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1. INTRODUCTION. STATEMENT OF THE PROBLEM
For a given positive integer n > 2, by M" we denote the space of linear systems
t=A(t)r, zeR" teR,=]0,+00), (1)
with piecewise continuous matrix-valued functions A equipped with the operations of addition and

multiplication by a real number, natural for functions. By M" we denote the subspace of systems

with coefficients bounded on the half-line R,. We endow the space M"™ with uniform and compact-
open topologies, defined, respectively, by the metrics

pv (A, B) = sup min{|A(t) — B(t)|,1}, pc(A, B) = sup min{|A(t) — B(t)|,e”"}, A,B¢€ M,

teRy teR |

where we have denoted |Y| = sup |Yz|, |[z| = /21 + ...+ 22, and z = (z1,...,2,)". We agree to
|z|=1

denote the resulting topological spaces by M7, and M¢P, similar notation being also used for their

subspaces. Note that the uniform topology is also defined on M™ by the norm

| A = sup [A@®)], A e M.

teRy

In what follows, we identify system (1) and the matrix-valued function defining it and hence write

Ac M or Ae M.

Definition 1. The characteristic exponent of a function f : R, — R™ (m € N) is the quantity
(we take In0 = —00) o
Af] = T In|f(8)

t——+oo

Definition 2. The Lyapunov exponents of a system A € M are the quantities [1]

MNi(A)= inf  supA[z], i=1,...,n,

LeGi(S(A)) zeL

where S(A) is the solution space of the system A and G;(V') is the set of i-dimensional subspaces
of the vector space V.

In our notation, the Lyapunov exponents are numbered, unlike [1], in nondescending order.
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40 BYKOV

Perron [2] (see also [3, Sec. 1.4]) constructed an example of a system A € M™ whose Lyapunov
exponents are not invariant with respect to exponentially decaylng perturbatlons of its coeflicients.
On the other hand, the Lyapunov exponents of any system in M" remain invariant with respect to
perturbations decaying more rapidly than some exponential (depending on the system) [4, 5]. Nat-
urally, this gives rise to problems of deriving estimates and calculating precise mobility boundaries
for the Lyapunov exponents under exponentially decaying perturbations, as well as describing the
properties of such boundaries. There are quite a few papers dealing with these problems (see, e.g.,
[4-16]). It is the study of this class of perturbations that seems to be especially important owing
to its close relation to the Lyapunov problem of stability by the first approximation [12].

The present paper investigates the mobility boundaries of Lyapunov exponents under exponen-
tially decaying perturbations from the viewpoint of descriptive function theory, with no requirements
imposed, unlike the above-cited publications, on the coefficients of the systems under consideration
to be bounded on the half-line.

2. STATEMENT OF RESULTS

Definition 3. Fori=1,...,n and each o > 0 we define the upper Izobov o-exponents [11] of a
system A € M" by the relation
Voi(A) =sup Mi(A+Q), i=1,...,n, (2)
Qeé,

where &, = {Q € M": \[Q] < —0}.

Since we do not assume the coefficients of the systems under consideration to be bounded on
the half-line, it follows that the values of the above-defined quantities belong to the extended real

line R = RU{—00, +oc}, which we take to be equipped with the standard order and the associated
order topology. Notice that the resulting topological space is homeomorphic to the interval [—1, 1].

The higher upper Izobov o-exponent V, ,, can be used to study stability by the first approxima-
tion, as shown by the following assertion.

Theorem 1. Assume that the condition
Von(4) < —0o/(m—1)

is satisfied for a system A € M™ and numbers m > 1 and ¢ > 0 and a continuous func-
tion U: Ry — Ry has a nonpositive characteristic exponent: AW] < 0. Then for each number
a >V, . (A) there exist positive constants § = 6(A,m,o,V,a) and C = C(A,m,0,¥,a) such that,
for any domain U C R™ containing the origin and any continuous function f: R, x U — R"
satisfying the condition

Ft2) < V@], (ta) R, x U,

every solution of the system
t=A(t)xr+ f(t,z), xze€U, teRy, (3)
with the initial condition |x(0)| < 0 satisfies the estimate
z(t)] < Clz(0)]e*, tE€R.. (4)

In particular, the zero solution of system (3) is exponentially stable.

