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Abstract—We study a nonlocal boundary value problem for a parabolic equation in the mul-
tidimensional case. A locally one-dimensional difference scheme is constructed to solve this
problem numerically. A priori estimates are derived by the method of energy inequalities in
the differential and difference settings. The uniform convergence of the locally one-dimensional
scheme is proved.
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INTRODUCTION

Boundary value problems with integral conditions are of special interest in the theory of differ-
ential equations. Note that from the physical viewpoint, such conditions are natural and occur in
mathematical modeling of those cases where it is unfeasible to obtain information about the process
developing at the boundary of the domain where it occurs by direct measurement or where only
certain averaged (integral) characteristics of the variable concerned can be measured (see, e.g., [1]).
For example, problems with integral conditions can serve as mathematical models of physical phe-
nomena related, say, to problems encountered in plasma physics. In his survey article [2], Samarskii
pointed out problems of the kind as qualitatively new and arising when solving contemporary prob-
lems in physics and exemplified this type of problems with the statement of the problem with an
integral condition for the heat equation.
For the equation

Lν(u) ≡ ut − uxx − νuxxt + c(x, t)u = q(x, t),

the paper [3] considered the nonlocal boundary value problem with the boundary conditions

u(0, t) = α(t)u(1, t) +

t∫
0

h(t, τ)u(1, τ) dτ, 0 < t < T, (0.1)

ux(1, t) = 0, 0 < t < T,

u(x, 0) = u0(x), 0 < x < 1.

The nonlocal problem considered in the present paper contains the nonlocal boundary condition
of the integral form (0.1).
Various classes of nonlocal problems for partial differential equations were studied in [4–10].
In the present paper, we propose a locally one-dimensional (economical) difference scheme for

numerically solving a nonlocal boundary value problem for a partial differential equation of the
parabolic type in the multidimensional case. The main idea behind the scheme is to reduce the
layer-to-layer transition to the successive solution of a number of one-dimensional problems in each
of the coordinate spatial directions. In this case, for each intermediate problems we construct
an unconditionally stable scheme that is solved with the number of operators proportional to the
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LOCALLY ONE-DIMENSIONAL DIFFERENCE SCHEME 355

number of grid nodes on each time layer. Using the method of energy inequalities, we derive
a priori estimates in the differential and difference settings. The uniform convergence of the locally
one-dimensional scheme is proved.

1. STATEMENT OF THE PROBLEM AND THE A PRIORI ESTIMATE
IN DIFFERENTIAL FORM

In the cylinder QT = G× [0 ≤ t ≤ T ] with the base in the form of the p-dimensional rectangular
parallelepiped G = {x = (x1, . . . , xp) : 0 ≤ xα ≤ lα, α = 1, . . . , p} with boundary Γ, consider the
nonlocal problem

∂u

∂t
= Lu+ f(x, t), (x, t) ∈ QT , (1.1)

kα(0, x
′, t)uxα

(0, x′, t) = β−α(0, x
′, t)u(lα, x

′, t) +

t∫
0

ρ(t, τ)u(lα, x
′, τ) dτ − μ−α(0, x

′, t), (1.2)

− kα(lα, x′, t)uxα
(lα, x

′, t) = β+α(lα, x
′, t)u(lα, x

′, t)− μ+α(lα, x
′, t), xα = lα, t ∈ [0, T ], (1.3)

u(x, 0) = u0(x), x ∈ G; (1.4)

here QT = G× [0 < t ≤ T ], G = G \ Γ,

Lu =

p∑
α=1

Lαu, Lαu =
∂

∂xα

(
kα(x, t)

∂u

∂xα

)
− qα(x, t)u,

0 < c0 ≤ kα(x, t) ≤ c1, |qα(x, t)|, |β±α(x, t)|, |ρ(t, τ)| ≤ c2, 0 ≤ τ ≤ t,

where c0, c1, and c2 are positive constants and α = 1, . . . , p.
In what follows, by Mi, i ∈ N, we denote positive constants depending only on the input data of

the problem under consideration.
Assuming that there exists a regular solution of the differential problem (1.1)–(1.4) in the cylin-

der QT , we obtain an a priori estimate for this solution using the method of energy inequalities.
Multiplying Eq. (1.1) in the sense of the inner product by u, we derive the energy identity

(
∂u

∂t
, u

)
=

( p∑
α=1

∂

∂xα

(
kα(x, t)

∂u

∂xα

)
, u

)
−
( p∑

α=1

qα(x, t)u, u

)
+ (f(x, t), u). (1.5)

Let us transform the integrals occurring in identity (1.5) as follows:(
∂u

∂t
, u

)
=
1

2

∂

∂t
‖u‖20, (1.6)

( p∑
α=1

∂

∂xα

(
kα(x, t)

∂u

∂xα

)
, u

)
=

p∑
α=1

∫
G′

kα(x, t)u
∂u

∂xα

∣∣∣∣
lα

0

dx′ −
p∑

α=1

∫
G

kα(x, t)

(
∂u

∂xα

)2

dx, (1.7)

where G′ = {x′ = (x1, x2, . . . , xα−1, xα+1, . . . , xp) : 0 < xk < lk, k = 1, 2, . . . , α − 1, α + 1, . . . , p}
and dx′ = dx1 dx2 · · · dxα−1 dxα+1 · · · dxp. Further, to estimate the terms on the right-hand side, we
apply the Cauchy ε-inequality

−
( p∑

α=1

qα(x, t)u, u

)
≤ c2

p∑
α=1

∫
G

u2 dx, (1.8)

(f(x, t), u) ≤ 1

2
‖f‖20 +

1

2
‖u‖20. (1.9)
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In view of the transformations (1.6), (1.7) and the estimates (1.8), (1.9), we obtain the following
inequality from identity (1.5):

1

2

∂

∂t
‖u‖20 +

p∑
α=1

∫
G

kα(x, t)

