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Abstract—We consider an optimal distributed control problem in a convex planar domain with
a quadratic performance functional and a small parameter multiplying the higher derivatives.
Further, the characteristics of the limit equation of the problem are parallel to the y-axis. Using
the method of matching asymptotic expansions in conjunction with the auxiliary parameter
method, we derive a complete asymptotic expansion (up to any power of the small parameter)
of the optimal state of the controlled system and the optimal control.
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1. STATEMENT OF THE PROBLEM AND AUXILIARY ASSERTIONS

This paper deals with studying the asymptotics of the solution of a bisingular [1| optimal dis-
tributed control [2] problem in a planar convex domain {2 with smooth boundary I and with a small
parameter £ > 0 multiplying the higher derivatives in the elliptic operator £.. The optimality con-
ditions of the problem under study are stated in terms of a system of singularly perturbed equations
depending on an additional parameter and an additional condition imposed on this parameter.

A feature of the differential operator L. in the problem is the fact that the degenerate operator L,
has characteristics tangent to the boundaries of the domain 2. Even for boundary value problems
with such an operator, the ordinary perturbation theory series has singularities in a neighborhood
of the point of tangency, and one has to apply the method of matching asymptotic expansions [1]
(or its analogs) (see, e.g., [3, 4]) for constructing the complete asymptotic expansion. It is even
more so in distributed control problems (see, e.g., [5-8|). The asymptotics of the distributed control
for an operator with a small parameter multiplying the highest derivative, though in an essentially
different domain, was considered in [9]. A similar problem was considered in [10], where the authors
studied the case where the control constraints degenerate. (The precise statement of this condition
can be found in Sec. 2 of the present paper.)

In what follows, H' and H? are Sobolev spaces (see, e.g., [2, Ch. 1, Secs. 3.1-3.3]). Let us
proceed to the rigorous statement of the problem under study. Let Q C R? be a bounded domain

with smooth boundary I' := 9§ (2 is a smooth manifold with boundary). Consider the following
distributed control problem |2, Ch. 2, Sec. 2, relations (2.8), (2.9)]:

0z,
L.z = —e"Az +b(2) 82 +a(@,y)z = fz,y) +u(zy), (v.9) €Q 2 € Hy(Q), (11
J(u) = |lze — zal|* + B~ |ull* — inf, wel, (1.2)
U=U(1), where U(r):={u€ Ly(Q) : |Ju]| <7} (1.3)
Here 8 > 0, H3 () is the Sobolev space of functions vanishing on the boundary T, || - || is the norm

on the space Ly(2), and the given functions f, z4, a, and b satisfy the conditions

fr7a,0€ CF(Q), alz,y) 2 A>0 for (z,y) €,

_ (1.4)
be C*(Q), blx)>B>0 for (x,y)e€ .

251



252 DANILIN

In this case, the existence of an optimal control u.(-) and the corresponding solution z(-) is
equivalent to the existence of a function p. € Hj(f2) such that (see [2, Sec. 2.2, relations (2.10); 10,
relations (1.13), (1.14)])

‘CEZE = f(x,y) + Ue, £:p5 — R = _Zd(x,y)a (x,y) € Q’ Rey Pe € Hl(Q)a
2=0, p.=0, (z,y) €T, (1.5)
(p+ B topt, (T — tope)) > 0 for all T €U.

Here 5
Lipi=—eAp— b(w);ﬁ + a(z, y)p.

As was shown in [11, Lemma 1], in this case condition (1.5) amounts to the following system of
conditions:

Ue = =Acpsy, A €(0,8], Adlpel] <1 and (8 — A)(1 — Ac|lpe]]) = 0. (1.6)
The original problem has thus been reduced to the system of equations

ﬁszs + )\sps = f(xay)v K:ps —Re = —Zd(.%',y), (l’,y) S Q7 Zes Pe € H1<Q)7

1.7
25:0’ pezoa (5157?/) EF, ( )

depending on a scalar parameter A\, with the additional condition (1.6).

The aim of the present paper is to study the behavior of z., p., and A, as ¢ — 0 and determine
the complete asymptotic expansions of the indicated variables as € — 0.

In the sequel, we will often denote positive constants depending only on the domain 2 and the
functions b(z) and a(x,y) by the same letter K (possibly, with indices).

Along with system (1.7), we will also consider a system of the more general form

Esz"i')\p:fl(xay)v E:p—z:fg(ar,y), (l‘,y) er (1 8)
z =01, P = g2, ($7y)er .

Theorem 1. Problem (1.8) is uniquely solvable for any f; € Ly(Q), g; € H¥*(T) (i = 1,2),

ande > 0. Its solution (z,p) belongs to the class H*(Q)x H*(Q), and if f; € C*(Q) and g; € C>(T),

then the solution belongs to the class C*(2) x C*°(Q).

