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Abstract—Numerical solution schemes are constructed and justified for two singular integro-
differential equations containing an integral, understood in the sense of the Cauchy principal
value, over an interval of the real axis. An integral equation with logarithmic kernel of a special
form is studied and approximately solved. Uniform error estimates for the approximate solutions
are obtained.
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The present paper proposes a computational scheme for the numerical solution of the singular
integro-differential equation
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u(zo) =0, (2)

where zo € [—1,1], y(z) and f(z) are given functions of the class C[—1, 1], and u(x) is the unknown
function of the class C'[—1,1]. This equation arises in some hydrodynamic problems [1, 2].

In addition to the numerical solution of Eq. (1), the paper presents a numerical solution of
the Prandtl integro-differential equation, which plays an important role in problems of continuum
mechanics. The boundary value problem for the Prandtl equation has the form [3]
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I(—1) = I(+1) = 0. (4)

Here B(z) and f(x) are given functions of the class C[—1,1], I'(z) is the unknown function of the
class C*[—1,1], and I"(x) is a function of the Holder class. The integrals in Egs. (1) and (3) are
understood in the sense of the Cauchy principal value.

There are a tremendous number of papers where Eq. (3) is studied. It is only in rare special
cases that there is a known exact solution of this equation (e.g., see [4]). Hence a large part of
these papers deal with the development and justification of approximate solution methods, the most
common being the Multhopp method [5].

When constructing approximate solutions of Egs. (1) and (3), a key role is played by the spectral
relations
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for singular integrals, where T, (x) and U,_;(x) are the Chebyshev polynomials of the first and
second kind, respectively.

We will also use the interpolation polynomial on the Chebyshev nodes of the first kind for the
function f(z) [6],

f(@) ~ fulz) = m% ZFW (5)

where

n

2
o" = flap)Ty(xy), j=0,...,n, Xy = COS T, k=0,...,n.

J
n—l—lk:O 2n+ 2

Using the well-known identities
To(z) = Up(), 2Th(z) = Ui (), 2T;(x) = U;(x) — U;—2(), Jj=2

we write the interpolation polynomial (5) in the form

=2_ Ui, (6)

where ¢! =G} — G} 5, j=0,...,n—2,c; =G}, ¢, =G, and
. 1 < _ 2k + 1
Gj:n+1;1}(mk)f(xk), j=0,...,n, Tp =005 o™ k=0,...,n.

The following lemmas hold for these interpolation polynomials [7].

Lemma 1. If the zeros of the Chebyshev polynomial of the first kind, i.e., the points x; =
cos((2k + 1)w/(2n + 2)), k = 0,...,n, are taken as interpolation nodes, then the Lebesque con-
stants X, satisfy the estimate \,, = O(Inn), n =2,3,...

Lemma 2. If a function f(z), © € [a,b], belongs to the Holder class H(«), i.e., satisfies
the Holder condition with exponent cv, then the best approximation polynomial E, (f) satisfies the
estimate E,(f) < M/n*, 0 < a <1, where M is an absolute constant.

Proceeding to the construction of an approximate solution of Eq. (1), we integrate by parts in
the singular integral in this equation and obtain

Vl_xz/ﬂ_t”_m_ /th (7)

1—azt++/1—22y/1—¢2
|t — |

where

H(z,t)=1In , -1<z <1 (8)

Owing to identity (7), Eq. (1) is equivalent to the integral equation
1 1
o) [Heow@a = 1@, 1<e<t 9)
T
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with logarithmic kernel. Note that Fredholm theory applies to Eq. (9). Obviously, the func-
tion H(x,t) is symmetric. Let us prove that it is nonnegative. Indeed,

0 1 —cos(f@+ o)
2sin((6 + 0)/2)|sin((0 — 0)/2)|

>0, 0 <o, 0 <m.