Izobov [11] established the following formula for the exponent V, , in the case where all coeffi-
cients of system (1) are bounded:

Von(A) = i 26(0), &(0) = max{in|Xa(k,i)| + &(0) ~ 0}, KEN, &(0)=0, (5)

where X 4(+, ) is the Cauchy operator of the system A. It follows from the proof of this formula that
the least upper bound is attained in relation (2) whenever A € M™ and i = n. It turns out that this
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LEBESGUE SETS OF IZOBOV EXPONENTS OF LINEAR DIFFERENTIAL SYSTEMS. I 41

is also true without the assumption about the boundedness of the coefficients of system (1), and
moreover, the least upper bounds are attained in relation (2) simultaneously for all i = 1,...,n;
namely, the following assertion holds.

Theorem 2. For any system A € M and number o > 0, there exists a matriz-valued function

Q € &, such that
MA+Q)=V,i(A), i=1,...,n

Remark 1. A similar assertion was established in [17] for the upper mobility boundaries of
Lyapunov exponents under uniformly small perturbations.

The set of functions {o +— V,,(A) : A € M"} was completely described in [14]: it consists of all
bounded concave functions that are constant for all o starting from some (function-specific) value. In
particular, all these functions are continuous. At the same time, forany i =1,...,n—1and oy > 0
there exists a system A € M” such that the function o — V,;(A) is not lower semicontinuous at
the point oy [15]. The natural question arises as to whether this function is upper semicontinuous

for each system A € M™.

Theorem 3. For anyi=1,...,n and A € M", the function (0,+00) — R defined by the rule
o — V,.i(A) is upper semicontinuous.

Remark 2. The present author does not know whether the function o — V,,(A) is lower

semicontinuous at each point A € M" \ M™. (For A € M™, the continuity of this function was
established in [11].)

Let M be a metric space. Consider a family
t=A(t,p)zx, zeR" teR,, (6)
of linear differential systems depending on a parameter p € M such that for each p system (6) has

piecewise continuous coefficients. Every functional A : M™ — R defines a function A(-;A) : M — R
of the parameter ; this function takes each p € M to the value of this functional on system (6).
Below we describe the Lebesgue sets of such functions defined by the upper Izobov g-exponents.
We denote the set of all continuous mappings A: Ry x M — R™*™ by C"(M) and the set of
bounded mappings A € C"(M) by B"(M). Note that each mapping A € C"(M) corresponds to a
family of systems (6) with continuous coefficients that continuously depend on the parameter p in

the sense of the compact-open topology on the space M™. In what follows, U™ (M) stands for the
set of mappings A € C"(M) continuous in p uniformly with respect to ¢t € R, i.e., satisfying the
condition

lim [A(v) — A(, )| = lim sup |A(t,0) — A(t, )| =0, € M.

v v

—H teRy
In other words, each mapping A € U" (M) corresponds to a family of systems (6) with continuous
coefficients that continuously depend on the parameter 4 in the sense of the uniform topology on
the space M"”. Finally, we write BU" (M) = B*(M) NU"(M).
Let X be a metric space. Recall the definition [18, Sec. 41.1] of Lebesgue sets of a function

f X — R. For each number r € R, the Lebesgue sets [f > 7], [f > r|, and [f = r| of the
function f are the preimages of the intervals (r, +o00] and [r, +o0] and the point {r}, respectively.
By Gs(X), G5, (X), and F,5(X) we denote the sets of subsets of X of the types G5, Gs,, and F,5,
respectively [18, Sec. 32].

The Lebesgue sets of the upper Izobov o-exponents of families (6) continuously depending on the
parameter in the sense of the compact-open or uniform topology on the space M™ are completely
described by the following assertion.

Theorem 4. The following relations hold for any metric space M and numbers i = 1,...,n,
oc>0,andr eR:

LAVoi(-3A) >r]: AeC' (M)} ={[Vsi(-;A) >71]: Ae BU" (M)} = Gs(M).
2. {[Voi(-;A)>r]: AeC"(M)} ={[Vie(-;A) >7r]: Ae BU" (M)} = Gs,(M).
3AVei(3A) =71 Ae (M)} = {[Voi(-;4) =7]: A€ BU" (M)} = Fos5(M).
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42 BYKOV

Remark 3. A similar description of Lebesgue sets for the Lyapunov exponents was obtained
in [19].

