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Abstract—In a finite-dimensional Euclidean space, we consider the pursuit problem with one
evader and a group of pursuers described by a system of the form D®z; = az; 4+ u; — v,
where D(® f is the Caputo derivative of order o € (1,2) of a function f. The set of admissible
solutions u; and v is a convex compact set, the objective set is the origin, and a is a real number.
In addition, it is assumed that the evader does not leave a convex polyhedral cone with nonempty
interior. We obtain sufficient conditions for the solvability of the pursuit problem in terms of
the initial positions and the game parameters.
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INTRODUCTION

An important trend in the evolution of modern theory of differential games is related to the de-
velopment of methods for solving pursuit—evasion game problems with several players [1-5]. Here
not only classical solution methods are refined, but also new problems to which these methods ap-
ply are widely sought. For example, a pursuit problem with two evaders described by a fractional
differential equation was considered in [6-8], where sufficient conditions for capture were obtained.
A group pursuit problem and a problem about an evader escaping a group of pursuers in a differ-
ential game with state constraints and fractional derivatives of order o € (0,1) were studied in [9]
and [10], respectively. A problem about multiple capture of the evader with no state constraints in
a differential game with fractional derivatives of order a € (1,2) was studied in [11].

The present paper deals with a group pursuit problem with one evader in which the motion of
all players is described by equations with Caputo fractional derivatives and the evader never leaves
a convex polyhedral set. Sufficient conditions for capture are obtained. The paper continues the
research initiated in [12-14].

1. STATEMENT OF THE PROBLEM

Definition 1 [15]. Let f : [0,00) — R* be a function whose derivative f is absolutely continuous
on [0, +00). The function D@ f, « € (1,2), defined by the rule

(D ) (t) = I‘(21— a) / t illi)si_l ds, where T'(8)= /e‘ssﬂ_lds,

is called the Caputo derivative of order « of the function f.

In the space R¥, k > 2, consider a differential game with n + 1 players, namely, n pursuers
Pi,...,P, and an evader E. The law of motion for each of the pursuers P, has the form

D@y, = az; + u;, z;(0) =z u; €V, (1)
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and the law of motion for the evader F is
D@y =ay+v, y0)=y°, §0)=y', wveV. (2)

Here a € (1,2); x4, y,u;, v € R¥; V is a strictly convex compact set in R¥; and a is a real number.
In addition, it is assumed that the evader E never leaves the convex polyhedral cone 2

Q={yeRF:(pj,y) <0, j=1,...,r}

with nonempty interior, where p;,...,p, are unit vectors in R*. If Q = R’ then we assume
that r = 0.
Let z; = x; — y and, along with systems (1) and (2), consider the system
Dz = az; +u; — v, 2(0) = 22 = 29 — 3", %(0) = 2} =z} —y', u,veV. (3)
From now on, i € I, = {1,...,n}. We denote the vector of initial positions by z° = {2; 2!} and

assume that 2 # 0 for all i € I,,.

Definition 2. A quasistrategy U; of the pursuer P; is a mapping U, that takes any initial
positions z°, time ¢, and control prehistory v,(-) of the evader E to a measurable function wu;(t)
ranging in V.

Definition 3. We say that capture occurs in the game if there exists a time 7'(2%) and quasi-
strategies Uy, . .., U, of the pursuers P, ..., P, such that for each measurable function v(-) satisfying
the conditions v(t) € V and y(t) € Q, t € [0, T(2°)], there exists a time 7 € [0, 7(2°)] and a number
q € I, such that z,(7) = 0.

Let us introduce the following notation: Int A and co A are the interior and the convex hull,
respectively, of a set A; E,(z, 1) = Y, 2" /T'(kp~' + p) is the generalized Mittag-Leffler function;
t* By (at®, 1)2) + tEy o (at®,2)z}  if a #0,

2/t + 2} if a=0,
Az, 0) =sup{A >0: —-AzeV —v}, v=—-al'2—a), d=max{|v|:veV},

fi(t) =

E(t,s,a) = (t —s)* "Eya(alt —8)*,a), E(t) = / |E(t,s,a)|ds,

1 if Eyja(a(t—s)*a) >0,
-1 if Eiju(a(t —s)* a) <0,

r(t,s) =
o 1 - 1 _
9 —{}glmaX{lgg}fA(zi /%v),rllg}f(pz,v)}, do —gg&lmaX{rggf M=z; /7, v), max( pz,v)},
+ i . T =mi — I -
oF =i max e N0, ), st o)} =i mas{ s AA 0, ), s )
8o = min{d;, o, }, 5, = min{6;", 6; },
Yo(t) = Erjalat®, 1)y’ + tEy /o (at®, 2)y", D.(b) ={z: ]|z —b|| <e}.
Lemma 1 [11]. Let a < 0 and 6y > 0. Then there exists a time T > 0 such that §; > 0.50y for
allt >T.