Proof. By the trace theorems [12, Ch. 1, Theorem 8.3], the mapping H*(Q2) > w + w|r is a

surjection. Therefore, there exist g; € H*(2) such that g;|[r = g;. Passing to the new unknown
functions z — ¢; and p — g,, we arrive at a function with the zero boundary condition. After this,
the proof of the above theorem almost verbatim reproduces that of Theorem 1 in [8]. The proof of
the theorem is complete.

Note that if g = g» = 0 and (z,p) is a solution of system (1.8), then for any v, w € H} () we
have the relations

e2(Vz,Vu) + (b(x)(,fyz,v) + (a(x,y)z,v) + Xp,v) = (f1,v),

=2 (Vp, Vo) — (b(w)jyp,w) T (ala,y)p.w) — (z0) = (forw), (1.9)

(10 22.) = (11 2) =0

Therefore, assuming that v = p and w = z in the first two relations in (1.9) and then subtracting
the second from the first, we obtain

1217 + Allpll* = (f1.p) = (f2, 2)- (1.10)
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ASYMPTOTICS OF THE SOLUTION OF A SINGULAR OPTIMAL DISTRIBUTED CONTROL 253

It was shown in [10] that if (z.,p.,\.) is a solution of system (1.7), (1.6), then the following
properties hold:

llzellc = O(1), |lpelle =0(1) as e—0, A>A. >0 forsome A, >0 (1.11)

(Assertion 2), and the a priori estimates were derived for the solution to system (1.8) (Theorem 2):

if fi € C®°(Q), g; € C=(), i = 1,2, and X\ € [\, \*], A, > 0, then for the solutions (z,p) of
problem (1.8) we have the following estimates uniform in \:

max{e’||z]lc. e’llpllc} < K(lfille + [ folle + lgulle + llgalle)- (1.12)

Here || - ||¢ is the norm on the space C(12).

2. APPROXIMATION THEOREMS

To justify the asymptotic expansions of solutions of problem (1.7), (1.6), we will need theo-
rems on the estimate of the deviation of the exact solution (z.,p.,\.) to this problem from the
solutions (Z,,, P, A,,) to the approximation problem

L:P, —Zy, = —zq4+ fom(z), x€Q, (2.1)
Zm = 91,m(3«°)7 Pm = gQ,m(:U)7 HAS Fa

in the case where, as ¢ — 0, the relations

fim €C%(Q), gim € CT(M),  |fimlle =0E™), |gimlle =0(E™), i=1,2, (2.2)
hold, and additionally, we will need an approximation to condition (1.6).

The paper [10] treats the case where the control constraints degenerate, i.e., A ||p:|| < 1 for all
sufficiently small € > 0. In this case, condition (1.6) transforms into the relation A. = g for all
sufficiently small £ > 0.

In the present paper, we will assume that for all sufficiently small € > 0 we have the inequal-
ity 0 < A < B. In this case, condition (1.6) becomes the relation

Mllpell = 1. (23)
Subject to condition (2.3), the approximation to condition (1.6) has the form
APl =14+ O(™), (2.4)

and, to obtain an approximation theorem, we will need an auxiliary assertion on the dependence of
the optimal solution u. , of problem (1.1)—(1.3) on r under the condition ||u. .| = r.

Assertion 1. Let conditions (1.4) be satisfied, and let u., be a solution of problem (1.1), (1.2)
with U = U(r) and ||uc.|| = r for all v € [r.,7*]. Then, for some K > 0 the following estimate
holds for all r,r" € [r.,r*]:

lu, — upl|| < Klr—1r'|.

Proof. Let z. be a solution of problem (1.1) with v = 0, and assume that the operator [4]
A Ly(Q2) — Lo(Q2) takes the function u. to the solution of problem (1.1) with f = 0. Then
z. = 2.0+ Au. and the performance functional acquires the form J(u.) = || Au. + vo|* + 7 {Ju.||?,
where vy := 2.9 — 24.

By Theorem 3 in [13] , we have the inequality ||u, — u, || < K|r — /| ||A||>(||A]|] + [Jvo|])*. Ac-
cording to the definition of the norm ||.A||, by virtue of (1.11), we obtain ||A|| < K;, but then also
llvoll < |lzeoll + |24l < Ka. The proof of the assertion is complete.

Theorem 2. Let conditions (1.4), (2.2), (2.3), and (2.4) be satisfied. If (zc,pe, A:) is a solution
of problem (1.7), (1.6) and (Z,., P, Am) is a solution of problem (2.1), then ase — 0 and form >3
one has the relation

max{||z: = Zul, Ipe = P, [Ae = Am|} = O™ 7).
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Proof. The proof of this theorem is conducted by the scheme of proof of Theorem 4 in [13] with
allowance for the estimate (1.12) and Assertion 1.
In what follows, we assume that the domain € is strictly convez.