(
∂u

∂xα

)2

dx ≤
p∑

α=1

∫
G′

ukα(x, t)
∂u

∂xα

∣∣∣∣
lα

0

dx′ +M1‖u‖20 +
1

2
‖f‖20. (1.10)

Considering conditions (1.2) and (1.3), we write the first term on the right-hand side in (1.10) as
p∑

α=1

∫
G′

ukα(x, t)
∂u

∂xα

∣∣∣∣
lα

0

dx′ =
p∑

α=1

∫
G′

(kα(lα, x
′, t)u(lα, x

′, t)− kα(0, x′, t)u(0, x′, t)) dx′

=

p∑
α=1

∫
G′

(
μ+α(lα, x

′, t)u(lα, x
′, t)−β+α(lα, x

′, t)u2(lα, x
′, t)−β−α(0, x

′t)u(lα, x
′, t)

× u(0, x′, t)− u(0, x′, t)
t∫

0

ρ(t, τ)u(lα, x
′, τ) dτ − u(0, x′, t)μ−α(0, x

′, t)

)
dx′.

(1.11)

The following assertion holds.

Theorem 1 [11; p. 73]. Let Ω be a domain with smooth boundary ∂Ω. For elements u(x)
in W 1

2 (Ω), on the domains Π lying on smooth hypersurfaces and belonging to the domain Ω, the
traces are defined as elements in L2(Π), with these traces changing continuously under a continuous
shift of Π. For these traces, one has the inequalities∫

Π

[u(x+ le1)− u(x)]2 ds ≡ ‖u(x+ le1)− u(x)‖22,Π ≤ cl

∫
Ql(Π)

u2
x dx, 0 ≤ l ≤ δ,

and
‖u(x)‖22,Π ≤ c[δ−1‖u(x)‖22,Qδ(Π) + δ‖ux(x)‖22,Qδ(Π)],

where e1 is the unit vector of the normal to Π at a point x; Ql(Π) is the curvilinear cylinder formed
by segments of these normals of length l (δ is the greatest of those lengths l for which Ql(Π) ⊂ Ω);
and c is a constant independent of the function u(x).

For all elements v(x) in W 1
2 (Ω) with piecewise smooth boundary ∂Ω, one has the estimate∫

∂Ω

v2 ds ≤ c1

∫
Ω

(|v| · |vx|+ v2) dx ≤ c1

∫
Ω

[
ε

c1
v2x +

(
c1
4ε

+ 1

)
v2
]
dx ≡

∫
Ω

(εv2x + cεv
2) dx, ε > 0.

Using the representation (1.11), Theorem 1, and the Cauchy ε-inequality, we obtain the estimate
p∑

α=1

∫
G′

ukα(x, t)
∂u

∂xα

∣∣∣∣
lα

0

dx′ ≤ εM2‖ux‖20 +M3(ε)‖u‖20

+ ε

t∫
0

‖ux‖20 dτ +M4(ε)

t∫
0

‖u‖20 dτ +
1

2

p∑
α=1

∫
G′

(μ2
−α + μ2

+α) dx
′,

which, by virtue of inequality (1.10), implies that

∂

∂t
‖u‖20 +

p∑
α=1

∫
G

kα(x, t)

(
∂u

∂xα

)2

dx ≤ εM5‖ux‖20 +M6(ε)‖u‖20

+ ε

t∫
0

‖ux‖20 dτ +M7(ε)

t∫
0

‖u‖20 dτ +
p∑

α=1

∫
G′

(μ2
−α + μ2

+α) dx
′ + ‖f‖20.

(1.12)
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We denote the integration variable τ in inequality (1.12) by τ1 and the variable t by τ , then integrate
the result over τ between 0 and t, and obtain

‖u‖20 +
t∫

0

‖ux‖20 dτ ≤ εM8

t∫
0

‖ux‖20 dτ +M9(ε)

t∫
0

‖u‖20 dτ + εM10

t∫
0

τ∫
0

‖ux‖20 dτ1 dτ

+M11(ε)

t∫
0

τ∫
0

‖u‖20 dτ1 dτ +M12

( t∫
0

(
‖f‖20 +

∫
G′

(μ2
−α + μ2

+α) dx
′
)
dτ + ‖u0(x)‖20

)
.

(1.13)

Let us estimate the third and fourth terms on the right-hand side in inequality (1.13) as follows:

t∫
0

τ∫
0

‖ux‖20 dτ1 dτ ≤ T

t∫
0

‖ux‖20 dτ,

t∫
0

τ∫
0

‖u‖20 dτ1 dτ ≤ T

t∫
0

‖u‖20 dτ.
(1.14)

Taking the estimates (1.14) into account in inequality (1.13), we obtain

‖u‖20 +
t∫

0

‖ux‖20 dτ ≤M13(ε)

t∫
0

‖u‖20 dτ + ε(T + 1)

t∫
0

‖ux‖20 dτ

+M14

( t∫
0

(
‖f‖20 +

∫
G′

(μ2
−α + μ2

+α) dx
′
)
dτ + ‖u0(x)‖20

)
.

(1.15)

We take ε = 1/(2T + 2) in inequality (1.15) and obtain

‖u‖20 +
t∫

0

‖ux‖20 dτ ≤M15

t∫
0

‖u‖20 dτ

+M16

( t∫
0

(
‖f‖20 +

∫
G′

(μ2
−α + μ2

+α) dx
′
)
dτ + ‖u0(x)‖20

)
.