Lemma 2. Let p € RF and a < 0. Then the function u(t) = t*~*(p, yo(t)) is bounded on [0,00).

Proof. The following asymptotic estimates hold as t — +oo [16, p. 12]:

a1y _ 1 1 & gy _ 1 1
Eyjalat®,1) = ataF(l—a)+O<t2a>’ Eyjalat®,2) = atar(z_a)+0<t2a>' (4)
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The function pu(t) can be represented as

p(t) =t Brja(at®, 1)(p,y°) + 1t Brjalat®, 2)(p,y').
It follows from the estimates (4) that
(»,y°) ®.y") 1
£)=— = o) 5
ut) atl'(l —a)  al'(2— ) * to (5)

as t — 4o0o. Now the boundedness of the function wu(t) on [0,00) follows from its continuity,
the representation (5), and the condition « > 1. The proof of the lemma is complete.

Lemma 3. Letr =1, a < 0, and g > 0. Then there exists a time Ty such that for each
admissible function v(-) (v(t) € V and y(t) € Q, t € [0,Ty]) there exists a number q € I,, such that
the inequality

T / BT, 5, )| Af, (To)r(To, 8), v(s)) ds > 1

1s satisfied.

Proof. Lemma 1 implies that there exists a time 77 > 0 such that 6, > 0.5d, for all ¢ > T}. Let
T > Ty, and let v(-) be an arbitrary admissible function. Consider the functions

hi(t, T,v(-)) =t** / |E(t,s, )| ANfi(T)r(T,s),v(s)) ds, te[0,7]. (6)

Since the control v(-) of the evader F is admissible, we have (p1,y(t)) < 0 for all ¢ > 0. According
to [17], the solution of problem (2) has the form

It follows that

/ E(t5,0)(p1, v(s)) ds < pio(t) = (—p1.y0(8)). (7)

Let us define the sets

TH(t)={s:s€[0,t], E(t s a) >0}, T (t) ={s:sel0,t], E(t,s,a) <0},

Trt)={s:s€T*(t), (p1,v(s)) > =0.50}, Thrt)={s:s€T"(t), (p1,v(s)) <},

Ty (t)={s:s€T (t), (—pi,v(s)) >}, Ty (t)={s:se€T (t), (—pi,v(s)) <}
Then

/E(t,s,a)(pl,v(s))ds: /E(t,s,a)(pl,v(s))ds—i— / E(t,s,a)(p1,v(s))ds

T+(t) T=(t)

= /E(t,s,a)(pl,v(s))ds—i— / E(t,s,a)(p1,v(s))ds

T () O]
+ /(—E(t,s,a))(—pl,v(s))ds+ /(—E(t,s,a))(—pl,v(s))ds.
7 (t) Ty ()
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In view of the obvious inequalities

/E(t,s,a)(pl,v(s))ds > 5, /E(t,s,a) ds,

T3 (¢) T (1)
/ E(t, 5,0)(pr, v(s)) ds > —d / E(t,s,a)ds,
TS (%) TS (%)

/(—E(t,s,a))(—pl,v(s))ds251 /(—E(t,s,a))ds,

Ty (1) Ty (1)

/ (—E(t,s,a))(—p1,v(s))ds > —d / (—E(t,s,«))ds,
T; (t) T; ()
we conclude that

t
/E(t,s,a)(pl,v(s))d3251 / \B(t, 5,0)| ds — d / B(t, 5,0)|ds.
0 T (OUTYT (1) TH(HUT, (1)
Hence
1 / \E(t,s,a)\ds—d/|E(t,s,a)|ds§u0(t)
T ()UT (1) T ()UTy (1)

by virtue of inequality (7). It follows from the definitions of the sets T;"(¢), i = 1,2, and the
function E(t) that

/|Etsa|ds+ / |Etsa|ds- E(t).
T (HUTT ( T ()T, (
The last two relations imply that