Then there exist points M; = (x;,y;) € I', i = 1,2, at which the equation of the tangent to I"
has the form x = x;. The points M; split the domain I' into two parts I';, the lower (j = 1) and
the upper (j = 2) one, and the part I'; is the graph of the function ¢;(z), x € [z1,25], j = 1,2. In
this case,

() € Clzr, 2)) NC=((w1,22)),  @(x:) =wi,  @j(x; — (=1)'0) = 0. (2.5)

Moreover, in neighborhoods of the points M; there exists one more parametrization of the bound-
ary I' : * = ¢,(y). Note that 1; is a convex function (¢){ > 0), 12 is a concave function (¢f < 0),
and ¥j(y;) = 0

To simplify the technicalities (condition (2.6) stated below affects only the form of the asymptotic
expansions of the solution to the problem under consideration but not the method of producing these
expansions), we will assume that

r1=y1=0, ¥{(y) >0, 5 (y2) < 0. (2.6)

Note that the vertical lines « = const are the characteristics of the operators £, and £ obtained,
respectively, from £. and L if we set ¢ = 0 in their definition.

Finding an asymptotic expansion of the solution to the boundary value problem with the oper-
ator L. in a domain with condition (2.6) is considered in detail in [1, Ch. IV, Sec. 3.

3. OUTER ASYMPTOTIC EXPANSION

By analogy with [9], the outer asymptotic expansion for the functions z. and p. has exponentially
decaying boundary layers for each of them in neighborhoods of both curves I'; and IT';.

We seek the outer expansion for z. and p, in the form

Ogt = Z€2k(22k(x7y) + %2k(337771) + ’§2k($77]2))7

o (3.1)
out ok 1 2
p .—Zé‘ (pzk(l“’y)+p2k($,771)+p2k($,772)),

k=0

where 1; = (—1)7(¢;(z) — y)/£2, and the expansion for A. in the form

A=) e A (3.2)
k=0

Let us substitute the series (3.1) and (3.2) into system (1.7) and match the terms of the same
form and of the same order of smallness. In this case, to find the coefficients of the functions %, and

],-9% from the boundary layers, we should expand the function a(z,y) into Taylor series with respect
to the second variable in neighborhoods of the points ¢;(x) and replace (y—p;(x)) with (—1)7"te?n,.

As a result, for determining the functions 2oy, pox, %zk, Zj?gk, and Ay, we obtain the equations

Lozo + Xopo = f(x,y), Lipo — 20 = —za(x,y),
k—1

Lozok + Mopar = —AakPo + Azop_o — Z AosDok—2ss Kk >1, (3.3)

s=1

Lopar — 2ok = Apa—2, k> 1,

Niko =0, Mobo=0, j=1,2,
,- Mizo Mo2Po J (3.4)

j X! j i i 4.2 i i
Mlé%2.7-"2/@(95,773‘;221@—2,1)]21@72)7 MaD jop = Fou(Z,0j5% Jop_o0s P Jor_o)s k=1,
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ASYMPTOTICS OF THE SOLUTION OF A SINGULAR OPTIMAL DISTRIBUTED CONTROL 255
where

| P , .
Mo = =7(@) gy + (Z17b(@) 5 s () = Pi@)+1, jm=12, (3.5)

J J

s = (207217"'7%3)7 f)s = (]J?O’]J?h'"’ps)’

Ne.

7,1

i ’ 0 " 0 J
For(, 77J,Z2k 27p2k 2) == (1) (2%‘( )8 Oz Zoi 2+80j(55)877_2'2k2>
j

3 222k 4 g a 77J2'2k 2-2s5

2 i ' 0? 0
For(@, )3 2, Poye_o) = (—1)7 <280j( )8 i Por—s + ¢l (@ )8n»p2’“‘2>
L ! (3.6)
8 2p2k 1+ B Q_Za 77Jp2k 2-2s;
s=0

while the gzs(x) are known smooth functions that are the coefficients of the expansion of the func-
tion a(x,y) in a neighborhood of the boundaries I';,

a(z, pj(x) — Te?n;) Za )e>ns.

In this case, it is assumed that if one of the indices of a function is negative, then the function is
identically zero.

Performing a similar procedure with the boundary conditions in (1.7), we obtain the relations
20k (2, 95 () + Za1(2,0) = 0, par(@, 0;(x)) + Par(2,0) =0, j=1,2. (3.7)

Since both characteristic numbers of the operator /\1/11 are nonnegative (see (3.5)), the equa-
tion ,/\1/11% = e @M@ R (n;2), where R, (n:; ) is a polynomial in 7, of degree s with coefficients
smoothly depending on z, has a unique solution of the similar form z=e mb@/Mm@R (m; ) with

the polynomial ﬁs(nl; x) in n; of the same degree s.