H(xz,t) = H(cosf,coso) =1

sin((6 + 0)/2)

=™ sin((6 - 0)/2)|

Further, note that

x
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and hence one has the estimate

1
1
/\H(m,t)| dt < 1. (10)
™
-1
Next, we introduce a linear operator ¢ — K1 by setting
. 1
Ko = K@) =) [ He (o) dr (11)
“1
Then the Cauchy problem (1), (2) reduces to the equations

(@) + K(iz) = f(z), o) =d(z),  ulz)= /df(if) dt. (12)

By definition (11), taking into account the Plemelj—Privalov theorem, we conclude that the
operator K maps the space C[—1, 1] into itself provided that v(z) € C[—1,1]. In addition, it follows
from the estimate (10) that

IKYle < pllYlle (13)
where
p = max(v1—a?|y(x))). (14)

By virtue of the contraction mapping theorem, this implies the following assertion.
Theorem 1. Let the function ~y(x) in Eq. (12) satisfy the condition
p <1, (15)
where the number p is defined by relation (14).

Then Eq. (12) in the space C[—1,1] and hence the Cauchy problem (1), (2) in the space C*[—1,1]
have a unique solution for each function f(z) € C[—1,1].
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CONSTRUCTION OF A COMPUTATIONAL SCHEME FOR PROBLEM (1), (2)

Considering the constructive properties of the operator (11), let us calculate the integral

/thUk /Vl—t?Uk()Z<\/11_T2tCiTT>dt

:/1\/11_T2<71r/1\/1—t2Uk(t)td_t7_> dr

G D 1)

1
\/1—72 k+1° (16)
-1

It follows from the representation (16) that an approximate solution of problem (1), (2) can be
sought in the form of a polynomial. Further, let v, (z) be the interpolation polynomial (6) of the
function ¢ (z) on the Chebyshev nodes of the first kind,

(x) = GU(), (17)
k=0
where the ¢, k = 0, ..., n, are yet unknown constants having the meaning of the constants indicated

in (6).
We find an approximate solution v, (x) of problem (1), (2) as a solution of the auxiliary equation

a:)jr / H(z, ), (t) dt = F, () (18)

constructed from Eq. (12). Here F),(x) is a function of the class C[—1, 1] with the property F,(z;) =
f(z;), where z; = cos((2j + )7 /(2n +2)), j=0,...,n
It follows from the preceding formulas and (17) that

2 /%(t) it = Zc}j/Uk(t) =3 kcf T (&) = T (o)) (19)

Obviously, an analog of Theorem 1 holds for Eq. (18) with the operator (11), and Eq. (18) is
solvable under condition (15) as well.

Let us simplify the expression for K (1,;x) using the calculations in (16). We have

/thzpn t)dt = /¢1_72< /\/1 tzw" )dt> =V1- xQchk+1 (z). (20)

Therefore, based on the representation (20), the solvable integral equation (18) is equivalent to the
equation
V1 — 22
S (+() +1)U(x) = Fule). (21)
pard k+1

Setting z; = cos((2j + 1)m/(2n +2)), j = 0,...,n, in (21), we arrive at the system of linear
algebraic equations

Z( \/1—3; 1>Uk(l’j)=f(wj)7 j=0,...,n. (22)

k=0
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It follows from the preceding that system (22) has a unique solution. Having solved system (22),

we find the constants ¢!, k = 0,...,n. Therefore, based on (19), we have
n c/n
U () = * (T (2) = g (20)). (23)
pare k+1

Let us estimate the approximation order by studying the structural properties of the func-
tion u'(z). It is easily seen based on the Plemelj—Privalov theorem that if the functions v(x)
and f(z) belong to the Holder class H(u), > 1/2, then v/(z) € H(1/2), =1 <z <1 (e.g., see [8]).
Further, let F),(z) be the interpolation polynomial (5) of the function f(z). Then

nwuwwmmmcsu E/th — )| + 116 =A@l

Hence it follows by Lemmas 1 and 2 that

J=o(n)

nw@—wAmm<va@;jHuJMt

Based on inequality (10), we obtain

uwmwﬂmmwc:o<fg>

Thus, the above argument proves the following assertion.