(1.16)

Dropping the second terms on the left-hand side in inequality (1.16) and applying Gronwall’s
lemma [11, p. 152; 12] to the resulting inequality, we obtain an upper bound for the integral
t∫
0

‖ux‖20 dτ . Substituting this bound for the integral on the right-hand side in inequality (1.16), we
arrive at the desired a priori estimate for the solution,

‖u‖20 + ‖ux‖22,Qt
≤M(t)

( t∫
0

(
‖f‖20 +

∫
G′

(μ2
−α + μ2

+α) dx
′
)
dτ + ‖u0(x)‖20

)
, (1.17)

where ‖ux‖22,Qt
=

t∫
0

‖ux‖20 dτ and the function M(t) depends only on the input data of

problem (1.1)–(1.4).
The a priori estimate (1.17) implies the uniqueness of solution to the original problem (1.1)–(1.4),

as well as the continuous, in the norm ‖u‖21 = ‖u‖20 + ‖ux‖22,Qt
, dependence of the solution on the

input data on each time layer.
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2. LOCALLY ONE-DIMENSIONAL SCHEME

We select the spatial mesh uniform with respect to each direction Oxα with step hα = lα/Nα,
α = 1, . . . , p:

ωh =

p∏
α=1

ωhα
, ωhα

= {x(iα)
α = iα�α : iα = 0, . . . , Nα, α = 1, . . . , p}

�α =

⎧⎨
⎩hα, iα = 1, . . . , Nα − 1,

hα/2, iα = 0, Nα.

On the closed interval [0, T ], we also introduce the uniform mesh ωτ = {tj = jτ : j = 0, . . . , j0}
with step τ = T/j0. We partition each of the closed intervals [tj, tj+1] into p parts by introducing the
points tj+α/p = tj + τα/p, α = 1, . . . , p− 1, and denote the half-interval (tj+(α−1)/p, tj+α/p] by Δα,
where α = 1, . . . , p.
We write Eq. (1.1) in the form

Reu ≡ ∂u

∂t
− Lu− f = 0,

or
p∑

α=1

Re αu = 0, Re αu ≡ 1

p

∂u

∂t
− Lαu− fα,

where fα(x, t), α = 1, . . . , p, are arbitrary functions possessing the same smoothness as the func-
tion f(x, t) and satisfying the normalization condition

∑p

α=1 fα = f .
On each half-interval Δα, α = 1, . . . , p, we successively solve the problems

Re αϑα ≡ 1

p

∂ϑ(α)

∂t
− Lαϑ(α) − fα = 0, x ∈ G, t ∈ Δα, α = 1, . . . , p, (2.1)

kα(0, x
′, t)(ϑ(α))xα

(0, x′, t) = β−α(0, x
′, t)ϑ(α)(lα, x

′, t) +

t∫
0

ρ(t, τ)ϑ(α)(lα, x
′, τ) dτ − μ−α(0, x

′, t)

−kα(lα, x′, t)(ϑ(α))xα
(lα, x

′, t) = β+α(lα, x
′, t)ϑ(α)(lα, x

′, t)− μ+α(lα, x
′, t), 0 ≤ t ≤ T,

while assuming that [13, p. 522]

ϑ(1)(x, 0) = u0(x), ϑ(α)(x, tj+(α−1)/p) = ϑ(α−1)(x, tj+(α−1)/p), α = 2, . . . , p,

ϑ(1)(x, tj) = ϑ(p)(x, tj).

Let us approximate Eq. (2.1) on the half-interval Δα by an implicit two-layer scheme to produce
a chain of p one-dimensional difference equations:

yj+α/p − yj+(α−1)/p

τ
= Λαy

j+α/p + ϕj+α/p
α , α = 1, . . . , p,

Λαy = (aαy
j+α/p
x̄α

)xα
− dαyj+α/p,

(2.2)

where a(1α) = aiα+1, ai = ki−0.5(t̄), t̄ = tj+0.5, ϕj+α/p
α = fα(x, tj+0.5), dα = qα.

Equation (2.2) must be equipped with the boundary and initial conditions. We write a difference
analog for the boundary conditions (1.2), (1.3):

a(+1α)
α y

j+α/p
xα,0 = β−α y

j+α/p
Nα

+

j∑
s=0

ρs,jy
s
Nα
τ − μ−α, xα = 0,

−a(Nα)
α y

j+α/p
xα,Nα

= β+αy
j+α/p
Nα

− μ+α, xα = lα.
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Conditions (1.2) and (1.3) have the approximation order O(hα). Let us increase the approximation
order to O(h2

α) on the solutions of Eq. (2.1). The following relations hold:

a(1α)α ϑ
j+α/p
xα,0 = β−αϑ

j+α/p

(α),0 − μ−α +O(hα),

a(1α)α = k
(α)

1/2 = k0 + k′0
hα

2
+ k′′0

h2
α

8
+O(h3

α),

ϑ1
(α) − ϑ0

(α)

hα

= ϑ(α)xα,0 = ϑ′(α) + ϑ′′(α)
hα

2
+O(h2

α),

a(1α)
α ϑ

j+α/p

(α)xα,0 = k(α)ϑ′(α),0 + (k(α)ϑ′(α))
′hα

2
+O(h2

α),

k(α)ϑ′(α),0 = a(1α)
α ϑ

j+α/p

(α)xα,0 − 0.5hα(k
(α)ϑ′(α))

′ +O(h2
α)

= a(1α)
α ϑ

j+α/p

(α)xα,0 − 0.5hα

(
1

p

∂ϑ
j+α/p

(α)

∂t
+ qαϑ(α) − fα

)
+O(h2

α).

Therefore,

a(1α)
α ϑ

j+α/p

(α)xα,0 − 0.5hα(ϑ
j+α/p

(α)t̄ + dαϑ(α) − fα)

= β−αϑ
j+α/p

(α),Nα
+

j∑
s=0

ρs,jϑ
s
(α),Nα

τ − μ−α +O(h2
α) +O(hατ).