O E(t) — po(t)
/|Etsa)|d > d4 6

T5H (HUTy (1)

for all ¢t € [0, T, whence it follows that

I}é?fh(tTv thTv /\Etsa\Z)\ ,u(s))ds

z€I iel,

v

[ B )l AT 9. 0(5)) s

a—1
=1 [ B s )l N ET)HT5), () ds
T (H)UT; (1)
51 -1 -1
> (03 E _ (03
> h gy BT (D) = ()
for all ¢ € [0,T]. Hence

max hi(T, T, () = (d5+ 5)
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for all T > T). Since [18, p. 120]

t
/ Elt, s,0)ds = t°E, o (at® a + 1), (8)

0

we have

t
B /|E (t,5,0)| ds > t° 1/E(t,s,a) ds = 1 By o (at®, 0+ 1). )

0

It follows from [16, p. 12] that

t2o¢

By ulat® a+1) = — +0< ! > (10)

as t = +o00. By Lemma 2, there exists a ¢ > 0 such that [t* !po(t)] < ¢ for all ¢ > 0. Therefore,

max hi(T, T, v(")) 2 (di 5) [_ 51:’:1 cer O<;>]

as T — 4o00. Since a < 0 and o — 1 > 0, it follows that there exists a time T, such that
max ;cs, hi(Ty, To,v(-)) > 1 for each admissible function v(-). The proof of the lemma is complete.

Lemma 4. Let Q = R* a < 0, and &y > 0. Then there exists a time T, such that for each
admissible function v(-) (v(t) € V, t € [0,Ty]) there exists a number q € I,, such that

Toa1/|E(To,s,a)|)\(fq(T0)r(T0,3)7U(S))ds -

Proof. It follows from Lemma 1 that there exists a time 77 > 0 such that §, > 0.5, for
all t > Ty. Let T > T}, and let v(-) be an arbitrary admissible function. Consider the functions (6).
Then

max h;(t,T,v(-)) > Zh t,T,v(- /\Etsa|2)\ T,s),v(s))ds

i€l,
161 iel,

v

[ B ) m AT ), o)) ds = / E(t.5.0)|ds
0 0

for all ¢ € [0,T]. It follows from relations (8)—(10) that

51 Tozfl 1
I};%f‘hi(T’T’”(')) z <_ a +O<T20‘>>

for all T > T,. Since a < 0 and o« — 1 > 0, we see that there exists a time T, such that
max ;es, hi(To, To,v(-)) > 1 for each admissible function v(-). The proof of the lemma is complete.

By Lemmas 3 and 4,

v(-) 1€l,

T:min{ inf e 1/|Et 5, )NF (Bt ), v(s ))dszl} < .
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Theorem 1. Let r =1, a <0, and dg > 0. Then the game ends in a capture.

Proof. Let v(s), s € [0,7], be an arbitrary control of the evader. Consider the function

i€l,

Hit) =1 —maxT"‘_l/|E(T,s,a)|)\(fi(T)T(T, 5),v(s)) ds

and denote its least positive root by Ty. Note that Tj exists by Lemma 3 and the definition of T.
Moreover, Ty < T'. In addition, there exists a number [ € I,, such that

To
1—7°1 / |E(T, s, )N fi(T)r (T, s),v(s)) ds < 0.
0
Therefore, there exists a time 7; such that
| Fe / BT, 5, 0) A(u(T)r(T, 8), v(s)) ds = 0. (11)
0

For i # [, by 7; we denote the times—if any—such that relation (11) is satisfied. Let us define the
controls u;(s) of the pursuers P; by setting

U(S) - A(fz(T)T(T’ 8)’2}(8)) Z(T)T(T’ 8)’ s € [O,min{n,f}],
v(s), s € [min{r;, T}, T7.

u;i(s) =

The solution of system (3) can be represented in the form [17]

2o(t) = By jalat®, 1)2° + 1By o (at”,2)2) + / Bt 5,0 (us(s) — v(s)) ds.

0

Hence we obtain

Totoy(F) = [(T) + T / E(T, 5, 0)(ui(s) — v(s)) ds

— fl(T)<1 —T“1]|E(T,s,a)\)\(fl(f’)r(f, s),v(s) ds> = 0.

The proof of the theorem is complete.
Theorem 2. Let Q = R¥, a <0, and 6o > 0. Then the game ends in a capture.
This theorem is a corollary of Theorem 1 in [11] under the condition of a single capture.