Theorem 2. Assume that the functions v(x) and f(x) occurring in Eq. (1) belong to the
class H(p), i > 1/2, and condition (15) is satisfied. Then system (22) is solvable for any positive
integer n, and the approzimate solutions u,(x) of problem (1), (2) constructed by formula (23)
converge to its exact solution u,(x) at the rate

IW@%ﬂm@Nc=O<$Z>

Example 1. Consider the integro-differential equation

V2(1 = 2?) o 3(a*—1) _
u'(z) + 21 + 2) /\/1—t2t—m__2(1+a;2)2’ u(—1) = 0. (24)

One can readily verify that in this case the function

T 1

u(z) = 1+$2+2

is the solution of problem (24).
Calculations performed in the MathCad 15 computer algebra system show that the approximate
solution of Eq. (24) can be determined rather accurately even for relatively small n.

Solving system (22) for n = 12, 24, and 36, we find that the exact solution wu(x) differs
from the approximate solution w,(z) calculated by formula (23) on the system of points x =
—0.99, —0.98, ..., 0.99 by at most 6.7 -107%, 1.5 -1071° and 4.0 - 10~'°, respectively. Moreover,
the condition number conde of the system matrices does not exceed 31, 84, and 153, respectively.
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CONSTRUCTION OF A COMPUTATIONAL SCHEME FOR PROBLEM (3), (4)
Let us reduce Eq. (3) to a Fredholm equation of the second kind with a logarithmic singularity.

Let .
u(z) 2 _i / f_(tg); dt. (25)

—1

We apply the singular integral inversion formula in the function class H* to (25) and obtain

1
11 1— 2yt
v ul®) g 4

c

I(x) = )

(z) V1—a2m t—x V1—22
-1

Here cis an arbitrary constant. Hence, taking into account the boundary conditions (4), we conclude
that

(z) = / dT_/\/l_ﬂ( /\/1—152 B dt+\/1c_7>dr— /Ha:t ult) dt+ (),

where the function

H(z,t) = \/1—t2/< ! dT):lnl_“Jf\/l—a:Q\/l—tz

V1—72t—1 [t — x|

is the same as in (8) and u(x) = c(arcsinz + 7/2). Since H(—1,t) = H(1,t), we find the constant

c=0.
Finally, we have
1
1
= /H(m,t)u(t) dt
T
-1
We introduce a linear operator v — Ku by setting
K(u;x) /H x,t)u (26)

Then the boundary value problem (3), (4) reduces to the equation
u(z) + K(u;z) = f(z). (27)

Comparing definitions (11) and (26), we conclude by Theorem 1 that the following assertion
holds.

Theorem 3. Let the function B(x) in Eq. (3) satisfy the condition

p= max(\/l —22/|B(z)]) < 1. (28)

|| <

Then the boundary value problem (3), (4) has a unique solution in the class of functions I'(x) € H*
for each function f(x) € C[—1,1].

Recall that the class H* consists of functions satisfying the Holder condition on the interval
[-14+¢e1,1—¢ey] for any £; > 0 and €5 > 0 and admitting an integrable singularity in a neighborhood
of the points —1 and 1.
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Based on the argument in the proof of Theorem 2, let us briefly dwell on the approximate
solution of Eq. (3).
Let u, (z) be the interpolation polynomial (6) of the function u(z); i.e.,

un(z) = — / Bl g - S (o), (29)

We seek an approximate solution of Eq. (3) under condition (4) as a solution of the auxiliary
equation

1 1 i
(@) + o W_/lH(x,t)un(t) it = Fy(z), —l<z<l, (30)

where F,,(z) is a function of the class C[—1, 1] such that F, (z;) = f(x;), ; = cos((2j+1)7/(2n+2)),
j =0,...,n, which has a unique solution under condition (28).
Given (29), we simplify the expression for I',,(z). We have

I, (z) = 717 /H(a:,t)un(t) dt = V1 -2 chki V(o). (31)

The representation (31) obviously implies that the conditions I',,(—1) = I',,(+1) = 0 are satisfied.
By analogy with Eq. (18), Eq. (30) can be written as

Sct(Vhr oty 1)U = EaGo) 52)

Scheme 1. We take the nodes x; = cos((2j +1)7/(2n+2)), j = 0,...,n, for the external nodes
in (32).
Then we arrive at the system of linear algebraic equations

ick<\/;(;;? k:—lkl + 1> Ur(z;) = f(z;), 7=0,....n. (33)

The approximate solution I',(z) is calculated according to (31).