(2.3)

In relation (2.3), we drop quantities of the orders O(h2
α) and O(hατ) and replace ϑ(α) with

y(α) = yj+α/p. Then (2.3) acquires the form

a(1α)
α y

j+α/p
xα,0 −0.5hαy

j+α/p

t̄ = 0.5hαd
(0)
α y

j+α/p
0 +β−αy

j+α/p
Nα

+

j∑
s=0

ρs,jy
s
Nα
τ −μ−α−0.5hαfα,0, xα = 0,

or

y
j+α/p

t̄,0 =
1

0.5hα

(
a(1α)
α y

j+α/p
xα,0 − 0.5hαd

(0)
α y

j+α/p
0 − β−αy

j+α/p
Nα

−
j∑

s=0

ρs,jy
s
Nα
τ

)
− μ−α, xα = 0,

y
j+α/p

t̄,Nα
= − 1

0.5hα

(a(Nα)
α y

j+α/p
x̄α,Nα

+ β+αy
j+α/p
Nα

)− μ+α, xα = lα,

where
β+α = β+α + 0.5hαd

(Nα)
α , μ−α =

μ−α

0.5hα

+ fα,0, μ+α =
μ+α

0.5hα

+ fα,Nα
.

Thus, we arrive at the chain of one-dimensional schemes

y
(α)

t̄ = Λαy
(α) +Φj+α/p

α , α = 1, . . . , p, x ∈ ωhα
,

y(x, 0) = u0(x), yt̄ =
yj+α/p − yj+(α−1)/p

τ
,

(2.4)

where

Λαy
(α) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Λαy
(α) = (aαy

(α)
xα
)xα
− dαy(α),

Λ−αy
(α) =

1

0.5hα

(
a(1α)
α y

(α)
xα,0 − 0.5hαd

(0)
α y

j+α/p
0 − β−αy

j+α/p
Nα

−
j∑

s=0

ρs,jy
s
Nα
τ

)
, xα=0,

Λ+
αy

(α) = −a
(Nα)
α y

(α)
x̄α,Nα

+ β+αy
(α)
Nα

0.5hα

, xα= lα,
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Φα =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ϕα, xα ∈ ωhα

,

μ−α
, xα = 0,

μ+α
, xα = lα.

(2.5)

3. APPROXIMATION ERROR OF THE LOCALLY ONE-DIMENSIONAL SCHEME

The accuracy of the solution by the locally one-dimensional scheme is characterized by the
difference zj+α/p = yj+α/p−uj+α/p, where uj+α/p is the solution of the original problem (1.1)–(1.4).
Substituting yj+α/p = zj+α/p + uj+α/p into the difference equation (2.2), we obtain the following
problem for the error zj+α/p:

zj+α/p − zj+(α−1)/p

τ
= Λαz

j+α/p + ψj+α/p
α , (3.1)

where ψj+α/p
α = Λαu

j+α/p + ϕj+α/p
α − uj+α/p−uj+(α−1)/p

τ
.

Denoting

ψ̊α =

(
Lαu+ fα − 1

p

∂u

∂t

)j+1/2

and noting that
∑p

α=1 ψ̊α = 0 if
∑p

α=1 fα = f , we represent the error ψj+α/p
α as the sum

ψj+α/p
α = Λαu

j+α/p + ϕj+α/p
α − uj+α/p − uj+(α−1)/p

τ
+ ψ̊α − ψ̊α

= (Λαu
j+α/p−Lαu

j+1/2)+(ϕj+α/p
α −f j+1/2

α )−
(
uj+α/p − uj+(α−1)/p

τ
− 1
p

(
∂u

∂t

)j+1/2)
+ψ̊α

= ψ∗α + ψ̊α.

It is obvious that

ψ∗α=O(h
2
α+ τ), ψ̊α=O(1),

p∑
α=1

ψj+α/p
α =

p∑
α=1

ψ̊α+

p∑
α=1

ψ∗α=O(|h|2+ τ), |h|2=h2
1+h

2
2+ . . .+h

2
p.

Write the boundary condition xα = 0 as follows:

0.5hαy
j+α/p

t̄ = a(1α)
α y

j+α/p
xα,0 − 0.5hαd

(0)
α y

j+α/p
0 − β−αy

j+α/p
Nα

−
j∑

s=0

ρs,jy
s
Nα
τ + 0.5hαfα,0 + μ−α.

We substitute yj+α/p = zj+α/p + uj+α/p into (3.1). Then we obtain

0.5hαz
j+α/p

t̄ = a(1α)
α z

j+α/p
xα,0 − 0.5hαd

(0)
α z

j+α/p
0 − β−αz

j+α/p
Nα

−
j∑

s=0

ρs,jz
s
Nα
τ

+ a(1α)
α u

j+α/p
xα,0 − 0.5hαd

(0)
α u

j+α/p
0 − β−αu

j+α/p
Nα

−
j∑

s=0

ρs,ju
s
Nα
τ − 0.5hαu

j+α/p

t̄ + 0.5hαfα,0 + μ−α.

We add and subtract the quantity

0.5hαψ̊α = 0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)
− qαu+ fα − 1

p

∂u

∂t

]j+1/2

xα=0
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to and from the right-hand side of the resulting relation. Then

ψ−α = 0.5hα(fα − uj+α/p

t̄ ) + a(1α)
α u

j+α/p
xα,0 − β−αu

j+α/p
Nα

−
j∑

s=0

ρs,ju
s
Nα
τ − 0.5hαdα,0u

j+α/p
0 + μ−α

− 0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)
− qαu+ fα − 1

p

∂u

∂t

]j+1/2

xα=0

+ 0.5hαψ̊α

= 0.5hα(fα − uj+α/p

t̄ ) + a(1α)
α u

j+α/p
xα,0 − β−αu

j+α/p
Nα

−
j∑

s=0

ρs,ju
s
Nα
τ − 0.5hαdα,0u

j+α/p
0 + μ−α

− 0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)]j+1/2

− 0.5hα(fα − uj+α/p

t̄ ) + 0.5hαdα,0u
j+α/p
0 + 0.5hαψ̊α +O(hατ)

= a(1α)
α u

j+α/p
xα,0 − β−αu

j+α/p
Nα

−
j∑

s=0

ρs,ju
s
Nα
τ + μ−α

+ 0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)]j+1/2

+ 0.5hαψ̊α +O(h2
α) +O(hατ)

= kα
∂uj+α/p

∂xα

+ 0.5hα

(
kα

∂u

∂xα

)j+α/p

0

− β−αu
j+α/p
Nα

−
j∑

s=0

ρs,ju
s
Nα
τ

− 0.5hα

[
∂

∂xα

(
kα

∂u

∂xα

)]j+α/p

+ μ−α +O(h2
α) +O(hατ)

=

(
kα
∂uj+α/p

∂xα

− β−αu
j+α/p
Nα

−
j∑

s=0

ρs,ju
s
Nα
τ + μ−α

)
xα=0

+ 0.5hαψ̊α +O(h2
α) +O(hατ).

