularly perturbed two-dimensional differential equation of the parabolic type

(x,y) € 2=(0,1) x (0,1), (z,y,t) € Q=02 x(0,T], (1)
u(z,y,t,€)|i=0 = u(z, y,t,€)|an = 0.
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76 OMURALIEV et al.

Along with a parabolic boundary layer function, the asymptotics of the solution of this problem
also contains the power-law boundary layer function

A
IL(t) = (tjg) . A>0,

as well as their product, which describes a corner boundary layer [7].
The problem is solved under the following assumptions.

Assumption 1. The function a(zx) belongs to the class C*[0, 1] and is positive for all x € [0,1].
The free term f(x,y,t) belongs to the class C°°(Q).

Assumption 2. For each t € [0,T], the self-adjoint operator L(y,t) on the Hilbert space Ls[0, 1]
has simple discrete spectrum {\i(t) @ k € N} (ie., Lp(y,t) = Me(t)r(y,t), ¥r(y,t)]y=0 =
i (y,t)y=1 = 0) such that

(a) N\i(t) # Aj(t) for any i # j and t € [0,T].
(b) Ax(0) <0 for each k € N.
1. REGULARIZATION OF THE PROBLEM

Along with the independent variables x and ¢, we introduce regularizing variables with the use
of the relations

t4e 1., (t+e oi()
122 :AJ(O)ID< ) EKj(tﬂs)) T= hl( >’ Cl - 513(/2 ’

9 9

and declare them to be independent variables of the extended function

ﬂ’(Ma E)’G:x(w,t,e) = u(w7y7t7€)7
M:(xay7t79)7 9:(<7T7M>7 M:<M17M2a"')a C:(<17<2>7

(3)
X, te) = (igf;) ! ln<tl_€>,K1(t,5),K2(t,e), . ) p(2) = (p1(2), ().

In view of definition (2), from (3) we find the derivatives of the extended function,

i 1 &0 ~>
) tie) = Qi+ ———0, e O ’
hu(z,y,t, ) <t“+ et 1) U+Zt—|—s Y et

p
= (220 Z[( 00 2+ s etz + ol @00)i] )

0=x(=,t,¢)

To simplify the notation, we omit the terms containing 8?174212(M ), because the asymptotics does
not contain functions depending on ({1, (2).
Based on (1) and (2)—(4), for the extended function @(M,e) we pose the problem

1
L.a(M,e) = edu + Tou—l—Tlu—ngu—a L.u= f(z,y,t), M € B,
(M75)|t:‘r:lt:0_07 (M,E)‘aB—O,

()
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PARABOLIC PROBLEM WITH A POWER-LAW BOUNDARY LAYER 7

where

B=Qx (0,000, Ty=0,—A¢, Ti=td+ Y X(0)d,, — L(y, 1), Zag

j=1

LC = a ZLC 15 Ll = a )85, LCJ = BQDN, DQL.J = 2@2(3;)&” + (,02/(1‘)

Here one has the identity

(L.a(M,e)) = L.u(x,y,t,¢). (6)

0=x(z,t,e)

We seek a solution of problem (5) in the form of the series

= Z €k/2uk(M
k=0

In a standard manner, for the coefficients of this series we obtain the iterative problems
TV’U,O (M) = 0,
TOUQ(M - —T1U0(M) + f(xayvt)a

)
Touk(M) = —Tluk_g(M) + L(’U/k_g(M) — atuk_4(M) -+ quk—6(M)7
Uk-(M)’t:.,-:#:Q :0, Uk(M)‘aB :0, kZO, 1/20,1.