Lemma 5. Let the following conditions be satisfied for vectors by, ..., b, € RF :
1. min, ey max{max;cs, A\(b;,v), max jer, (pj,v)} > 0.

2. min ¢y, Max ey, (pj,v) >0, where Vi = {v: A(b;j,v) =0 for all i € L,}.
Then there exists a vector p € R¥ such that

() QC D ={y:(py) <Ok

(b) &g (p) > 0, where &5 (p) = min, ey max{max c;, A(b;,v), (p,v)}.

DIFFERENTIAL EQUATIONS Vol. 55 No.6 2019
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Proof. By the Bohnenblust—Karlin—Shapley theorem [19, p. 33 of the Russian translation],
there exist nonnegative numbers vy, ..., 7., 11 + - - + . = 1, such that

inf (’Yl(pl,"l)) +--+ ’Yr(prvv)) > 0.

veco Vi

Set p=mp1+ - +7p- Then Q C Q; ={y : (p,y) < 0} and (p,v) > 0 for all v € coV;. Hence
dd (p) > 0. The proof of the lemma is complete.

Lemma 6. Let V = D;(0). Then 6§ > 0 if and only if 5; > 0.
Proof. The inequality §; > 0 is equivalent to the inclusion [5, p. 36]

0cIntco{z],...,25,p1,...,pr},
which is obviously equivalent to the inclusion
0cIntco{—2,...,—25, —p1,...,—p.},
which, in turn, is equivalent to the inequality d, > 0. The proof of the lemma is complete.

Theorem 3. Let a <0, V = D;(0), dp > 0, and min ., , max ez, (p;,v) > 0, where
Vi={v:A(z},v) =0 foralli€I,}.
Then the game ends in a capture.

Proof. It follows from the assumptions of the theorem that there exists a vector p € R¥ such
that properties (a) and (b) in Lemma 5 are satisfied. Therefore, 65 (p) > 0. It follows from Lemma 6
that 0, (p) > 0, where

+ () — i 1 —N s ol (
0y (p) = minmax{max(z;,v), (p,v)}, & (p) = minmax{max(—z;,v), (~p,v)}-

Consequently, dy(p) > 0. It follows that capture occurs in the game with the state constraints ;.
Therefore, the original game ends in a capture as well. The proof of the theorem is complete.

Corollary. Leta <0,V = D;(0), n >k, and
0€Intco{z,...,2,p1,...,p} (12)
Then the game ends in a capture.

Proof. It follows from the inclusion (12) that there exists an ¢ > 0 such that
0€Intco{wy,...,Wn,P1s--- D0}

for all w;, i € I,, satisfying the inequality ||z} — w;| < e. Therefore, we can assume that the
vectors zi,...,z are linearly independent, because otherwise the pursuers Py, ..., P, can choose
their controls on a sufficiently small time interval [0,7] to ensure that, at time 7, the vectors
21(7),..., 2} (1) are linearly independent and

0€Intco{z(7),...,2:(7),p1,-- -, Dr}-

In addition, it follows from the inclusion (12) that the vectors z1,...,2., pi,...,p, form a positive

»n?

basis of the space R* [20]. Therefore, there exist positive numbers s, ..., a,, 31, ..., 3, such that
0=a12z) + -+ nzy + Sip1 + - + By (13)

Consider the vector py = B1p; + -+ + B.pr, and let us show that 0 € Intco{z{,...,2},po}. Let
x € R*. Since the vectors z},...,z} form a basis of the space R¥, we have z = ;2] + -+ + Y2}

By (13),
r=mz+o s oz ot oz, + Biprt o+ Bopr).
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Taking a sufficiently large pu, we obtain x = 92] + -+ +7°2! + upy, where all the coefficients
are nonnegative. According to [20], the vectors z{,..., 2L, py form a positive basis, and therefore,
0 € Intco{z{,...,z},po}. It follows that 7 (py) > 0. Hence &, (py) > 0, and consequently,
(50 (po) > 0.

Consider the set Q; = {z : 2 € R*, (py,z) < 0}. Then Q C Q,. By Theorem 1, the game with
the state constraints 2; ends in a capture. Therefore, the game with the state constraints €2 ends
in a capture as well. The proof of the corollary is complete.

Remark. The case of a = 0 can be considered in a similar way.
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