Let us denote the sets of points of upper and lower semicontinuity [19] of a function f : M — R
by US(f) and LS(f), respectively. Further, let (M) be the set of F,s-subsets of M containing all
isolated points of M, and let & (M) be the set of all Gs-subsets dense in M.

Vetokhin [16] used formula (5) to prove that, for any ¢ > 0 and any family A € C"(M) such
that A(-, u) € M™ for each p € M, the function V, ,(-; A) belongs to Baire class 2 and, assuming
that M is complete, the set US(V, ,(-; A)) contains a Gs-set dense in M. The following assertion
is a strengthening of this result.

Corollary. For any metric space M, any numbersi=1,...,n and o > 0, and any A € C"(M),
the function V,,(-; A) belongs to Baire class 2. Moreover,

{LS(Voi(-5A)) s A € C (M)} = {LS(Voi(-A)) : A € BUM (M)} = (M)
and
Gs(M) D {US(Voi(-;A)) s A€C* (M)} D{US(Voi(-5A)) : A€ BU" (M)} O &(M),

the last two inclusions being equalities if M is complete.

3. PROOFS OF THE ASSERTIONS

Proof of Theorem 1. Without loss of generality, we can assume that the domain U is a ball of
radius p € (0, 1) centered at the origin and the number a >V, ,,(A) is such that (m — 1)a+o < 0.
The substitution z(t) = e**y(t) reduces the original system to the system

g=A{t)y+g(ty), Al)=A@l)—aE,, gty =e*f(tey), (ty) eV, (7)

where V = {(t,y) : t € R, ,e*y € U} and E, is the identity n x n matrix. In what follows, we

consider the restriction of system (7) to the set V = R, x U C V. For each point (¢,5) € V, we
have the chain of inequalities

lg(t,y)] < eV |y|™ < elmTDrNY (e |y < Ke 7yl

where K = sup el(m~ D+t (1) < 0o, because A\[¥] < 0.
teR

Let @ be the set of continuous matrix-valued functions @ € M™ satisfying the condition

Q)| < Ke™' (8)

for all t € Ry. Note that if V, ,(A) = —oo, then V, ,(A4) = V, ,.(A) = —o0; otherwise, V, ,(A) =
Veon(A) —a. Since Q C é’o, we have the inequality

sup M (A + Q) < an(fl) < 0.
QeEQ

Applying [17, Lemma 3| to the function f(t) = Ke™ ", t € R,, we obtain

1
inf supsup—-In|X ;. (¢ 0)]| <0.
keNQeg tZEt | A+Q(> )l

Therefore, there exists a k& € N such that the inequality t~"In|X;, ,(£,0)] < 0, or, equivalently,
| X4.0(t0)] <1, is satisfied for all Q@ € Q and t > k. For ¢ € [0, k], by virtue of the well-known
estimate [3, Eq. (3.3)], we have

X 10t 0)] < exp(( sup JA(r)| + K)k) = C.

0<r<k
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Then | Xz, ,(¢,0)] < C for all t € R;. Thus, each solution y of any linear system A+ Q, where
Q € Q, satisfies the estimate
ly(t)] < Cly(0)] (9)

for all ¢ > 0.

Set 6 = p(2C)~'. Let y : [0,T) — U, T € (0,+0oc], be a nonextendable nontrivial solution of
system (7) such that |y(0)| < 6. Then, by the linear inclusion principle [20, Sec. 12.3], the function y

is also a solution of the linear system A + @), where the matrix-valued function @ : [0,7) — R™*"
is defined by the equations

qij(t) =

y; (1) .

gl(t7y(t))7 1,7 :1,...,7’l, te [OaT)7
ly ()]
is continuous, and satisfies condition (8) for all ¢t € [0,T"). Assume that 7' < co. Since the function g

is bounded on the set V, it follows that the function y satisfies the Lipschitz condition. Therefore,
there exists a limit . lijrpoy(t), and it is nonzero by the extendability theorem [21, Theorem 23|.
frg ol

Hence there also exists a limit li¥1 . Q(t). Let us continuously extend the matrix-valued function @
t—T—

to the entire half-line R, so that condition (8) be satisfied for all t € R, and retain the old name for
the extended function. Then @ € Q and (9) is satisfied for all ¢t € [0,T); it follows that the graph
of the function y does not leave the compact set [0,7] x {¢ € R" : || < p/2}. This contradicts
the above-mentioned extendability theorem for system (7). Hence T' = oo, and inequality (9) is
satisfied for all t € R,.