1
At the same time, the equation /\/l211? = e mt@/ME@) R (n,; 1) has a general solution of the form

1

D= e~mb@)/11(=) (C(l’) + nlés(nl; 33)),

where Rg(m; x) is a known similar polynomial in 7); of degree s and the function C'(z) (a polynomial
of the zero degree) is to be determined. A similar situation also takes place on I'y (with the replace-

ment of 2 with P and vice versa). Allowing for the form (3.6) of the functions J‘./Y‘_}ngk (7,m=1,2), we

find that the functions %Qk and ]j)% have the following structure:

1 1
%Qk — e—nlb(ﬂﬂ)/’Yl(w)sz_Z(nl; .7}), 11)2k —_ e_mb(w)/%(x)sz(nﬁx)a

(3.8)
2
Zon=e an(m)/’YZ(z)PQk(nQ; ), 1272k = e M@0, (0 @),

Here, by analogy with the preceding, Q. (m:; ) and ]232k(772;x) (Ii)gk_Q(’fh;fI)) and Qq_o(1m2; 7)) are
polynomials in n; of degree 2k (degree 2k — 2) with coefficients that smoothly depend on z.

Note that égk and 127% are uniquely determined by the previous members of the series in (3.1),

while égk and ll?gk have the form
é% = e—nzb(x)/vz(m)D%(x) 4 e mb(@) /72 (2 772P2k (s @), 59)
o = e MY@ME@ Oy () 4 eMIEM@p O (s 7),
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where ﬁgk,l(ng; x) and @%,1(171; x) are uniquely determined by the previous members of the series
in (3.1).
Thus, for system (3.3), (3.4), (3.7) to be solvable, it is necessary to consider a system of the form

EOZ+)\Op:f1($7y)a ESP—Z:f2(fE»y)a

2(z,01(2) = g1 (@),  plz, o)) = go(x). (3.10)

The paper [10, Lemma 2| proved that if f;(z,y) € C(Q\{M,, M;}) and g;(x) € C((z1,73)), then
system (3.10) is uniquely solvable for each Ay > 0. Further, if [4] fi(z,y) € C®(Q\ {M;, My})
and g;(z) € C®((z1,22)), then also z(z,y),p(z,y) € C=(Q\ {M,, M,}).

This, together with (3.7)—(3.9), implies the following assertion.

Theorem 3. Let conditions (1.4) and (2.5) be satisfied. Then problem (3.3), (3.4), (3.7) is
uniquely solvable for whichever collection {Aa} (Ao > 0), and all of its solutions are infinitely
differentiable in Q\ {M;, M,}.

Note that the algorithm for constructing solutions of the above-indicated systems is as follows:

(1) Find Zo and ]292k.
(2) Set

20k, 01(2)) = —22u(,0), pan(z, () = —Pau(,0). (3.11)
(3) Solve problem (3.3) with conditions (3.11).

(4) Find %o and ll?gk from the conditions

Zon(@,0) = —zon (2, 02(2)),  Par(@,0) = —pag(, o1 (2)).

The outer expansion for a given collection {Ag;,} has thus been constructed. By construction, it
is a formal asymptotic solution of problem (1.7) in those subdomains of the domain 2 where the
series (3.1) do not lose their asymptotic property. Note that this expansion also fails to approximate
relation (2.3).

It turns out that these series lose their asymptotic nature in some small neighborhoods of the
points M; and M,. By virtue of complete similarity in considering the neighborhoods of these

points, we consider in detail only the neighborhood of point M; = (0,0). Denote ¢ := /294 (0);
then the functions ¢;, by virtue of (2.6), have, as z — 40, the asymptotic expansions

o;(2) = (1) ca'? + chxsm, x — +0. (3.12)
s=2

By o(x) (possibly, with indices) we will denote functions that are smooth in a neighborhood of

the point 2 =+0 and have an asymptotic expansion as  — +0 of the form ) >~ g.x*/?, which can
be differentiated term-by-term infinitely many times.

By o(z,y) (possibly, with indices) we will denote functions that are smooth in a neighborhood
of the point (+0,0) and have an asymptotic expansion uniform in y as z — +0 of the form

S 2%q5(y//x), where q,(0) € C®((—1 — 72,1 + 72)) and 7, is a sufficiently small positive
constant that can be differentiated term-by term infinitely many times.

Assertion 2. For each collection { Ao} (Ao > 0), the coefficients of the outer expansion in (3.1)
have the following asymptotic expansions as x — x; — (—1)°0:

Zop(, y) = |=77 - $i|(173k)/2‘7(’37 - xi’a y)v pzk(myy) = ‘37 - wi‘(lisk)/%(‘x - 331"79)7

2k—2
,é%(x’ y) = |z — x| @3 2e-mlz—wilo(lz—ai]) Z (|& — zi|lm)*os(|z — 3]), k> 1,
s=0
2k
2 — — — o — . K
Za(w,y) = |z — 2|07 BemmlemnloemD Y (g — ) 0o — @),
s=0
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2%k
o, 9) = [ — 1P 2o D S (0 oo (o — ),
s=0
2 = (3.13)
Par(w,y) = |o — x| 3730 2 mlemailo o= Z (J2 — zilm) oz — 2il), k> 1.
Proof. By virtue of (3.5) and (3.12), we have
2
03(@) = (1P e+ ao(e), (x) = o+ 0() = 270 ),
3.14)
bz) _ 4b(O0)r | 4 (
= + a7 o(x) = xo(x).
W) e =20