2. SPACE OF RESONANCE-FREE SOLUTIONS

Let us define a function class in which each of problems (7) is uniquely solvable. To this end, we
introduce the function spaces

Go = {gomy,t) e nt) = (00 0,0000), vlot) € C*(0,1] x 0.7]) .
Gi = {gl(Nl Z<Y ), YV < cexp<—§i>,
YV = o, 0¥ (@), ylet) € C2(0,1] % 0.T) |,
G, = {gm,y,t,m galey.tn) = ([l t) + A(P@)] exp(p). 0(0.0)),
C(z,t) € C=([0,1] x [0,T]), P(z) € C>=([0, 1])},
Gy = {gg(Nl Z<Z (N exp(n), ¥(y, 1)), [|[Z(N)]| < cexp< G )
Z(NY) = 2(z,0)Z(¢, 1),  2(z,t) € C>([0,1] x [O,T])},
N'=(z,t,G,7), p= (1, p2,...), v(,t)=(vi(z,t),va(z,t),...), Z(N') = (Zy;(N"),

Y(N') = (Yi(N'),Ya(NY),...), C(z,t) = (ci5(z,t)), A(P(x)) = diag (Pi(z), Ps(z),...),
exp(u) = (exp(p), exp(pa), - - ), w(y,t)Z(t/u(y,t),wz(y,t),---), h,j=1,2,...,

<(5L't szxt%%
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78 OMURALIEV et al.

<[O<x,t>+A(P<x>)] exp(1). U1 > 3 o) espls ) + 3 P espltu )

17=1

(Z(N")exp(p), 9 (y, 1)) = ZZ” ) exp()¥i(y, t), <Y<Nl>,w<y,t>>=ZYZ-<Nl>wi<y,t>.

ij=1 i=1

From these spaces we construct the new space defined as the direct sum of these spaces,
U:GQ@Gl@GQ@G3

Following [1], we refer to this new space as the space of resonance-free solutions. An arbitrary
element uy (M) of the space U has the form

u (M) = (vi(z,t),¥(y, t >+Z (YF(N'),(y,t))
) (8)
+ <[C’“(m,t) +A(Pk(x))} exp(u > +Z (Z"(N") exp(p), ¥ (y, t)).

Let us calculate the action of the operators Ty, 71, and L, on a function uy(M) € U. We have
2

Toup(M) = Z < [&Y’“(Nl) — RYH(NY) + (9, 2"(N") — 82 Z*(N")) exp(,u)} U (y, t)>,

=1

Tyup(M) = < <D1vk(z, t) + i DlYk(Nl)> U (y, t)>

=1

+ <D3 (Ck(x,t) + A(Pk(x))) exp(,u),¢(y,t)>

2 (9)
+ (D2 expla). vl ),
=1
2
Leup(M) = a(2) Y < |00 (Daa (VH(NY)) + 8, (Det (25(NY)) exp(p)] (3, 1) >
1=1
D' =19, — A(\(t)) +tAT(t), D?Z=1t0,Z+tA"(t)Z + ZA(0) — A(t)Z,
azk( ) (ath(y7 )7 wk(yv t))u A(t) = dlag (Al(t)v )\2( )7 s )7 A(t) = (azk(t))
3. SOLVABILITY OF THE ITERATIVE PROBLEMS
In the general case, the iterative equations (7) can be written in the form
Tour(M) = h*(M). (10)

Theorem 1. Let Assumptions 1 and 2 be satisfied, and let the function h¥(M) lie in the
space G1 @ Gs. Then Eq. (10) has a solution uy(M) in the space U.

Proof. Let h*(M) € G, & Gs; i.e.,

RF(M) = Z [RPH(NT) + W52 (N exp(p)], ¢ (y, t) ), Hhk”“(Nl)H < cexp 4 , r=12
8T
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PARABOLIC PROBLEM WITH A POWER-LAW BOUNDARY LAYER 79

Let us substitute the representation (8) into Eq. (10). Then, based on the calculations in (9),
for the functions Y*(N') and Z*(N') we obtain the equations

0. Zi5(N') = 2 Zi5(N') = hi*(N'), 8, Y} (N') = Y (N') = b (NY).
These equations with the corresponding boundary conditions
ZE(ND =0 =0,  ZE(NY|g—o = WS (2,1),  YF(N)rmo =0, YF(N")|qoo =d(2,1)

have solutions representable in the form

ZE(NY) = W’”(:ct)erfc<

™

2 (o]
2[) —i—hfjfz(a:,t)Ig(Q,T), erfc (x /exp

\ % (N1y) = dkl(w t) erfc (2\f> +hk1(33 I (¢, T),

5T M//h\/nf[ ((ilf-s?))—exp(—i?ffi)}dnd& ’

where A" (z,t) and hy"(n, s) are known functions.