Returning to the original system (3), we conclude that each of its solutions x with the initial
condition |z(0)| < ¢ can be extended to the entire half-line R, and satisfies the estimate (4).
The proof of the theorem is complete.

For any i = 1,...,n and m,q € N, let us define a function " : M - R by the formula

1 N
©;""(A) = inf max ¥1n|XA(t,O)|L|, Ae M", (10)

LeG;(R™) t€[m,m+q]

where X 4(, )|z is the restriction of the Cauchy operator of system (1) to the subspace L C R™.

Millionshchikov [22]| established the following assertion, which we will substantially use in the
sequel.

Lemma 1. The functions ¢.": Mv’é — R, m,qg € N, ¢ = 1,...,n, are continuous, and the
relations
Ai(A) = inf sup*?(A), i=1,...,n, (11)
meN geN

hold for each system A € M.
We introduce the following notation (o,C € R% =R, \ {0}):

Ere={QeM Q)| <Ce™, teR}, & =|]&ec

C>0

Lemma 2. For any system A € M and number o > 0, there exists a system B € &, such that

M(A+B)> inf sup MA+Q)=V,.(4), i=1,...,n.

e€(0,0) Qe&r_c 1

Proof. Without loss of generality, we assume that all quantities occurring in the proof take
finite values. The general case can be reduced to this one by applying the bounding order-preserving

homeomorphism ®: R — [~1,1] defined by the formula

(z) = z/(Jx]+1) if z€eR,

sgn x if x=+c0.
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44 BYKOV

Let 7 be some bijection of N onto {1,...,n} x N x N, and let p;: {1,...,n} x NxN—= N,
i = 1,2, 3, be the projection of the product onto the ith factor. For each k € N, set i, = p1(7(k))
and my = po(7(k)).

Take an arbitrary sequence (e; )72, of numbers in the interval (0, o), monotone decreasing to zero.
We use induction to construct a strictly increasing sequence (¢;)2, of points on the half-line R,
a sequence (qx)3>, of positive integers, and a sequence (Bj)3, of systems in M" satisfying the
conditions

tj Z tj,1 + 1, Bj(t) - Bj,l(t), t € [0, tjfl],

|Bj(t)| < exp(—(o’ — Ej)t), t> tj,1 + ]., |Bj(t)| < exp(—(o’ — Ejfl)t), te [tjfl,tjfl + 1],
A, (A+ Bj) >V, (A) — ¢,
i (A+B;) > \i,(A+ B)) —¢;

12
13

(12)
(13)
(14)
(15)

for each j € N, where the ¢;", m,q € N, i =1,...,n, are the functions defined in (10).

Set to = 0, gqo = 1, and By = 0. Assume that for some k£ € N we have already defined
numbers ¢; and ¢; and systems B; € M", j =0, ...,k — 1, satisfying conditions (12)-(15) for each
j=1,... k1.

By the definition of @U,ik(A), there exists a system C, € &,_., 1 such that A\, (A+Cy) >
Vo"ik (A) — Ek- Set

Bi_1(t) if ¢€[0,t,_1],
Bi(t) = § (1 = t 4+ t4_1)Bros (t) + (t — to_1)Ci(t) if ¢ € [ta_r, tior + 1],
Ci(t) if t> ¢, + 1.

Using the induction assumption (or the base case for k = 1), we conclude that the system Bj has
piecewise continuous coefficients and satisfies conditions (13) for j = k. Since the systems By, and Cj,
coincide for all ¢ > t;,_; + 1, by virtue of the well-known residual property [23] of the Lyapunov
exponents we have \;, (A + By) = A, (A + C), which implies inequality (14) for j = k. By (11),
there exists a ¢, € N such that inequality (15) holds for j = k. Set ¢, = max{t;,_1 + 1,ms + qx}-
This completes the induction step and hence the construction of the sequences (¢), (gx), and (By).