Theorem 4. Let the functions B(x) and f(x) occurring in Eq. (3) belong to the class H(u),
> 1/2, and let condition (28) be satisfied.

Then system (33) is solvable, and the approxzimate solutions I',(z) of problem (3), (4) constructed
by formula (31) converge to the exact solution I'(z) at the rate

|wuw4uumc=o<$§>

Example 2. Consider the integro-differential equation

r@) 1 /1 I (t) 1 V2 ln< V14 a2

B(z) = dt = V1— a2+ /2

1 1
1 -1 1. 4
P B(z) 2 > +1, <z < (34)

_\/21+a:2
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Let B(x) = 1 — 22(3 + 22)/(1 + 22?). One can readily verify that the function

I'(z) = \22 ln<\/1\i1;2_ f\/2>

is a solution of problem (34), (4) in this case.

Solving system (33) for n = 10 and 33, we find that the exact solution I'(x) differs from the ap-
proximate solution I',,(x) computed by formula (31) on the system of points z = —0.99, —0.98, ...,
0.99 by at most 2.8 - 107 and 4.0 - 10715, respectively. The condition number conde of the system
matrices does not exceed 26 and 140, respectively.

Scheme 2. Considering the case of the function B(z) = by/1 — 22, b = const, we take the
interpolation polynomial (6) for F),(x) in Eq. (32). Then Eq. (32) becomes

ch@kil —|—1>Uk(az) =Y U, (35)

k=0

where the f;' are calculated in accordance with (6). It follows that the numbers

1 1 !
csz,?(bk_i_l—kl) , k=0,...,n,

are a solution of system (35). The approximate solution I',(z) of problem (3), (4) is calculated
according to (31).

Comment. Note that in our paper [8] we present a computational scheme for the approximate
solution of the boundary value problem (3), (4) based on the approximation of the integral in
Eq. (27) by a quadrature sum.

REFERENCES

1. Pykhteev, G.N., General and main boundary value problems for plane jet steady flows and the corre-
sponding nonlinear equations, Prikl. Mekh. Tekh. Fiz., 1966, no. 1, pp. 32-44.

2. Pykhteev, G.N., Some solution methods for a nonlinear integro-differential equation of the theory of
perfect fluid jets, Prikl. Mekh. Tekh. Fiz., 1966, no. 2, pp. 72-86.

3. Prandtl, L., Airfoil theory, Nach. Kgl. Ges. Wiss. Math. Phys., 1918, pp. 451-470.

4. Vekua, I.N., On the Prandtl integro-differential equation, Prikl. Mat. Mekh., 1945, vol. 9, no. 2,
pp. 143-150.

5. Multhopp, H., Die Berechnung der Auftriebsverteilung von Tragfliigeln, Luftfahrtforschung, 1938, vol. 15,
no. 4, pp. 153-169.

6. Pashkovskii, S., Vychislitel’nye primeneniya mnogochlenov i ryadov Chebysheva (Computational Appli-
cations of Chebyshev Polynomials and Series), Moscow: Nauka, 1983.

7. Suetin, P.K., Klassicheskie ortogonal’nye polinomy (Classical Orthogonal Polynomials), Moscow: Nauka,
1979.

8. Sheshko, M.A., Rasol’ko, G.A., and Mastyanitsa, V.S., On the approximate solution of the Prandtl
integro-differential equation, Differ. Equations, 1993, vol. 29, no. 9, pp. 1345-1354.

DIFFERENTIAL EQUATIONS Vol. 55 No.9 2019