Since we can term-by-term differentiate and integrate the series in the definition of the func-
tion o(z,y), and also allowing for the relation z=3/2y = 27! (y//z) and relations (3.14), we obtain

o ol 9 _
%U(.’E,y)—l' O'(J},y), ayo—(x7y)_x U(.’E,y),

y (3.15)
/ o(z,n)dny =z %0 (z,y) + /%0 (z).

v1()

Note that it follows from these formulas and formulas (3.13) and (3.14) in [10] that for the Z, and p,,
which are solutions of the problem

LoZ+Ap= fi(z,y), Lip—Z=fi(z,y), Z(@,¢1(2)) =0a1(x), Dr(2,02(2)) = g2(x), (3.16)
where A > 0, the following property holds:

if fz = [IJ(XO'(JJ, y)v gi = xao_(x>7 then gAvﬁ)\ = xa+1/20_<x7 y) (317)

—1/2

The proof is conducted further by induction with respect to k& using formulas (3.3), (3.6), (3.15),
and (3.17), as well as formulas (3.13) and (3.14) in [10]. The proof of the assertion is complete.

Note that, as follows from the expansions (3.13), for k£ > 0 the coefficients of the outer expansion
do not belong to the space L(£2), while the series in (3.1) stop being asymptotic for |z — z;| < e.

It can readily be verified by a straightforward computation that the coefficients of the outer
expansion in (3.1) belong to Ly(£2) at k = 0.

4. INNER ASYMPTOTIC EXPANSION

In the previous section, for a given collection {A;} we constructed a formal asymptotic solution
(FAS) of problem (1.7) in those subdomains of the domain € where the series in (3.1) do not lose
their asymptotic property.

Since the outer expansion is unsuitable in a small neighborhood of the points M;, we must
consider a new, “inner,” expansion in terms of stretched variables in neighborhoods of these points.

To avoid writing fractional powers of &, in this part of the paper we introduce the new small
parameter u := /3. Also, we consider in detail only a neighborhood of the point M; = (0,0),
because the inner expansion of the problem under consideration in a neighborhood of the point M,
is similar.

In a neighborhood of the point M;, we introduce new stretched variables, similar to how it was
done in [1, Ch. IV, Sec. 3, (3.13)|: = = p*¢, y = pr.

In terms of these variables, the functions V.(&,7) := 2. (p*¢, p?7) and W.(&,7) := p.(pu*é, u7)
will satisfy the system

82V+b(4€) V+ua(4€uT)V+uAW+u 82 = 1* f(pu'E, 1’T),

; or (4.1)

1 52 '
—7(9{2 —b(u 5) —We + p2a(u P r)We = p2Ve + 55 We = —pza(p'€, 1°7)
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258 DANILIN
in the domain p*¢ > 1y (u?7), € < u® for some & > 0 and the boundary conditions
V(i (1), 1) = 0 = W (41 (u*7), 7). (4.2)

We seek the inner expansion for z, and p, in the form

oo [ee]

=Y Moy (&7), D= pwy (€,7). (4.3)

=1 =1

In a standard manner, we obtain the following system for the functions 11)21 and 'ngl:

62 1 8 1 1 1 1
g7 V2 —b(0) 5= Va1 = Gor (&, T3 Var—2, War—2),
0& or (4.4)
82 1 8 1 2 1 1 ’
8752 Waoy +b(0)5 Wy = Goy (&, T3 Va2, Wop_2),
Where \175 (’U2711}4a 311)5)7 Vlvs = (1})27@47"'7,&)5)7
g2(§77—) = _f(oa 0)7 g2(§77_) = Zd(oa 0)7
g4(f,7') = —fz(‘fﬂ') + a(oao) 11)2 +Xo 1})2, g4(§77—) = Zd,2(§,7') + CL(O,O) 1})2 - 11)2,
1 1 1 82 1
Gor(&, T3 Va0, W o) = — foy_o(§,7) — 92 Vaj—4
P -1
+ z; Aos Wop—yg + z; bsfsa Vop_4s + z; dor25(&,T) Vag—2-2s, )
5= 5 5= 4.5

9

2 1 1
g2k(£77—;v2l72vw2k72) = Zd,2172(f,7') - ﬁ War—g
-1
8 1 g 1
- Z bsfsg Wag—4s + Z dat,25(&5 T) Wak—-2s,
s=1 s=0

and fos(§,7), 2a.2s(€,T), dou2s(€, T), and dy 25(€, 7) are known (homogeneous of 2s-parabolic degree,
i.e., when the degree of the monomial £"7™ is taken to be equal to 2n + m) polynomials obtained
from the expansions of the functions f, z4, a, and b in a neighborhood of the point M; = (0, 0).