In view of the boundary conditions (1.2) and (1.3), the bracketed expression is zero. Therefore,

ψ−α = 0.5hαψ̊−α + ψ∗−α, ψ∗−α = O(h2
α + τ) +O(hατ).

We have

0.5hαz
j+α/p
t,0 = a(1α)

α z
j+α/p
xα,0 − 0.5hαd

(0)
α z

j+α/p
0 − β−αz

j+α/p
Nα

−
j∑

s=0

ρs,jz
s
Nα
τ + 0.5hαψ̊−α + ψ∗−α,

or

z
j+α/p
t,0 =

1

0.5hα

(
a(1α)
α z

j+α/p
xα,0 − 0.5hαd

(0)
α z

j+α/p
0 − β−αz

j+α/p
Nα

−
j∑

s=0

ρs,jz
s
Nα
τ

)
+ ψ̊−α +

ψ∗−α

0.5hα

,

z
j+α/p

t̄,Nα
= −a

(Nα)
α z

j+α/p
x̄α,Nα

+ β̄+αz
j+α/p
Nα

0.5hα

+ ψ̊+α +
ψ∗+α

0.5hα

.

We thus write the problem for the error zj+α/p in the form

z
(α)

t̄ = Λαz
(α) + ψj+α/p

α ,

z(x, 0) = 0,

where

Λα =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Λα, xα ∈ ωhα

,

Λ−α , xα = 0,

Λ+
α , xα = lα,

ψα =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ψα, xα ∈ ωhα

,

ψ−α , xα = 0,

ψ+
α , xα = lα,
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ψα = ψ̊α + ψ∗α, ψ̊α = O(1), ψ∗α = O(h2
α + τ), ψ−α = ψ̊−α +

ψ∗−α

0.5hα

, ψ+α = ψ̊+α +
ψ∗+α

0.5hα

,

ψ±α = O(h2
α + τ), ψ̊±α = O(1),

p∑
α=1

ψ̊±α = 0.

4. STABILITY OF THE LOCALLY ONE-DIMENSIONAL SCHEME

We multiply Eq. (2.4) in the sense of the inner product by y(α) = yj+α/p to obtain

[y
(α)

t̄ , y(α)]α − [Λαy
(α), y(α)]α = [Φ(α), y(α)]α, (4.1)

where

[u, v] =
∑
x∈ω̄h

uvH, H =

Nα∏
α=1

�α, [u, v]α =

Nα∑
iα=0

uiαviα�α, �α =

⎧⎨
⎩hα, iα = 1, . . . , Nα − 1,

hα/2, iα = 0, Nα.

Let us transform each term in identity (4.1). For the first term, we have

[y
(α)

t̄ , y(α)]α =
1

2
(‖y(α)‖2L2(α)

)t̄ +
τ

2
‖yt̄‖2L2(α)

,

where ‖ · ‖L2(α) means that the norm is taken with respect to the variable xα for fixed values of the
other variables. Further,

[Λαy
(α), y(α)]α = (Λαy

(α), y(α))α + Λ−αy
(α)y

(α)
0 �α + Λ+

αy
(α)y

(α)
Nα

�α

= ((aαy
(α)
x̄α
)xα

, y(α))− (dαy
(α), y(α))α −

(
a(1α)
α y

(α)
xα,0 − 0.5hαd

(0)
α yα0 − β−αy

α
Nα
−

j∑
s=0

ρs,jy
s
Nα
τ

)
y
(α)
0

− (a(Nα)
α y

(α)
x̄α,Nα

+ β+αy
(α)
Nα
)y

(α)
Nα
,

where a(1α) = aiα+1, ai = ki−1/2(t̄), and t̄ = tj+1/2. Then the last expression can be written in the
form

[Λαy
(α), y(α)]α = −(aα, y2x̄α

]α − (dαy
(α), y(α))

− 0.5hαd
(0)
α y20 − β−αyNα

y0 − y0
j∑

s=0

ρs,jy
s
Nα
τ − β̄+αy

2
Nα
.

(4.2)

For the right-hand side of identity (4.1), we have

[Φ(α), y(α)]α = (ϕ(α), y(α)) + μ−αy
(α)
0 �α + μ+αy

(α)
Nα

�α = (ϕ(α), y(α)) +

(
μ−α

0.5hα

+ fα,0

)
y
(α)
0 �α

+

(
μ+α

0.5hα

+ fα,Nα

)
y
(α)
Nα

�α = [ϕ(α), y(α)]α + μ−αy
(α)
0 + μ+αy

(α)
Nα
.