Now set B(tg) = 0 and B(t) = By(t) for t € (t,_1,tx], k € N. By the first condition in (12), we
have Ry = {to} UU,—, (tx—1, ], and hence the system B is defined on the entire half-line R, . Let
us show that it has the desired properties.

By construction, for each k& € N the system B coincides with the system By, on the interval [0, ¢;],
and hence B has piecewise continuous coefficients and satisfies the inequality

[B(t)| < exp(—(0 —ex-1)t), ¢=te;

it follows that A\[B] < —o + ¢;_;. Passing to the limit as & — oo in the last inequality, we arrive at
the inclusion B € &,.

Fix arbitrary ¢ = 1,...,n and § > 0. Choose a kg € N such that 2¢,, < . Since 7(N) =
{1,...,n} x N x N, it follows that for each m € N there exists a k > kq such that i, = ¢ and
Tk on a system depends only on its restriction to the

my, = m. Since the value of the function ;"
interval [0, my + g), on which the systems B and B, coincide, we have the chain of relations

Pl (A+ B) = @' (A4 B) = o[ (A+ By) > Ny (A+By) —ex > Vo (A) =26, > V5, (4) =6,

which implies that .
\i(A+ B) = inf sup¢"(A + B) > V,.(A) — 6.

meN geN

Since the number § is arbitrarily small, we see that the last inequality implies the desired result.
The proof of the lemma is complete.
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Lemma 3. For each system A € M and each number o > 0, one has

VeilA) =Vyi(A) =V, (A) = inf sup N(A+Q), i=1,...,n

€€(0,0) Qeg, _.

Proof. Fixani=1,...,n. Let us show that for each € € (0,0/2) we have the chain of inclusions

NA+Q):Qe&IC{MNA+Q):QeE .} C{MNA+ Q) QE Ernen} (16)

Indeed, for each Q € &, we have tﬂ t~'In|Q(t)] < —o + . By the definition of the upper limit,
— 00

there exists a T > 0 such that the inequality |Q(¢)| < e(=779) holds for all ¢ > T. Then for each

t € R, we have |Q(t)] < Ce (=9 where C' = sup |Q(t)|e =) + 1. Thus, &, C &,_., and the
te[0,T]
first inclusion in (16) has been established.
Let us establish the second inclusion. Let @ € &,_.. Then for some C' > 0 we have |Q(t)| <

Ce (=9t t € R,. Let us choose a T > 0 such that Ce™*7 < 1. Set

0 it tel0,T],
QW)= (¢t —-T)Q(t) if te[l,T+1],
Q(t) it t>T+1.

Then \(A+ Q) =N (A+ Q), and we have Q € Es_2.1 by virtue of the chain of inequalities
|Q(t)’ < |Q(t)| < Ce—(a—e)t — Ce—ste—(a—Qs)t < 6_(0_2€)t, t > T.

By passing to the least upper bound in (16), we obtain

sup{ (A4 Q) : Qe &} <sup{h(A4+Q): Qe &} <sup{\(A4Q): Q € Eoan ).

Passing to the greatest lower bound with respect to € € (0, 0) in the first inequality and with respect
to e € (0,0/2) in the second, we obtain V, ;(4) < V,.(4) < V,.(A). However, by Lemma 2 we

have the inequality V,;(A) > V,;(A), and thus we arrive at the desired result. The proof of the
lemma is complete.

Proof of Theorem 2. By Lemma 2, there exists a system Q € &, such that Ai(A+Q) > 60,1'(14),
i =1,...,n. The assertion of the theorem now follows from the chain

)\z(A + Q) S Vo,i(A) = @U,i(A)a i = 17 -y I

where the first relation results from the definition of V, ;(A) and the second has been established
in Lemma 3. The proof of the theorem is complete.