M/ #5 1o (20) e ()]l )
SIER S RC =i =)
(G () o

exp<gi) exp<(19)f<lf+—ngj Hiilr_—n;) (f — 1)

(11)

1,2,

Since

1 1 1 1 Gn an
_ <_Z, ——<-Z <e,
(r—v) — 71’ v o7 ‘2\/T—V6Xp< (7’—1/) ¢
we have, choosing 0 = 1/4,

e 7 oo (-5E) () / (3757 ) oy )

Let us make the change of variables 7 — v = z. Applying the mean value theorem, we obtain

fte ool )on(-£)! ol

|L(V)] < ¢

|1 (V)]

Sharpening the inequality and applying the mean value theorem one more time, we arrive at the
inequality

1 2\ 2 2
Texp(—Z_) /exp(—;_>7'exp<—4g7_> dn‘, 0 € (0,7).
0
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80 OMURALIEV et al.

Hence, using formula 3.321.3 in [10|, we obtain the desired estimate. The proof of the theorem is
complete.

In what follows, given a matrix C, by C (respectively, C) we denote the matrix with the same
diagonal entries and zero off-diagonal entries (respectively, with the same off-diagonal entries and

zero diagonal entries); in particular, C = C + C.

Theorem 2. Let Assumptions 1 and 2 be satisfied, and let h*2(z,t)|,—o = 0 (i.e., h*(x,0) = 0).
Then the problem

D¥(C*(x,t) + A(P*())) = h™2(x, 1),
CF (@, D)oo = — [A(Uk(:c, 0)) + A(C*(x, H)1) + A(Pk(a:))]t

=0 (12)
(e oo = —vu(e0) = PhG0) = Sk (2.0))
i)
where 1 = col (1,1,...), is uniquely solvable.
Proof. In Eq. (12), set
CH(z, )A(0) — A(t)CF(x,t)]1=0 = [ *2(2,t) ||i=o0
hﬁf (x,0) (13)

(i.e., e = o oy P j)'

Then, by virtue of the condition h*2(x,t)|,—o = 0, system (12) is nonsingular.
Under the corresponding initial conditions in (12) and (13), Eq. (12) unambiguously determines
the function C*(z,t). The proof of the theorem is complete.

Remark. When solving the iterative equations, the condition h*2(x,t)|;—o = 0 is ensured by the
choice of the vector function P*(x) = (PF(x), P¥(z),...).

Theorem 3. Let Assumptions 1 and 2 be satisfied. Then Eq. (10) has a unique solution satisfying
the conditions

(&) up(M)|i=r=p=0 = 0, ux(M)|op = 0.
(b) Thui (M) + h*(M) € Gy & Gs.
(¢) Leug(M) =0.

Proof. By Theorem 1, there exists a solution of Eq. (10), which can be represented in the
form (8). Let us subject the solution (8) to condition (b), which holds if the arbitrary func-
tions vy, (z,t) and C*(z,t) are chosen to be solutions of the equations

D'yi(z,t) = —hi'(z,t), D*[cfi(x,t) + P (x)] = —hi(,1).