In this case, each of systems (4.4), by virtue of (3.12), is considered in the unbounded domain
D ={(&t) : £ > 72,7 € R} with the boundary conditions

1

(%) (7_27 7_) - 0 == 1})2 <T27 T)7 11}2l (7_27 T) == gv,2l(7—)7 &}QI (T27 T) - gw,2l(7_> (46)

defined by the preceding vss and ws, by virtue of (4.2).

The solutions of systems (4.4), (4.5) are unbounded in the domain concerned and thereby
nonunique. However, we are only interested in solutions that are consistent with the outer ex-
pansion.

As was shown in [10], for £ € (¢%;¢%), 4/3 > @ > & > 1, the series in (3.1) can be re-expanded
in £ and 7. Having performed such a procedure, we will find that

[M]¢

e (2o (@, y) + 2o () + 22 (2, 772)) Zu (Hoz(6:7) + Hiao(6,7) + Ha2(€,7)),
=1

=
Il

0

NE

** (paw(, ) +p2k(33 ) +p2k ,12)) Z Ho (&, )+ﬁ1,2l(§77) +ﬁ272l(577))7

3

B
i
o
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where
HO,Zl = gl/Q Z 5_33/2@,5(7/\/5)7
s=0
00 2s—2
z z 2 ~
Hi2=0, Hyg=e POUNGOE023 32N B (6 g, (6), (47)
s=0 s1=0
e} 2s
.ZLZI2 o = ef(4b(0)£(c\/gfr)/c2)£2l73/2 Z €73s/2 Z Fg(g, T)Sl&/l - (5)7
s=0 s1=0
p _3¢/9~
Hoo =& &7°q,..(7/\/€),
s=0
00 2s
Hyo = 67(4b(0)§(c\/g+'r)/c2)£2l73/2 Z g3/2 Z Fi(&,7)" 511, (6), (4.8)
s=0 s1=0
o) 25—2
P P 2 ~
H22=0, Hzz= ¢~ (ROIE(er/Emm)/e) g2i-0/2 25_3‘9/2 Z Fy(&7)% 01,6, (),
s=0 s1=0

the F;(¢,7) = £(ev/E—(—1)7T), q;.5 are similar to the functions g,, while o(¢) are linear combinations

of degrees £75/2,5 = 0,1, ... Here the resulting series are a formal asymptotic solution of system (4.1)
as £ — +oo.

Theorem 4. There exist functions sy (&, 1) and Wo, (&,7) such that they are solutions of
system (4.4), (4.6) and have the asymptotic expansions Hoo(E,7) + Hi2(&,7) 4+ Hom(E,7) and
Hon(6,7) + Hioi(€,7) + Hom(E, 7), respectively, as & —+oo.

Proof. Since for each [ the system in question splits into two independent equations, and, in this
case, because of the form of the domain, the second equation is transformed by the change 7 := —7
into an equation of the first form in the same domain, by following the proof of Theorem 3.1
in [1, Ch. IV, Sec. 3|, we arrive at the existence of the desired solution. The proof of the theorem
is complete.

By construction, the outer expansion in (3.1) is consistent in a neighborhood of the point
M, = (0,0) with the inner expansion in (4.3) (see [1, formula (0.9)]); i.e., for N; > 1 and N, > 1
we have . -

ANzé,T(ANl@yy»mmz Z) = ANl,Lyﬂhmz (-ANQ@T z )7

ANz,é,T(ANl,Iyy»mmz p) = AN1»11?J>7717772 (-ANzyﬁﬂ' p)7
where Ay () is the operator of taking the Nth partial sum of the respective series. (Here both parts
of relations (4.9) must be reduced to the same variables.)

In a neighborhood of the point Ms, in a similar way, we construct the second inner expansion

(4.9)

in,2

le 12121 (52772)7 b= Z/ﬂ 12021 (52772)7 Ty — X 1= M4§27 Yo — Y 1= ,u,272,
=1

in,2
Z =

WK

=1

consistent with the expansion (3.1) in a neighborhood of the point M. In view of the consistency of
the series under consideration, in a standard manner (see, e.g., the proof of Theorem 1.4 in [1, Ch. IV,
Sec. 1]), it can be shown that, in the domain 2, we have the estimates

|L.Zon + APy — f(2,y)] < Kone™,  |LiPoy — Zon + za(w,y)| < Kone™,
and, on the boundary I', the estimates
Zow| < K™, |Pyx| < Ke™,
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where N; — +00 as N — +o00. Here Ayy := Z;\io Aoy, while

out in,2

in,1
Zon = AoNzymm 2 tAoner 2 tAongm 2
out out

— .AZN,&}T (AzN,m,yﬂhmz Z) - AZN)&’T? (A2N,z,y7n1,n2 o )’ (410)

out in,1 in,2
Py = Aonaymme P HAonver P +HAongam P

out out

— Aoner(Aanwymm P) — Ao (Aon ey P)-

5. COMPLETE ASYMPTOTICS OF THE SOLUTION OF THE PROBLEM

Thus, for a fixed collection {\,} we have constructed consistent outer and inner formal asymp-
totic solutions of system (1.7). The compound asymptotic expansions Zy and Py produced from
these series approximate system (1.7) uniformly in the domain 2. However, they do not satisfy the
approximation condition.