Proof of Theorem 3. Let us use Lemma 3 to establish the assertion for the function @M

Suppose that the inequality @m (A) < p holds for some o > 0 and p € R. Then there exists a

d € (0,0) such that sup N(A+ Q) < pu. Now if 0/ > o — §, then there exists an 7 > 0 such that
QEEs—s

o' —n>o—46. Then &, _, C £,_s, and the chain of inequalities

Voi(A) < sup NA+Q)< sup N(A+Q)<p

QES(,/_W QEE,_s
holds. Thus, the preimage of each half-line [—oo, i), 1 € R, under the mapping o +— @g,i(A) is an
open set, because this preimage contains some neighborhood (o — §,+00) of every point o of itself.

The proof of the theorem is complete.
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The next assertion was established in [19], where for each i = 1,...,n the authors derived a
description of the set of functions {\;(-;A) : A € BU" (M)} and their Lebesgue sets. Assertion 3
in Lemma 4 below has not been stated explicitly in [19], but it readily follows from the proof of
assertion 2 provided therein (i.e., in that paper).

First, recall the following definition [18, Sec. 41.1]. Let 9 be some family of subsets of a metric

space X. We say that a function f : X — R belongs to the class (90,* ) (respectively, the class (*, 91))
if the inclusion [f > r] € M (respectively, the inclusion [f > 7] € 9) holds for each r € R.

Lemma 4. For any metric space M and numbers n > 2 and i = 1,...,n, the set of functions
{Ni(-5A) : A e BU" (M)} coincides with the set of bounded functions in the class (*,Gs) and the
following relations hold for each r € R:

LA 4) 2 7] 5 A € BUM (M)} = Gs(M).

2. {[N(5A) > 1] Ae BU" (M)} = Gso (M).

3 {[N(5 A) = ]« A € BU'(M)} = Foa(M).

The next lemma, to some extent, reduces the problem of realizing a given function by an Izobov
o-exponent to a similar problem for a Lyapunov exponent.

Lemma 5. For any metric space M, any numbers n > 2, i = 1,...,n, and o > 0, and any
bounded function f : M — R of the class (*,Gs), there exists a family A € BU" (M) and a num-
ber a > 0 such that

Qiggf Ai(A(,p) +Q) = Sug Ai(AC 1) + Q) = N(A(, p) = af(p), peM.

Proof. By Lemma 4, there exists a family B € BU" (M) satisfying the condition X;(-; B) = f.
Set L = sup ||B(-, u)|| + 1. Define a family A € BU" (M) by the formula
neM

A(t,p) = aB(at,p), teRy, peM,

where a = o(3L)~*. Now if a vector function z(-) is a solution of the system B(-, u) for some p € M,
then the vector function y(t) = x(at), t € R, , is a solution of the system A(-, u) with 2(0) = y(0).
Consequently, Ai(u; A) = aXi(p; B) = af(u), p € M.

The Grobman irregularity coefficient [3, § 1.3] of systems in the family thus constructed obeys
the estimate (following from [3, Eq. (3.3)])

ox(A(, ) <20AC )l <o, peM.

Now the desired result follows from the Grobman theorem [3, Sec. 8.1|. The proof of the lemma is
complete.

Proof of Theorem 4. 1. Let us show that the function ﬂg x R* — R defined by the rule
(A,0) = V,.(A) belongs to the class (*,Gs).
(a) Fix k,1 € N. For each ¢ € N, set

Yy(B,o) = sup |B(t)le”", Be M*, o€ RY%.

t€[0,q]
Let us prove that the function F¥' : Mg x R* — R defined by the relation
FM'(A,0) = sup{@"(A+ B) : Y (B,0) <1}, AeM", oeR’,

where the function ¢ is defined in relation (10), belongs to the class (G,*); i.e., it is lower semi-
continuous. Indeed, given an r € R, the set A = {(A, B) € M" x M" : " (A + B) > r} is open in
the space /ﬁ’é X /\73 as the preimage of the open set (r,4+00) under the continuous (by Lemma 1)
mapping (A, B) — ¢ (A + B), and the set B = {(B,0) € ./W’é X R* : ¢y (B,0) < 1} is open in
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the space /T/Tg x R% as the preimage of the open set (—oo, 1) under the continuous mapping ..
Then the set {(A,0) : F}'(A,o) > r} is open as the projection [24, Sec. 15.I1, Theorem 1| of the

open subset (A x R%) N (M™ x B) of the space Mg x Mg x R% onto the product of the first and
third factors.