Then, based on (9), the expression Tyuy (M) + h¥(M) is written in the form

Toue(M) + W(M) = 3 [<D1Yk<Nl> RN, oy, 0)

=1

+ <(D3Z’“(Nl) i hkA(Nl)) exp(,u),w(y,t)ﬂ € GG,

RE(M) = (RS (N') + BN exp(p), 9 (y, 1))

DIFFERENTIAL EQUATIONS  Vol. 57 No.1 2021



PARABOLIC PROBLEM WITH A POWER-LAW BOUNDARY LAYER 81
Subjecting the function (8) to the boundary conditions (a), we find

VAN im0 = 0, Y (N)[omo = di'(2,1), i (2, )|omior = —via(l = 1,1),

Ck(z,t)]im0 = —A(vi(,0)) — A(P*(2)) — A(C*(z,0)1)
(i chteDlima = —ou(e0) = PHe) = T ch(@0)), ZE(V)crma =0,
oy
25 (N = WL, 1), WG, )l = (1 — 1,6) — PEI— 1)

(14)

The matrix function C*(x,t) is determined unambiguously by Theorem 2.

Let us substitute the function u;(M) into condition (c). Then, taking into account the rep-
resentations (11) as well as the relation h®™+3(N') = h*7+3(x ¢)1,(¢;,7), and noticing that the
function erfc ((;/2+/7) satisfies the same estimate as the function I,.(¢;, 7), r = 1, 2, according to (9)
we obtain the equations

D, [df’l(x, t) + hf’3(:n, t)] =0,
D,, [ij’-l(ac, t) + hi—f’f(x, t)] =0.
Under the initial conditions in (14), from these equations we unambiguously determine the func-
tions d;"(z,t) and W//(z,t) and hence, by virtue of (11), uniquely find the functions Y*(N?)
and Z*(N?). ‘
The equation for vy (z,t) has a unique smooth solution (see |2, 3, 11, 12|) satisfying the condi-
tion ||ug(x,0)]| < .

Thus, the solution of Eq. (10) has been unambiguously determined. The proof of the theorem is
complete.

4. SOLUTION OF THE ITERATIVE PROBLEMS

The iterative equation (7) is homogeneous for k = 0, 1; therefore, according to Theorem 1, these
equations are solvable in the space U if the functions Y*(N') and Z*(N') are solutions of the
equations

0-YH(N') = Y (N,
0. Z)5(NY) = 02 Z5(N").
Under the boundary conditions
Y;k(Nl)’TZO =0, Y;k(Nl)‘CzZO :df’l(l’,t), Zikj(Nl)‘TZO =0, Zz'kj(Nl)‘Cz:O = Wi§7l(x7t)7

the solutions of these equations can be represented as

YF(Ny) = df’l(:c,t) erfc <2flﬁ>’

Zikj(Nl) = Wi];vl(x7t) erfc <2§lﬁ>7

where the arbitrary functions d”(z,t) and Wi’;’l(az, t) satisfy the conditions

(15)

& (@, 1) oo = —vra(l — 1,1),
Wi @, ) omiy = —cf(1— 1,8) — PF(1—1).

Let us calculate the free term in Eq. (7) for £k = 2, having preliminarily expanded the free
term f(x,y,t) in the series

flz,y.t) = Zfi(x,twi(y,t)-

DIFFERENTIAL EQUATIONS  Vol. 57 No.1 2021



82 OMURALIEV et al.

As a result, we obtain

Fy(M) = —Tyug(M) + f(z,y,t) = —<D1v0(aj,t) — f(x,t),w(y,t»

- i (D'YO(NY), 9(y, 1)) — <D3 [CO(m, £) + A(PO(:E))] exp(u), ¥(y, t)>

N {DPZ(NY) exp(u), vy, 1)),

: f(xyt):(fl(l“,t),fz(x,t),...).

Set
D'v(a,1) = filw,t) =0, D* |l (2, ) + A(PY(x))| = 0; (16)

then
2

Fo(M) = =3 ([D'Y(N") + D*Z°(N') exp()] (v, 1) ).