Using Lemma 1 in [14], we find the following estimates for the terms occurring on the right-hand
side in relation (4.2):

(d, (y(α))2) ≤ c2‖y(α)‖2L2(ωh)
,

− 0.5hαd
(0)
α y20 − β−αyNα

y0 − β̄+αy
2
Nα
≤M1(y

2
0 + y2N) ≤M1(ε‖yx̄α

]|2L2(α)
+ c(ε)‖y‖2L2(α)

),

− y0
j∑

s=0

ρs,jy
s
Nα
τ ≤ 1

2
y20 +

1

2

( j∑
s=0

ρs,jy
s
Nα
τ

)2

≤M2(ε‖yx̄α
]|2L2(α)

+ c(ε)‖y‖2L2(α)
)

+M3

j∑
s=0

(ε‖ysx̄α
]|2L2(α)

+ c(ε)‖ys‖2L2(α)
)τ,
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[ϕ(α), y(α)]α ≤ 1

2
‖ϕ(α)‖2L2(α)

+
1

2
‖y(α)‖2L2(α)

,

μ−αy
(α)
0 +μ+αy

(α)
Nα
≤ μ2

−α

2
+
μ2
+α

2
+
1

2
[(y

(α)
0 )2+(y

(α)
Nα
)2] ≤ 1

2
(μ2
−α+μ

2
+α)+ε‖y(α)x̄α

]|2L2(α)
+c(ε)‖y(α)‖2L2(α)

,

where ε > 0 and c(ε) = 1/lα + 1/ε.
Substituting the resulting estimates into identity (4.1), after summation over iβ �= iα, β=1, . . . , p,

we find that

1

2
‖yj+α/p‖2L2(ω̄h)

+
c0
2
τ‖y(α)x̄α

]|2L2(ω̄h)

≤M4τ‖y(α)‖2L2(ω̄h)
+M5τ

j∑
s=0

(ε‖ysx̄α
]|2L2(ω̄h)

+ c(ε)‖ys‖2L2(ω̄h)
)τ +

1

2
τ‖ϕj+α/p‖L2(ω̄h) +

1

2
τ
∑
iβ �=iα

(μ2
−α(tj)

+ μ2
+α(tj))

H

�α

+
1

2
‖yj+(α−1)/p‖2L2(ω̄h)

.

(4.3)

We sum the inequalities in (4.3) first over α = 1, . . . , p,

‖yj+1‖2L2(ω̄h)
+
c0
2
τ

p∑
α=1

‖yj+α/p
x̄α

‖2L2(ω̄h)
≤

p∑
α=1

τ‖ϕj+α/p‖2L2(ω̄h)
+ ‖yj‖2L2(ω̄h)

+M4τ

p∑
α=1

‖y(α)‖2L2(ω̄h)

+M5τ

p∑
α=1

j∑
s=0

(ε‖ysx̄α
]|2L2(ω̄h)

+ c(ε)‖ys‖2L2(ω̄h)
)τ + τ

p∑
α=1

∑
iβ �=iα

(μ2
−α(tj) + μ2

+α(tj))H/�α,

and then over j′ from 0 to j,

‖yj+1‖2L2(ω̄h)
+
c0
2

j∑
j′=0

τ

p∑
α=1

‖yj′+α/p
x̄α

]|2L2(ωh)
≤

j∑
j′=0

τ

p∑
α=1

‖ϕj′+α/p‖2L2(ω̄h)
+ ‖y0‖2L2(ωh)

+M4

j∑
j′=0

τ

p∑
α=1

‖yj′+α/p‖2L2(ω̄h)
+M5

j∑
j′=0

τ

p∑
α=1

j′∑
s=0

(ε‖ysx̄α
]|2L2(ω̄h)

+ c(ε)‖ys‖2L2(ω̄h)
)τ

+

j∑
j′=0

τ

p∑
α=1

∑
iβ �=iα

(μ2
−α(tj) + μ2

+α(tj))H/�α.

(4.4)

By estimating the fourth expression on the right-hand side in (4.4), we obtain

j∑
j′=0

τ

p∑
α=1

j′∑
s=0

(ε‖ysx̄α
]|2L2(ω̄h)

+ c(ε)‖ys‖2L2(ω̄h)
)τ

≤ ε

j∑
j′=0

j′∑
s=0

τ

p∑
α=1

‖ysx̄α
]|2L2(ω̄h)

τ + c(ε)

j∑
j′=0

j′∑
s=0

τ

p∑
α=1

‖ys‖2L2(ω̄h)
τ

≤ εT

j∑
j′=0

τ

p∑
α=1

‖yj′+α/p
x̄α

]|2L2(ω̄h)
+ c(ε)T

j∑
j′=0

τ

p∑
α=1

‖yj′+α/p‖2L2(ω̄h)
.

(4.5)
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We take ε = c0/(4T ) in inequality (4.5) and find from (4.4) that

‖yj+1‖2L2(ω̄h)
+M6

j∑
j′=0

τ

p∑
α=1

‖yj′+α/p
x̄α

]|2L2(ωh)
≤

j∑
j′=0

τ

p∑
α=1

‖ϕj′+α/p‖2L2(ω̄h)
+ ‖y0‖2L2(ωh)

+M7

j∑
j′=0

τ

p∑
α=1

‖yj′+α/p‖2L2(ω̄h)
+

j∑
j′=0

τ

p∑
α=1

∑
iβ �=iα

(μ2
−α(tj) + μ2

+α(tj))H/�α.

The paper [15] showed that the following inequality holds:

max
1≤α≤p

‖yj+α/p‖2L2(ω̄h)
≤ ν1

j∑
j′=0

τ max
1≤α≤p

‖yj′+α/p‖2L2(ω̄h)
+ ν2F

j, (4.6)

where

F j = ‖y0‖2L2(ωh)
+

j∑
j′=0

τ

p∑
α=1

‖ϕj′+α/p‖2L2(ωh)
+

j∑
j′=0

τ

p∑
α=1

∑
iβ �=iα

(μ2
−α(tj) + μ2

+α(tj))H/�α.

Introducing the notation gj+1 = max
1≤α≤p

‖yj+α/p‖2L2(ωh)
, we write inequality (4.6) in the form

gj+1 ≤ ν1

j∑
k=1

τgk + ν2F
j, (4.7)

where ν1 and ν2 are known positive constants.
Using inequality (4.7), based on Lemma 4 in [12], we arrive at the a priori estimate

‖yj+1‖2L2(ωh)
+

j∑
j′=0

τ

p∑
α=1

‖yj′+α/p
x̄α

]|2L2(ωh)
≤M(t)

[ j∑
j′=0

τ

p∑
α=1

‖ϕj′+α/p‖2L2(ωh)
+ ‖y0‖2L2(ωh)

+

j∑
j′=0

τ

p∑
α=1

∑
iβ �=iα

(μ2
−α(tj′) + μ2

+α(tj′))H/�α

]
,

(4.8)

where M(t) > 0 is independent of hα and τ .
Thus, the following assertion holds.