(b) Take arbitrary A € M and o > 0. Let us establish the relation

£= sup ¢f'(A+ B) =sup{¢'(A+ B) : ¥pp(B,0) <1} = . (17)
Beé&s 1
By virtue of the inclusion &,; C {B € M Y4 (B,o) < 1}, we have £ < u. On the other hand,
for each B € M" satisfying the condition ¢, (B,0) < 1 we set

B(t) = B(t) if tel0,k+1),
B(k +1)e ot=G+D) if ¢ >k +1.

Then B € &, and (A + B) = ¢ (A + B), because the value of the function ¢* on a system

is determined by its restriction to the interval [0,k + [], on which the systems B and B coincide.
Thus, £ > u, and relation (17) has been established.

Now let us prove the relation
sup{¢;" (A + B) : Yui(B, 0) < 1} = sup{¢[’ (A + B) : ¢a(B,0) < 1}. (18)

The set {B € M" : 1 1(B,o) < 1} is the closure of the set {B € M" : ¢, (B,0) < 1} in the
space M?%. In view of the continuity of the mapping B — ¢ (A+ B) on the space M¥, we conclude

3

that the first of the sets occurring in (18) under the least upper bound sign is the closure of the
second. Hence their least upper bounds coincide.

(c) Now let us show that the function 7; : /\7’5 x R% — R defined by the formula
ni(A,0) = sup M(A+B), AeM", oeR:,

3650,1

belongs to the class (*, G5). Using [17, Lemma 3|, we obtain

1 —
(A, o) = inf su inf sup-In|X t,0)|], AeM", e R".
ni(A, o) Jat BeSEl LeG(®n) tzg ; | Xay5(t,0)[L] o "

For any D € /T/lJ”7 t>0,and L € G;(R"), set x(D,t,L) =t In|Xp(t,0)|.|]. By [22, Lemma 2],

for any D € M™ and t > 0 the function L s x(D,t, L) is continuous. (The set G;(R") is equipped
with the standard topology, in which it is a compact space.) Applying [17, Lemma 2|, for each

D e .//\/T” we obtain the chain of relations

inf su D,t,L)= inf sup max D, t, L
LeGi(Rn) thX(’ ) LeG;(R™) zegteww]X( )

sup inf | max, x(D,t,L) SUp ; (D)
it follows that N
ni(A,0) = infsup sup ¢'(A+B), AeM", oeR:.
keN 1eN Beé&, .
Finally, using relations (17) and (18), we obtain
ni(A,0) = inf sup FF'(A,0), Ac M, o€ RY.

kEN N
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In part 1(a) of the proof, it was established that the functions F* : MVTCL xRL — R, kI €N,
belong to the class (G,*). Then, according to [18, Sec. 41.1.1], the functions (A, o) + sup F/''(4, o),
leN

k € N, belong to this class as well and hence also belong to the class (*, Gs) in view of the relation
[r,+00] = Npen(r — k7', 400], r € R, and the properties of the preimage of a set. Therefore,
according to [18, Sec. 41.1.I1], the function n; belongs to the class (*, Gs).

Let ¢” > o’ > 0. Then &,,1 C &, 1, which implies the inequality 7;(A,0”) < n;(A,0’) for
cach A € M". Hence we have the chain of relations

V,.i(A) = inf n;(A,0—¢)= lim n;(A,0 —¢)=inf n;(A,0(1 —277)), A€ M", ¢ R

e€(0,0) e—0+ meN

Noting that V,;(A) = V,.(A) (by Lemma 3) and applying the assertion in [18, Sec. 41.1.11] to the
right-hand side of the last relation, we conclude that the function (A, o) — V,;(A) belongs to the
class (*, Gs).

2. (a) Now let us fix arbitrary ¢ > 0 and r € R. By virtue of item 1, the set

{(4,6) e M" xR : V;(A) >r} N (M" x {o})

is a Gg-set in the product M2 x {o}. Consequently, the projection {A € M™ : Vs.i(A) > r} of this
set onto the first factor is a Gs-set in the space M, because the restriction of the projection of the
product Mg x R onto the first factor to the subspace My x {o} is a homeomorphsim.