1=1
The equation with this right-hand side is solvable in the space U if the functions Y;*(N') and Z3(N h
are the solutions of the equations
T,Y2(NY = —D'Y(N1),
ToZ}(N') = —=D*Z{,(N*).
Consider Egs. (16). The first equation has a solution satisfying the condition ||vy(z,0)| < oo

(see [2, 3, 11, 12]).
Removing the degeneracy of the second system in (16), we set

C(z, )A(0) — A(£)CO(, t)]1=0 = 0

17
(i.e., (A() Ag()) ( t)|t=0 =0, Z#]) ( )

Moreover, from the initial condition (14) we find
CO(x,t)]j—g = — [A(vo(x, t)) + A(CO(x, 1) 1) + A(Po(g;))} ) (18)

in coordinate form, in view of (17), this relation can be written as
(2, 8)]i=0 = —[vo,i(2, 0) + P ()]

Relations (17) and (18) are used in the initial conditions of the second system in (16), which is
uniquely solvable.

Let us proceed to the next iterative equation for £ = 3. Based on the calculations in (9), the
free term of this equation can be written in the form

F3(M) = —Tyuy (M) + Leug(M) = —<D1v1(x,t) + Z D1Y1(Nl),¢(y,t)>

- <D3 (C0) + AP (@)) exp(10,000:.0)) = 3 (P2 () xpl). (1)

a(@) Y (9 Doa[Y (V') + 2° (N exp()] ¥ (y.1) ).

DIFFERENTIAL EQUATIONS  Vol. 57 No.1 2021



PARABOLIC PROBLEM WITH A POWER-LAW BOUNDARY LAYER 83

To ensure the solvability of this equation, based on (15), we set
Dloyi(,t) =0, Dyud'(2,t) =0, Dy Wi(x,t) =0, D*(¢j(w,t)+ Pl(x)) =0.  (19)

From the first equation in (19), we find v;(x,t) = 0. Solving the second and third equations
under the conditions d)"'(z,t)|,—o = —vo s (z, 0) and T/Vi[jf(x, t)]e—o=—¢} ;(x,0), we determine d(z,t)
and Wf}l(x, t). The fourth equation is solvable if

(Xi(0) = A;(8))cij(2,0)|,_, =0 forall i+ j.
From the initial condition (14), we find
T s = A0y (2.0)) — A(P'(@))
(C%i(xat”tzo = —v1,4(z,0) — Pil@))~

It will be shown below that Pf(x) = 0 for odd k. The equation for ¢j;(x,t) is homogeneous;
therefore, cgj (z,t) = 0. The free term of the iterative equation for k = 3 acquires the form

2

Fy(M) = =Y ([D'Y!(N') + D* 2" (N') exp()] (v, 1) ).

=1

By Theorem 1, this equation has a solution representable in the form (8) with k = 3.
At the next step (k = 4), the free term of the iterative equation is written in the form

Fy(M) = —Tyus(M) + Leuy — Opug = —<D1v2(x,t) + Oyvo(,t) + AT (t)vo(z, 1), 1/1(y,t)>

— > AD'YA(N') + D*Z3(N') exp(n), $(y, 1))

=1

— (D?[C*(x,t) + A(P*(x))] exp(p), ¥(y, 1))

+ a(x) Z <8€lDfﬂ7l [YI(NZ) + Zl(Nl) GXP(M)] ; Qﬁ(% t)>

=1

Mm

(O:Y°(N') +0,Z2°(N') exp(p) + AT ()Y (N') + AT(£) Z°(N') exp(p), ¥ (y, 1))

~

S

0,C°(z,t) + AT()C°(z,t) + AT(t)A(PO(:L"))] exp(p), ¥ (y, t)>

To ensure the solvability of the iterative equation for & = 4, we set

Dl’UQ’,L-(ZL', t) = — |:8tv(],i + Z Oéji(t)v()’i(l', t):| 5

D? [c?j(xvt) +P12(x)] = _[8166 (x t) +an( ) (

(20)
t)
D, d; (z,t) =0, D, W\'(z,t)=0.

+ai (1) P ()]

The first equation permits one to determine the function ve(x,t). Removing the degeneracy of
the second equation, we set

(Ai(0) = A;(8)) ¢ (=, t)‘t , =0 forall i yj,
—(&C?i + i (t) e (1) + ayi(t )Po(aj)) ’t:o =0.