Theorem 2. The locally one-dimensional scheme (2.4), (2.5) is stable with respect to the initial
data and the right-hand side, the estimate (4.8) holding true for the solution of problem (2.4), (2.5).

5. UNIFORM CONVERGENCE OF THE LOCALLY ONE-DIMENSIONAL SCHEME

By analogy with [13, p. 528], we represent the solution of problem (3.1) as the sum
z(α) = υ(α) + η(α), z(α) = zj+α/p, where the quantity η(α) is determined by the conditions

(η(α) − η(α−1))/τ = ψ̊α, x ∈ ωhα
+ γh,α, α = 1, . . . , p,

η(x, 0) = 0;
(5.1)

here

ψ̊α =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ψ̊α, xα ∈ ωhα

,

ψ̊−α, xα = 0,

ψ̊+α, xα = lα.
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It follows from (5.1) that ηj+1 = η(p) = ηj + τ(ψ̊1 + ψ̊2 + . . . + ψ̊p) = ηj = . . . = η0 = 0 and
η(α) = τ(ψ̊1 + ψ̊2 + . . .+ ψ̊α) = −τ(ψ̊α+1 + . . .+ ψ̊p) = O(τ).

The function υ(α) is determined by the conditions

(υ(α) − υ(α−1))/τ = Λαυ(α) + ψ̃α, ψ̃α = Λαη(α) + ψ∗α, x ∈ ωhα
, (5.2)

(υ(α) − υ(α−1))/τ = Λ−αυ(α) + Λ−αη(α) + 2ψ∗−α/hα, xα = 0, (5.3)

(υ(α) − υ(α−1))/τ = Λ+
αυ(α) + Λ+

αη(α) + 2ψ∗+α/hα, xα = lα, (5.4)

υ(x, 0) = 0. (5.5)

If there exist derivatives ∂4u/∂x2
α∂x

2
β, α �= β, continuous in the closed domain QT , then

Λαη(α) = −τΛα(ψ̊α+1 + . . .+ ψ̊p) = O(τ).
Estimating the solution of problem (5.2)–(5.5) with the use of Theorem 2, we obtain

‖υj+1‖2L2(ωh)
+

j∑
j′=0

τ

p∑
α=1

‖υj+α/p
x̄α

]|2L2(ωh)
≤M(t)

[ j∑
j′=0

τ

p∑
α=1

‖ψ̃j′+α/p
α ‖2L2(ωh)

+

j∑
j′=0

τ

p∑
α=1

∑
iβ �=iα

(ψ̃2
−α(tj′) + ψ̃2

+α(tj′))H/�α

]
.

(5.6)

Since ηj = 0, η(α) = O(τ) and ‖zj‖ ≤ ‖υj‖, we see that the estimate (5.6) implies the following
assertion.

Theorem 3. Let problem (1.1)–(1.4) have a unique solution u(x, t) continuous in QT , and
assume that there exist derivatives ∂2u/∂t2 , ∂4u/∂x2

α∂x
2
β , ∂3u/∂x2

α∂t, and ∂2f/∂x2
α , 1 ≤ α, β ≤ p,

continuous in the domain QT . Then the locally one-dimensional scheme (2.4), (2.5) converges at
the rate O(|h|2 + τ), so that

‖yj+1 − uj+1‖1 ≤M(|h|2 + τ), |h|2 = h2
1 + h2

2 + . . .+ h2
p,

‖zj+1‖1 =
(
‖zj+1‖2L2(ωh)

+

j∑
j′=0

τ

p∑
α=1

‖zx̄α
]|2L2(ωh)

)1/2

.

6. ALGORITHM FOR THE NUMERICAL SOLUTION OF THE NONLOCAL
BOUNDARY VALUE PROBLEM

Let us write the Robin boundary value problem (1.1)–(1.4) for 0 ≤ xα ≤ lα, α = 2, p = 2. Then
we obtain

∂u

∂t
=

∂

∂x1

(
k1(x1, x2, t)

∂u

∂x1

)
+

∂

∂x2

(
k2(x1, x2, t)

∂u

∂x2

)
− q1(x1, x2, t)u− q2(x1, x2, t)u+ f(x1, x2, t),

kα(0, x
′, t)uxα

(0, x′, t) = β−α(0, x
′, t)u(lα, x

′, t) +

t∫
0

ρ(t, τ)u(lα, x
′, τ) dτ − μ−α(0, x

′, t),

−kα(lα, x′, t)uxα
(lα, x

′, t) = β+α(lα, x
′, t)u(lα, x

′, t)− μ+α(lα, x
′, t), 0 ≤ t ≤ T,

u(x1, x2, 0) = u0(x1, x2).