Now, given a family A € C"(M), the set [V,;(-; A) > r] is the preimage of the set {4 € M

V,.i(A) > r} under the continuous (see, e.g., [17, Lemma 4|) mapping M — M7 defined by the
rule g — A(-, ) and hence is a Gs-set in the space M. We have thus established the inclusion

{[Voi(-;A) >71]: A€ C" (M)} C Gs(M). (19)
(b) The inclusion (19) and the relation
(Voil:4) > 1] = JVoil54) > 7+ k7]

imply the inclusion
{[Voi(-;4) >r]: A C"(M)} C Gso(M). (20)

Finally, from inclusions (19) and (20), the inclusion Gs(M) C F,s(M), and the relation
[Voi(5A) = 7] = [Vou(-54) 2 7] 0 (M \ [Vo(-54) > 7))

we obtain the inclusion
{[Voi(-;A)=7r]: A€ C' (M)} C Fys(M). (21)

3. Take an arbitrary r € R and prove the inclusion
{IVoi(-;A) >7r]: Ae BU" (M)} D Gs(M). (22)
Given a set S € G5(M), it follows from Lemma 4 that S = [f > r| for some bounded function
f M — R of the class (*,G5). According to Lemma 5, there exists a family A € BU" (M) and a
number « > 0 that satisfy the condition

Voilp; A) = af(n), pe M.

Set B(t,u) = A(t,u)+(1—a)rE,, t € Ry, up € M. Now if a vector function z(-) is a solution of the
system A(-, u) 4+ @ for some p € M and Q € &,, then the vector function y(t) = z(t) exp((1 — a)rt),
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t € Ry, is a solution of the system B(-, u) + @, with z(0) = y(0). Consequently, the following chain
of relations holds:

Voilp; B) =Voi(is A)+ (1 —a)r=af(p) + (1 —a)r, pe M.

It remains to note that [V, ,(-; B) > r] = [f > r] = S. The inclusion (22) has been established.
The inclusions

{[Voil(-;A) >7r]: Ae BU" (M)} D Gso (M) and {[V,:(-;A) =7r]: A e BU" (M)} D F,s;(M) (23)

can be proved in a similar way. The assertion of the theorem follows from inclusions (19)—(23) and
the inclusion BU" (M) C C*(M). The proof of the theorem is complete.

Proof of the Corollary. 1. Given a family A € C"(M), the set [V,;(-;A) > r] is a set of
the type Gs for each r € R by Theorem 4. It follows from the assertions in [18, Sec. 43.1.1] that
the function V,;(-; A) : M — R is the limit of a decreasing sequence of functions of Baire class 1.
Thus, the function V,;(-; A) belongs to Baire class 2.

2. Since, as shown above, the function V, ;(-; A) belongs to the class (*, Gs), from [25, Lemma 2]
we obtain the inclusions LS(V,;(-;A)) € F(M) and US(V,.(-;A)) € Gs(M). If M is complete,
then it follows from [26, p. 106] that the set US(V,.;(-;A)) is dense in M.

3. Given an arbitrary set S € &(M), by the result in [27], there exists a family B € BU" (M) such
that US(A\;(-; B)) = S. By Lemma 4, the function A;(-; B) is a bounded function of the class (*, Gs).
Using Lemma 5, we construct a family A € BU" (M) such that V,;(-; A) = aX;(-; B) for some o > 0.
Then it is obvious that US(V, ;(-; A)) = US(\i(-; B)) = S. Thus, we have established the inclusion
{US(V,,i(-;A)) : Ae BU" (M)} D &(M). The inclusion {LS(V,;(-;A)): Ae BU" (M)} D F(M)
can be established in a similar way. Taking into account the results in item 2 and the inclusion
BU"™ (M) C C"(M), we arrive at the desired assertion.The proof of the corollary is complete.

Remark 4. Using the same argument and the result in [28], one can readily show that we have
the relations

{(LS(Vou(-54)),..., LS(Von(-; 4))) - Ae BU(M)} = (§(M))",
{(US(Vou(-54)),...,US(Von(-5A))) : A€ BU" (M)} O (&(M))"

describing the possible tuples of sets of points of lower (upper) semicontinuity of the upper Izobov
o-exponents of systems (6).
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