First, we find the zeroth approximation to the original problem. Consider a system of the
form (3.16)

‘COEA + )\ﬁ)\ = fl(xay) = f(.%‘ y)v ‘CST)A —Z\= fl('rvy) = _Zd(x7y)a (51)

ZA(z,¢1(2)) = 0, Dy(z,p2(2)) =0,
depending on a parameter A € (0, 3].
Since f, zg = o(x,y), it follows from property (3.17) that z,,p, = v'/20(z,y) and z,, p, € Lo(Q).

Lemma 1. Let conditions (1.4) and (2.5), as well as the conditions

zq 18 not a solution to the problem Loz = f(x,y), z(x,p1(x)) =0, (5.2)

Blipsll > 1 (5.3)

be satisfied. Then there exists a unique Ao such that the relation Xo||py, || = 1 holds for the solution
of problem (5.1) with A = X,.

Proof. Let us introduce the notation py := Ap,. Then (Z,,p)) is a solution of the system

LOE/\ +ﬁ)\ = f(x,y), L?}ﬁ/\ - Az/\ = _)‘Zd(xa y)a (5 4)
=0, ’

Za(w, 1 () Pz, pa(x)) = 0.

According to the theorem on the differentiability of solutions of ordinary differential equations with
respect to a parameter, the function ||py||? is differentiable with respect to A, with d||py||?/d\ =

2||ﬁA|’(5AaﬁA)a where ﬁ/\($ay) = Opa(x,y)/ON. Let Z(x,y) := 0Zx(z,y)/ON. Then (7/\7?,\) Is a
solution of the system

LoZy+ Py =0, LiPy—My=7%y—Mza, Za(z,01(x)) =0, Py(z,0q(x)) =0. (5.5)

Here, since Zy — Azg = o(z,y), the relations Z,, P, = 2'/%¢(z,y) hold in view of property (3.17).
Thereby Zy, Py € Ly(9).
Therefore, by virtue of systems (5.4) and (5.5), we have
(ﬁ/\,ﬁ,\) = —(px, LoZ2) = —(LiDr, Zx) = —M(Zx, Zx — 2a)

and _ L o o
|PA|? = =(LoZx, Pr) = =M Z,|| — (Zx,%x — 2a),

and hence d||p,|*/dX > 0.
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If (pa, ﬁ,\) = 0 for some A > 0, then ﬁA =0and Z, =0, and therefore, Z, — 2z, = 0. Then p, =0
and Lyzq = f(x,y). Consequently,

d
S Bal* > 0; (5.6)

therefore, the function ||py||? strictly increases and, in particular, is bounded. In this case, ||ps||* > 1.

Since Z, is a solution of the problem Loz, = f(z,y) — px, we have, according to the well-known
a priori estimates (see, e.g., [14, Ch. 3, formula (1.5)]), ||z, < K| f(=, y) x|l < K. Consequently,
A|Zx] = 0 as A — 0.

Since Lipy = AZx — Aza(x,y), we have ||py|| < K3A||Zx — 2z4]] = 0 as A — 0. The proof of the
lemma is complete.

Lemma 2. Assume that conditions (1.4) and (2.5), as well as the condition \., — X for some
e, — 0, are satisfied. Then ||z., — Z,|| = 0 and ||pe, — Dnl| — 0, where (Z,,p,) is the solution of
the system

Esngn + Xﬁn = f(xa y)7 E:nﬁn - En - _Zd($7y)? (337 y) 6 Q’
Z =0, 5n:0a (m,y)EF.

Proof. Denoting Zn = Ze, —Zn, Dn = Pe, —Dn, and Ny = A — Ae, , we obtain £, En+X5n = /):nps
and L} p, — %, = 0. By virtue of (1 10), the relation [|Z,]|2 + APl = Au(pe, , Pn) holds. Tt follows

}

is bounded and A > A, > 0, and therefore, ||p,|| — 0 and hence ||z, || = 0. The proof of the lemma
is complete.

Theorem 5. Let conditions (1.4), (2.5), and (5.3) be satisfied. Then Ae — Ao, ||z — 20| — 0,

and |[pe — pol| — 0 as e — +0, where the number Ao has been defined in Lemma 1, zy := Z),,
Po := Dy, , and for all suﬁﬁczently small € > 0 relation (2.3) holds.

Proof. Let us show that ) is the only limit point of the set {\.}.