DIFFERENTIAL EQUATIONS  Vol. 57 No.1 2021



84 OMURALIEV et al.

The last relation is ensured by the choice of the components of the vector P°(z) = (P?(z), PY(x),...),

0, C?i (xv t) + (t) C?i (CL"a t)
ii(t) -0

PP(z) = —

The equations for the functions d,"(z,t) and I/Vlljl(m, t) in (20) are solved under the zero initial
conditions

d;7l(z’t)|a::l—1 =—v;(l—1,t) =0,
Wi @, B)lem1 = —cj;(1 = 1,8) = P =1) = 0;
here we have taken into account the fact that P!(z) = 0, hence Y'(N') = 0 and Z'(N') = 0, and

consequently, ui (M) = 0.
Based on (20), the free term Fy(M) acquires the form

== S {0V ¢ D2 expl). 00)

=1

+ {0V () + AT(OYO(NY) + [0,2°(N') + AT(2) Z°(N)] exp<u>,w<y,t>>} € GGy

the iterative equation for k = 4 is solvable in U by Theorem 1.

Consider one more iterative equation for k = 5. The free term of this equation is written in the
form

F5(M) = —=Tyus(M) + Leus (M) — dyuy = —(D'vs(z,t) 4 dpvr (z, t) + AT (v (), ¥ (y, t))

= (DY + D2 (N exp(u), vy, 1)) — (D*[C () + AP (@))] (1))

=1

) > (0 Daa[YA(N') + Z3(N') exp(p)], (v, ) )

=1
2
=3 (Y (V) + 021 (V) exp() + AT [V (N') + 21 (N exp()] (0. 1))
=1
- <8tCl(ac, £) + AT() [C (2, 1) + A(P'(2))], ¢ (v, t)>.
By Theorem 1, the iterative equation for k = 5 is solvable if

D'vsi(x,t) = —0v14(x, t) Zaklvlk (z,t),

(21)
D? [03(93, £) + A(PS(;C))] = 0,0 (z,t) + AT(t) [cl(g;, £) + A(Pl(az))] ,
0,D. 1 Y2(N) =0, 0,D,;Z*(N') =0.

Since C*(x,t) = 0, we set P'(x) = 0 to ensure the solvability of the second equation in (21).
Further, in a similar way, we successively determine the coefficients of the partial sum

un E E 5 u2k
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5. REMAINDER ESTIMATE

We substitute the expression

n+1

a(M,e) = Z gy (M) — " g1y (M) + " R(M) (22)
k=0

into the extended problem (5). Then, considering the iterative problems (7), for the remainder term
we obtain the problem

L.R.(M) = ge(M),  Ro(M)|i=rmp=0(M) = Re(M)|o=i-1.4-0(M) = 0, (23)

where N
gs,n(M) == _T1u2n(M) - 8tu2n—2(M) + Lzu2n—4(M) - Lsu2(n+1) (M) (24)

In relations (23) and (24), we perform restriction by means of the regularizing functions
0 = x(z,t,e). Then, by virtue of identity (6), for R, ,(x,t) = R.(M) we obtain the problem

LeRa,n(xa t) = ge,n(x7 t)a Re,n(xy t)|t=0 - Rs,n(wv t)‘x:l—l =0. (25)

The very construction of the functions u (M) and identity (6) imply the boundedness of the right-
hand side g. ,(2,t) = ge.n(M)|o=y(x.t,e) Of the equation in problem (25). For sufficiently small € > 0,
the operator L. satisfies all the conditions of the maximum principle [13, p. 22|; therefore, follow-
ing [14], we obtain the estimate ||R.,(z,t)|| < ¢. From (22), we have the estimate

Ha(M) - un,E(M> H9=X(:C,t,6) < C€n+17 (26)

where the constant ¢ is independent of ¢ > 0, n =0,1,2,...

Theorem 4. Let Assumptions 1 and 2 be satisfied. Then the partial sum (22) obtained by
the above-described method with 6 = x(x,t,€) is an asymptotic solution of problem (1); i.e., for
sufficiently small e > 0 and all n = 0,1,2,... one has the estimate (26).
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