Consider the mesh x(iα)
α = iαhα, α = 1, 2, tj = jτ , where iα = 0, . . . , Nα, hα = lα/Nα,

j = 0, . . . ,m, τ = T/m. We introduce one fractional step tj+1/2 = tj + 0.5τ . Consider the mesh
function yj+α/p

i1,i2
= yj+α/p = y(i1h1, i2h2, (j + 0.5α)τ), α = 1, 2.
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We write the locally one-dimensional scheme

(yj+1/2 − yj)/τ = Λ1y
j+1/2 + ϕ1, (yj+1 − yj+1/2)/τ = Λ2y

j+1 + ϕ2, (6.1)

y
j+1/2
0,i2

= κ11(i2h2, tj+1/2)y
j+1/2
1,i2

+ κ̃11(i2h2, tj+1/2)y
j+1/2
N1,i2

+ μ11(i2h2, tj+1/2),

y
j+1/2
N1,i2

= κ12(i2h2, tj+1/2)y
j+1/2
N1−1,i2

+ μ12(i2h2, tj+1/2),

yj+1
i1,0

= κ21(i1h1, tj+1)y
j+1
i1,1

+ κ̃21(i1h1, tj+1)y
j+1
i1,N2

+ μ21(i1h1, tj+1),

yj+1
i1,N2

= κ22(i1h1, tj+1)y
j+1
i1,N2−1 + μ22(i1h1, tj+1), (6.2)

y0i1,i2 = u0(i1h1, i2, h2), (6.3)

Λαy
j+α/p = (aαy

j+α/p
x̄α

)xα
− dαyj+α/p, α = 1, 2,

ϕα =
1

2
f(x1, x2, tj+0.5α) or ϕ1 = 0, ϕ2 = f(x1, x2, tj+1).

Let us provide design formulas for the solution of problem (6.1)–(6.3).
At the first stage, we find the solution yj+1/2

i1,i2
. To this end, the following problem is solved for

various i2 = 1, . . . , N2 − 1:

A1(i1,i2)y
j+1/2
i1−1,i2

− C1(i1,i2)y
j+1/2
i1,i2

+B1(i1,i2)y
j+1/2
i1+1,i2

= −F j+1/2

1(i1,i2)
, 0 < i1 < N1, (6.4)

y
j+1/2
0,i2

= κ11(i2h2, tj+1/2)y
j+1/2
1,i2

+ κ̃11(i2h2, tj+1/2)y
j+1/2
N1,i2

+ μ11(i2h2, tj+1/2),

y
j+1/2
N1,i2

= κ12(i2h2, tj+1/2)y
j+1/2
N1−1,i2

+ μ12(i2h2, tj+1/2),

where
A1(i1,i2) =

(a1)i1,i2
h2
1

, B1(i1,i2) =
(a1)i1+1,i2

h2
1

,

C1(i1,i2) = A1(i1,i2) +B1(i1,i2) +
1

τ
+
1

p
(d1)i1,i2 , F

j+1/2

1(i1,i2)
=
1

τ
yji1,i2 + (ϕ1)i1,i2 ,

κ11(i2h2, tj+1/2) =
(a1)1,i2
h1

(
(a1)1,i2
h1

+ 0.5hd
j+1/2
1,i2

+
0.5h1

τ

)−1

,

κ̃11(i2h2, tj+1/2) = β−1,i2

(
(a1)1,i2
h1

+ 0.5hd
j+1/2
1,i2

+
0.5h1

τ

)−1

,

κ12(i2h2, tj+1/2) =
(a1)N1,i2

h1

(
(a1)N1,i2

h1

+ β
j+1/2

+1,i2
+
0.5h1

τ

)−1

,

μ11(i2h2, tj+1/2)=

(
μ̄−1(i2h2, tj+1/2)+

0.5h1

τ
yj0 +

j∑
s=0

ρs,jy
s
N1,i2

τ

)(
(a1)1,i2
h1

+0.5hd
j+1/2
1,i2

+
0.5h1

τ

)−1

,

μ12(i2h2, tj+1/2)=

(
μ̄+1(i2h2, tj+1/2)+

0.5h1

τ
yjN1

)(
(a1)N1,i2

h1

+β
j+1/2

+1,i2
+
0.5h1

τ

)−1

.

At the second stage, we find the solution yj+1
i1,i2
. To this end, by analogy with the first stage, for

various i1 = 1, . . . , N1 − 1 we solve the problem

A2(i1,i2)y
j+1
i1,i2−1 − C2(i1,i2)y

j+1
i1,i2

+B2(i1,i2)y
j+1
i1,i2+1 = −F j+1

2(i1,i2)
, 0 < i2 < N2, (6.5)

y
j+1/2
i1,0

= κ21(i1h1, tj+1)y
j+1
i1,1

+ κ̃21(i1h1, tj+1)y
j+1
i1,N2

+ μ21(i1h1, tj+1),
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yj+1
i1,N2

= κ22(i1h1, tj+1)y
j+1
i1,N2−1 + μ22(i1h1, tj+1),

A2(i1,i2) =
(a2)i1,i2
h2
2

, B2(i1,i2) =
(a2)i1,i2+1

h2
2

,

C2(i1,i2) = A2(i1,i2) +B2(i1,i2) +
1

τ
+
1

p
(d2)i1,i2 , F

j+1/2

2(i1,i2)
=
1

τ
yji1,i2 + (ϕ1)i1,i2 ,

κ21(i1h1, tj+1) =
(a2)i1,1
h2

(
(a2)i1,1
h1

+ 0.5hdj+1
i1,2

+
0.5h2

τ

)−1

,

κ̃21(i1h1, tj+1) = βi1,−2

(
(a2)i1,1
h1

+ 0.5hdj+1
i1,2

+
0.5h2

τ

)−1

,

κ22(i1h1, tj+1) =
(a2)i1,N2

h2

(
(a2)i1,N2

h2

+ β
j+1

i1,+2 +
0.5h2

τ

)−1

,

μ21(i1h1, tj+1) =

(
μ̄−2(i1h1, tj+1) +

0.5h2

τ
yj0 +

j∑
s=0

ρs,jy
s
i1,N2

τ

)(
(a2)i1,1
h2

+ 0.5hdj+1
i1,2

+
0.5h2

τ

)−1

,

μ22(i1h1, tj+1) =

(
μ̄+2(i1h1, tj+1) +

0.5h2

τ
yjN2

)(
(a2)i1,N2

h2

+ β
j+1

i1,+2 +
0.5h2

τ

)−1

.

The bordering method [16, p. 187] is used to solve problems (6.4) and (6.5). With this method,
solving each problem reduces to solving two systems of linear algebraic equations with a tridiagonal
coefficient matrix. This is easy to do by the Thomas method.
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