Let A., — A for some &, — 0. Then by Lemma 2 we have |[z.. — Z,|| = 0 and ||p., — p,|| = 0.
However, according to Theorem 5 in [10], we have ||z, — 25| — 0 and ||p,, — b3l — 0. Therefore,

from thls relatlon that |[pn|2 < )\ananHan. However, according to (1.11), the sequence {||p.,

A, e, || — >\||pA|| By virtue of inequality (5.3) from Lemma 1 we find that X < 8. Consequently,

pe, |l = A3l
i.e., A = Ao. The remaining assertions in the theorem follow from Lemma 2 and [10, Theorem 5.
The proof of the theorem is complete.

Let us proceed to constructing a complete asymptotic expansion of the solution of the problem
n (1.7), (2.3). By Theorem 2, we must find a sequence {Aa;} such that the asymptotic expan-
sions Py constructed on its basis satisfy the approximation condition (2.4).

To determine {Aax} from this condition, by analogy with |7, Sec. 4] and [9], we use the method
of auxiliary parameter (see [15, Sec. 30; 16, Lemma 2.1]).

Let us introduce a positive parameter § and split the domain € into the following three
domains: Qs = {(z,y) € Q1§ <z < 23 — 0}, Qs = {(z,y) € Q@ :0 < x < 0}, and [4]
Qo5 :={(x,y) € Q: 29— <x < xy}. Then, in Qg 4, the asymptotic expansion P,y will coincide

we also have A\, < f for all sufficiently large n. Then, by virtue of (1.6), 1 = A,

out in,j

with the 2Nth partial sum of the outer asymptotic expansion P, while in the domains €2; 5, with P .
Using the asymptotics of the coefficients of these expansions (see (3.13), (4.7), and (4.8)), we derive
asymptotic (in terms of even powers of €) representations for the variable ||Psy||?.

If all {Ag} for & < N have already been constructed, then the relation that equates to zero
at €2V the expression A2, ||P.n||? in the asymptotic representation contains, of the so far unknown
variables, A\;n and the terms generated by the function pyx. Since by (3.3) the functions zyy, pan
can be expanded into the sum zon = 2128 + AanZ, Pan = P1.2n + AanD, Where

N-1
*
£021,2N + )‘Opl,QN = Azon_o — g A2sPaN—2s, £OP1,2N — 212N = Ap2N72
s=1
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with the boundary conditions defined according to (3.11), and

LoZ+Np=—po, Lip—2=0, wi(z,o1(z)=0, Pz, es(z)) =0, (5.7)

the pon is completely determined by the variable Aoy and by the functions that have been un-
ambiguously determined by the current moment. Since, as follows from the expansions (3.13), the

asymptotics as x — x; — (—1)'0 has the form py = |z —z;|*/%0(|]z — 4], y), in view of property (3.17),
for the solution (Z,p) of problem (5.7) we have the representation

z=|r—zilo(lx —zi|,y), p=|r—azilo(|lz—xi,v); (5.8)

in particular, p € Ly(Q2). Consequently, the equation for finding Ao acquires the form

Aon ([lpoll* + Ao (o, P)) = can, (5.9)

in which ¢y is known and defined by previously determined members of outer and inner expansions.

Lemma 3. Under the conditions in Lemma 1, the inequality ||po||* + Xo(po,p) # 0 holds, and
Eq. (5.9) is thereby uniquely solvable.

Proof. Since p = 9p, /0| =»,, taking inequality (5.6) into account, we have

0 _ ~
0< 5(/\2!%”2)A=A0 = 2Xo([lpoll* + Ao(po, P))-

The proof of the lemma is complete.

Finally, note that replacing the old value of Aoy with a new one, by virtue of (5.8), will not alter
the first 1 + 3k terms in the asymptotics of the functions zo;, and pgy for £ > N. Thus, for [ < N
the functions ¥, and s, participating in the definition of Aon will not change either.

Acting this way, we will construct all Ay, and the corresponding compound asymptotic expan-
sions, which will be, according to Theorem 2, asymptotic expansions of the functions z. and p,
uniform in the domain 2. We have thus proved the following assertion, central to the present
paper.

Theorem 6. Let conditions (1.4), (2.5), (2.6), (5.2), and (5.3) be satisfied. Then there ex-
ists a sequence {Aar} and the corresponding solutions of problems (3.3)—(3.6), (4.2)—(4.4) such that
Y ore o€ Aok is an asymptotic expansion of A., while the compound asymptotic expansions con-
structed from the outer and inner expansions by formulas (4.10) are asymptotic expansions of the
functions z. and z. uniform in Q.

In this case, the series % and D are uniform asymptotic expansions of the functions z. and p. in
the domain e < x < 1y — %, @1(x) <y < pa(x), 0 < & < 4/3, respectively, while the series E B

in,2 in,2

(z, ]5~) are uniform asymptotic expansions of the functions z. and p. in the domain 0 < x < €7,
(xa —e* <z <z9),a>1, pi(x) <y < pa(x), respectively.
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